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Syllabus

PAPER 4: FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS (FBMS)
Syllabus Structure

A Fundamentals of Business Mathematics 40%
B Fundamentals of Business Statistics 60%

ASSESSMENT STRATEGY

There will be written examination paper of three hours.

OBJECTIVES

To gain understanding on the fundamental concepts of mathematics and statistics and its application in business decision-
making

Learning Aims

The syllabus aims to test the student’s ability to:

L] Understand the basic concepts of basic mathematics and statistics

L] Identify reasonableness in the calculation

L] Apply the basic concepts as an effective quantitative tool

. Explain and apply mathematical techniques

L] Demonstrate to explain the relevance and use of statistical tools for analysis and forecasting

Skill sets required
Level A: Requiring the skill levels of knowledge and comprehension

CONTENTS
Section A: Fundamentals of Business Mathematics 40%
1. Arithmetic
2. Algebra
3. Calculus
Section B: Fundamentals of Business Statistics 60%
4. Statistical representation of Data

5. Measures of Central Tendency and Dispersion
6. Correlation and Regression
7

8

9

Index Numbers
Time Series Analysis- basic applications including Moving Average
Probability
10. Theoretical Distribution
SECTION A: FUNDAMENTALS OF BUSINESS MATHEMATICS [40 MARKS]
1. Arithmetic
(a)  Ratios and Proportions
(b)  Simple and Compound interest including application of Annuity
(c)  Bill Discounting and Average Due Date
(d)  Mathematical reasoning — basic application
2. Algebra
(a)  SetTheory and simple application of Venn Diagram
(b)  Variation, Indices, Logarithms
(c)  Permutation and Combinations — basic concepts




(d)  Linear Simultaneous Equations ( 3 variables only)
(e)  Quadratic Equations
(f) Solution of Linear inequalities (by geometric method only)
(g) Determinants and Matrices
3. Calculus
(a)  Constant and variables, Functions, Limit & Continuity
(b)  Differentiability & Differentiation, Partial Differentiation
(c)  Derivatives — First order and Second order Derivatives
(d)  Maxima & Minima — without constraints and with constraints using Lagrange transform
(e) Indefinite Integrals: as primitives, integration by substitution, integration by part
(f) Definite Integrals: evaluation of standard integrals, area under curve

SECTION B: FUNDAMENTALS OF BUSINESS STATISTICS [60 MARKS]

4, Statistical Representation of Data

(a)  Diagrammatic representation of data

(b)  Frequency distribution

(c)  Graphical representation of Frequency Distribution — Histogram, Frequency Polygon, Ogive, Pie-chart
5. Measures of Central Tendency and Dispersion

(a)  Mean, Median, Mode, Mean Deviation

(b)  Quartiles and Quartile Deviation

(c)  Standard Deviation

(d)  Co-efficient of Variation, Coefficient of Quartile Deviation
6. Correlation and Regression

(a)  Scatter diagram

(b)  Karl Pearson’s Coefficient of Correlation

(c)  Rank Correlation

(d)  Regression lines, Regression equations, Regression coefficients
7. Index Numbers

(a)  Uses of Index Numbers

(b)  Problems involved in construction of Index Numbers

(c)  Methods of construction of Index Numbers
8. Time Series Analysis — basic application including Moving Average

(a)  Moving Average Method

(b)  Method of Least Squares
9. Probability

(a) Independent and dependent events; Mutually exclusive events

(b)  Total and Compound Probability; Baye's theorem; Mathematical Expectation
10. Theoretical Distribution

(a)  Binomial Distribution, Poisson Distribution — basic application

(b)  Normal Distribution — basic application
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Study Note - 1
ARITHMETIC _ﬁ—

This Study Note includes

1.1 Ratio & Proportion

1.2 Simple & Compound Interest (Including Application of Annuity)
1.3 Discounting of Bills & Average Due Date

1.4 Mathematical Reasoning - Basic Application

1.1 RATIO AND PROPORTION

1.1.1 Ratio

The ratio between quantities a and b of same kind is obtained by dividing a by b and is denoted by a : b.
Inverse Ratio: For the ratio a : b inverse ratiois b : a.
A ratio remains unaltered if its tferms are multiplied or divided by the same number.

a:b =am:bm (mulliplied by m)

b
o:b=91— (divided by m # 0)
mm 4 6
Thu52:3=2x2:3x2=4:6=§1§ =2:3
If a = b, the ratio a : b is known as ratio of equality.

If a > b, then ratio a: b is known as ratio of greater inequality i.e. 7 : 4 And for a < b, ratio a : b will be the
ratio of Lesser inequality i.e. 4 : 7.

Solved Examples:

Example 1 : Reduce the two quantities in same unit.

If a =2kg., b =400gm, then a:b =2000:400=20:4=5:1 (here kg is changed to gm)
Example 2 : If a quantity increases by a given ratio, multiply the quantity by the greater ratio.

5
If price of crude oil increased by 4 : 5, which was %20 per unit of then present price = QOXZ
=3 25 per unit.

Example 3 : If again a quantity decreases by a given ratio, then multiply the quantity by the lesser rafio.

3
In the above example of the price of oil is decreased by 4 : 3, the present price = QOXZ
=3 15 per unit.

If both increase and decrease of a quantity are present is a problem, then multiply the quantity by greater
ratio for increase and lesser ratio for decrease, to obtain the final result.

1.1.2 Proportion

a c
An equation that equates two ratios is a proportion. For instance, if the ratio — is equal to the ratio —,

b d
then the following proportion can be written:
Means ¢ ¢ Extremes
\ a_c /
b d
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Arithmetic

The numbers a and d are the extremes of the proportion. The numbers b and ¢ are the means of the
proportion.

Properties of proportions

1. Cross product property: The product of the extremes equals the product of the means.

If 9=S,’rhen ad =bc.

b d
2. Reciprocal property: If two ratios are equal, then their reciprocals are also equal.
a ¢ b d
If b d’ then 9 o

Few Terms :

1. Continued proportions : The quantities a, b, c, d, e.... are said to be in confinued proportion of a : b =
b:c=c...Thus 1, 3,9, 27,81, ..... are in confinued proportionas 1:3=3:9=9:27=27:81=....

Say for example : If 2, x and 18 are in continued proportion, find x. Now 2 : x =x: 18 or,

g=Lor,x2 =36orx=16
x 18

Observation: If a, b, c are in continued proportion, the b? = ac, b = +v/ac .

2. Compound Proportion : If two or more ratios are multiplied together then they are known as
compounded.

Thus a, a, a, : b, b, b, is a compounded ratios of the ratios a, : b, ; a, : b, and q, : b,. This method is also
known as compound rule of three.

Example 4 : 10 men working 8 hours a day can finish a work in 12 days. In how many days can 12 men
working 5 hours a day finish the same work.2

Men Hours day
Arrangement : 10 8 12
12 5 X

8 10
X—]2X§XE—]6 days

8
Observation : less working hour means more working days, so multiply by greater ratio g.Agoin more

10
men means less number of days, so multiply by lesser ratio Ix

Derived Proportion : Given quantities a, b, ¢, d are in proportion.
(i) Invertendo : If a:b =c:d then b:a=d:c
(ii) Alternendo : If a:b=c:d,thena:c=b:d

(iii) Componendo and Dividendo

a+b c+d

then =
a-b c-d

_c
d
2
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a
Proof : Let —=—=k then a=Dbk c=dk

b

olo

ok+b blk+1) k+

LHS = o b Thk—1) k-1
_dk+d _dk+1) _k+1 _
R.H.S. = dk—d  dk-1 k=1 Hence the result, LH.S. =R.H.S. (Proved)
X_Y_2Z. . .
Note. 1. —=7-=— s somefimes writtenasx:y:z=a:b:c.
a b c

2. If x:y=a:b,itdoes not meanx= a,y=b. Itishowever to tfake x =ka, y =kb.

Solved Examples :

) 4x—-3z 4z-3y 4y-3X L. X+y+12z

Example 5 : ic 36 2, If , show that each ratio is equal to Sa+ 30t e
Each of the i . _ 4X-37+4z-3y+4y-3x  X+y+z
achotine given ratio = 4c+3pb+20a "~ 2a+3b+4c
Example é : The marks obtained by four examinees are as follows :
A:B=2:3B: C=4:5 C:D= 7:9, findthe continued ratio.
A:B=2:3

3 3 15 . . . 3
B:C=4:5= 4><Z:5><Z= 3: 7 [for getting same numberin B, we are to multiply by Z]

151 15 15135 . 15
C:D= 7.‘?—7><%.9><28—4 8 [tfo same term of C, multiply by 28]

15 135
B:C:D=2:3:— :—=56:84:105:135.
A:B:C:D=2: 3: 7 o8
Example 7 : Two numbers are in the rafio of 3 : 5 and if 10 be subtfracted from each of them, the
remainders are inthe ratfio of 1:5, find the numbers.

x 3
Let the numbers be x and vy, so that v gor,5x = 3y...(1)

o x=10_1
Again v-10 5

or, 5x=y =40 ....(ii) , Solving (I) & (i), x=12,y =20
.. Required Numbers are 12 and 20.

Example 8 : The ratio of annualincomes of A and Bis 4 : 3 and their annual expenditureis 3:2.If each of
them saves T 1000 a year, find their annual income.
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Let the incomes be 4x and 3x (inX)

4x-1000 3 .
Now 3x-1000 _ 2 or, x = 1000 (on reduction)
-. Income of A =3 4000, that of B =¥ 3000.

Example 9 : The prime cost of an arficle was three times the value of material used. The cost of raw
materials was increased in the ratio 3 : 4 and the productive wage was increased in the ratio 4 : 5. Find the
present prime cost of an article, which could formerly be made for ¥ 180.

Prime cost = x +y, where x = productive wage, y = material used.
Now prime cost =180 =3y or, y = 60, again x + y = 180, x = 180-y = 180-60 = 120

. 4y 5x
Present material cost = 3 present wage = K

4 x 60 N 5x120
3
SELF EXAMINATION QUESTIONS :

=80+150 =% 230.

.. Present prime cost =

1. Theratio of the present age of a father to that of hissonis 5: 3. Ten years hence the ratfio would be
3:2. Find their present ages. [Ans. 50,30]

2. The monthly salaries of two persons are in the ratio of 3 : 5. If each receives an increase of ¥ 20 in
salary, the ratio is altered to 13 : 21. Find the respective salaries. [Ans. ¥ 240, T 400]

3.  What must be subfracted from each of the numbers 17, 25, 31, 47 so that the remainders may be in
proportion. [Ans. 3]

4. In a certain test, the number of successful candidates was three times than that of unsuccessful
candidates. If there had been 16 fewer candidates and if 6 more would have been unsuccessful, the

numbers would have been as 2 to 1. Find the number of candidates. [Ans. 136]
5. (i) Monthly incomes to two persons are in ratio of 4 : 5 and their monthly expenditures are in the
ratio of 7 : 9. If each saves¥ 50 a month, find their monthly incomes. [Ans. T 400, ¥500]

(i)  Monthly incomes of Ram and Rahim are in the ratio 5:7 and their monthly expenditures are
inthe ratio 7 : 11. If each of them saves ¥ 60 per month. Find their monthly income.

[Ans. 200, % 280]

5x =60 =l&e’rc.
7x—=60 11

hints

6. A certain product C is made or two ingredients A and B in the proportion of 2 : 5. The price of A's
three times that of B.

The overall cost of Cis% 5.20 per tonne including labour charges of 80 paise per fonne. Find the
cost A and B per tonne.

[Ans. T 8.40, % 2.80]

7. The prime cost of an article was three fimes than the value of materials used. The cost of raw materials
increases in the ratio of 3 : 7 and productive wages as 4 : 9. Find the present prime cost of an article
which could formerly be made for¥ 18. [Ans. T 41]
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There has been increment in the wages of labourers in a factory in the ratio of 22 : 25, but there has
also been a reduction in the number of labourers in the ratio of 15: 11. Find out in what ratio the total
wage bill of the factory would be increased or decreased. [Ans. 6 : 5 decrease]

Three spheres of diameters 2, 3 and 4 cms. respectively formed into a single sphere. Find the diameter
of the new sphere assuming that the volume of a sphere is proportional to the cube of its diameter.

[Ans. 3/g1cm ]
OBJECTIVE QUESTIONS :
1. Find the ratio compounded of 3:7, 21 : 25, 50 : 54 [Ans. 1:3]
2. What number is to be added to each term of the ratio 2 : 5 to make to equal 4 :5. [Ans. 10]
Find the value of x when xis a mean proportional between : (i) x-2 and x+6
(i) 2 and 32 [Ans. (i) 3 (ii) £ 8]
If the mean proportional between x and 2 is 4, find x [Ans. 8]
If the two numbers 20 and x + 2 are in the ratio of 2 : 3 ; find x [Ans. 28]
. \/a+\/6 2 b [ ns. ]
If 3, x and 27 are in continued proportion, find x [Ans. £ 9]
8.  What number is to be added to each term of the ratio 2 : 5 to make it 3: 42 [Ans. 7]
Hints :2+x =§& etfc.
S5+x 4
0. 1t S22 6ind the value of & -0*E Ans.
. a b in e value o 7 +ab+ b’ [Ans. 3
4x—-3y 4z-3y 4y-3x L. X+Yy+2z
10. If e 3 g show that each ratio is equal to At 30+ Ac
Hints : each ratio = X =32+ 42=3y+4y =3X oy
4c +3b + 20
11. The ratio of the present age of mother to her daughteris 5 : 3. Ten years hence the ratio would be
3 : 2. Find their present ages. [Ans. 50; 30 years]
12. If A:B=2:3,B:C=4:5and A:C [Ans. 8 :15]
13. If x:y=3:2, find the value of (4x-2y) : (x + ) [Ans. 8 : 5]
14. If 15 men working 10 days earn ¥ 500. How much will 12 men earn working 14 days?2 [Ans. ¥ 560]
, a o 1 - b’ 3/
15. Filup the gaps: ~=—=-=7=— [Ans. ab, b/a,a/b,b%/a,in order]
16. Ifx, 12, y and 27 are in continued proportion, find the value of x and y [Ans. 8; 18]
x_3 7%~ 4y 5
17. If y 4 find the value of 3x+y [Ans. 3
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18. What number should be subtracted from each of the numbers 17, 25, 31, 47 so that the remainders are

in proportion. [Ans. 3]
Hints: W—_x=3]—_xor =3
25-x 47 -X

19. 10 years before, the ages of father and son was in the ratio 5:2; at present their total age is 90 years.
Find the present age of the son. [Ans. 30 years]

20. The ratfio of work done by (x-1) men in (x+1) days to that of (x+2) men in (x=1) days is
9:10, find the value of x.

(x=1(x+1) _9
2 x—) 10 = °fc [Ans. 8]

1.2 SIMPLE & COMPOUND INTEREST (Including Application of Annuity)

1.2.1 Simple Interest

Hints:

The price to be paid for the use of a certain amount of money (called principal) for a certain period is
known as Interest. The interest is payable yearly, half-yearly, quarterly or monthly.

The sum of the principal and interest due at any time, is called the Amount at that tfime.

The rate of interest is the interest charged on one unit of principal for one year and is denoted by i. If the
principal is¥ 100 then the interest charged for one yearis usually called the amount of interest per annum,
and is denotfed by r ( = Pi).

e.q. if the principal is¥ 100 and the interest ¥ 3, then we say usually that the rate of interest is 3 percent per
annum (orr =3 %)

Here i= %= 0.03(i.e. interest for 1 rupee for one year).

Simple interest is calculated always on the original principal for the total period for which the sum (principal)
is used.

Let P be the principal (original)

n be the number of years for which the principal is used

r be the rate of interest p.a.

| be the amount of interest

i be the rate of interest per unit (i.e. interest on Re. 1 for one year)]

. . r
= | = ——
Now | = P.i.n, where 100

Amount A=P+[=P+P.i.n=P (1+in)ie. A=P(1+n.i)

Observation. So here we find four unknown A, P, i., n, out of which if any three are known, the fourth one
can be calculated.
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SOLVED EXAMPLES :
Example 10 : Amit deposited T 1200 to a bank at 9% interest p.a. find the total interest that he will get at the
end of 3 years.

.9
= = —— 0‘09, = = 2
Here P = 1200, | 100 n=23,l

| =P.i.n=1200x0.09 x 3 = 324.
Amit will get ¥ 324 as interest.

1
Example 11 : Sumit borrowed ¥ 7500 at 14.5% p.a. for 25 years. Find the amount he had to pay after that

period.

. 145 1
= =——=0.145 n=2-=25A=¢
P=7500, | 100 n 5

A= P (1+in) =7500 (1+0.145x 2.5) = 7500 (1+0.3625)

=7500 x 1.3625=10218.75

Reqgd. amount =% 10218.75.

Example 12 : Find the simple interest on Y 5600 at 12% p.a. from July 15 to September 26, 2013.
Time = number of days from July 15 to Sept. 26

=16 (July) + 31 (Aug.) + 26 (Sept.)=73 days.

.12 73 1
P = 5600, |_ﬁ =0.12, n—%yr. —gyr.

1
S.J.=P. in.=5600x0.12 x 5 =134.4

~. Reqd. S.I. =% 134.40.
(In counting days one of two extreme days is fo be excluded, Usually the first day is excluded).
To find Principle :

Example 13 : What sum of money will amount to ¥ 1380 in 3 years at 5% p.a. simple interest?
.5
= =3,i=—=0.05P=2
Here A=1380,n=3, 100

From A=P (1 +0.05x3) or, 1380 =P (1+0.15)

1380
Or, 1380 =P (1.15) or, P =—=—==1200

.. Reqd. sum =% 1200

1
Example 14 : What sum of money will yield T 1407 as interest in 15 year at 14% p.a. simple interest.

Here S.I.=1407,n=1.5,1=0.14,P =2
SI.=P.in.or, 1407 =P x 0.14x 1.5

1407 1407
0.14x1.5 0.21

.. Reqd. amount =% 6700.

Or, P= =6700
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Example 15 : What principal will produce T 50.50 interest in 2 years at 5% p.a. simple interest.
S.1.=50.50,n=2,i=0.05P=2
S..=P.in.or, 50.50 =P x0.05x2=Px0.10

50.50
p=20_ 505
=000

.. Reqd. principal =¥ 505.
Problems to find rate % :

Example 16 : A sum of ¥ 1200 was lent out for 2 years at S. I. The lender got ¥ 1536 in all. Find the rate of interest
p.a.

P=1200,A=1536,n=2,i=2
A =P (1 +ni) or 1536 = 1200 (1 +2i) = 1200 + 2400 i

. 336
- _ — =—=0.14
or, 2400i = 1536 — 1200 =336 or, | 5400

~. Reqgd.rate =0.14x 100 = 14%.

1
Example 17 : At what rate percent will a sum, become double of itself in 55 years at simple interest?

1
A = 2P, P = Principal, ﬂ=5§,i= 2
. 11 .
A=P (1 +n|)or,2P=P(1+E i)

m ..
= + — |=_
or, 2=1 2|or, T

2
or, n= ﬁx]OO =18.18 (approx); Reqd.rate = 18.18%.

Problems to find time :

Example 18 : In how many years will a sum be double of itself at 10% p.a. simple interest.

.10
= = 1 i | =— = =2
A = 2P, P = Principal, 100 0.10, n=7¢

A=P(1+ nijor,2P=P[1 +n(.10)]or,2=1+n (.10)

1
= n=—=]0
or, n(.10)=1 or, 10

.. Reqd. fime = 10 years.

1
Example 19 : In what time T 5000 will yield ¥ 1100 @ 55 %?

5]
= LS. = , i=—==0.055, =2
P =5000, S.I.= 1100 100 n

S..=P.nior, 1100 = 5000 x n x (0.055) =275n

1100 _

= " _ 4. . i =
n 575 .. Reqd. time = 4 years.

or,
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will become T 2232 at 8% p.a. in the same time.
In 1st case: P=1200, A=1560,i=0.10,n=7¢
1560 =1200 [1+n (.10)] = 1200 + 120 n
or, 120n=360 or,Nn=3
In2nd case : A=2232,n=3,i=0.08, P=2
2232 =P (1+3x0.08) =P (1 +0.24) =1.24P

2232
P = 2222 _1800.
or 1.24

Example 21 : A person borrowed X 8,000 at a certain rate of interest for 2 years and then ¥ 10,000 at 1%
lower than the first. In all he paid ¥ 2500 as interest in 3 years. Find the two rates at which he borrowed the
amount.

Let the rate of interest =r, so that in the 2nd case, rate of interest will be (r-1). Now

8000 % " x2+10,000 "~ 1= 2500
100 100

or, 160r+100r—-100=2500or,r=10
In 15" case rate of interest = 10% and in 2" case rate of interest = (10-1) = 9%

Calculations of interest on deposits in a bank : Banks allow interest at a fixed rate on deposits from a fixed
day of each month up fo last day of the month. Again interest may also be calculated by days.

SELF EXAMINATION QUESTIONS

1. What sum will amount to ¥ 5,200 in 6 years at the same rate of simple interest at which

T 1,706 amount to¥ 3,412 in 20 years? [Ans. ¥ 4000]
. . .2 . .
2. The simple interest on a sum of money at the end of 8 years is g’rh of the sum itself. Find the rate
percent p.a. [Ans. 5%]
3.  Asum of money becomes double in 20 years atf simple interest. In how many years will it be friple?

[Ans. 40 yrs.]

4. At what simple interest rate percent per annum a sum of money will be double of it self in 25 years?
[Ans. 4%]
5. A certain sum of money at simple interest amounts to ¥ 560 in 3 years and to ¥ 600 in 5 years. Find the
principal and the rate of interest. [Ans. X 500; 4%)

6.  Atradesman marks his goods with two prices, one forready money and the other for 6 month’s credit.
What ratio should two prices bear to each other, allowing 5% simple interest. [Ans. 40 : 41]

1
7. A manlends¥ 1800 to two persons at the rate of 4% and 45 % simple interest p.a. respectively. At the

end of 6 years, he receives T 462 from them. How much did he lend to each other?2
[Ans. % 800; T 1000]

FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS | 1.9 <



Arithmetic

8.

~
”

A man takes a loan of T 10,000 at the rate of 6% S.I. with the understanding that it will be repaid with
interest in 20 equal annual instalments, at the end of every year. How much he is to pay in each
instalment?e [Ans. 700.64]

[Hints. 10,000 (1+20 x.06) = P (1+19x.06) + P(1+18%.06) + ...P]
The price of a watch is¥ 500 cash or it may be paid for by 5 equal monthly instalments of ¥ 110 each,
the first instalment to be paid one month after purchase. Find the rate of interest charged.
6
[Ans. 42— %)
7
Divide ¥ 12,000 in two parts so that the interest on one part at 12.5% for 4 years is equal to the interest
on the second part at 10% for 3 years. [Ans. ¥ 4500; ¥ 7500]

Alok borrowed X 7500 at a certain rate for 2 years and ¥ 6000 at 1% higherrate than the first for 1 year.
For the period he paid ¥ 2580 as inferest in all. Find the two of interest. [Ans. 12%; 13%]

If the simple interest on¥ 1800 exceeds the interest on¥ 1650 in 3 years by ¥ 45, find the rate of interest
p.q. [Ans. 10%)]

Objective Question

At what rate of S.I. will ¥ 1000 amount to ¥ 1200 in 2 years? [Ans. 10%)]

In what time will ¥ 2000 amount to ¥ 2600 at 5% S.1.2 [Ans. 6 yrs.]
1

At what rate per percent will S.I. on ¥ 956 amount to ¥ 119.50 in 25 years? [Ans. 5%]

To repay a sum of money borrowed 5 months earlier a man agreed to pay ¥ 529.75. Find the amount
1

borrowed it the rate of interest charged was 45% p.q. [Ans. ¥ 520]

What sum of money willamount to ¥ 5200 in 6 years at the same rate of interest (simple) at which

T 1706 amount to ¥ 3412 in 20 years? [Ans. ¥ 4000]

A sum money becomes double in 20 years at S.l., in how money years will it be triple?
[Ans. 40 years]

A certain sum of money at S.I. amount to ¥ 560 in 3 years and to ¥ 600 in 5 years. Find the principal and
the rate of interest. [ Ans. % 500; 4%]

In what fime will be the S.I. on ¥ 900 at 6% be equal to S.I. on ¥ 540 for 8 years at 5%.  [Ans. 4 years]

1
Due to fallin rate of interest from 12% to 105% p.a.; amoney lender’s yearly income diminishes by T 90.

Find the capital. [Ans. ¥ 6000]
A sum was put atS.l. at a certain rate for 2 years. Had it been put at 2% higher rate, it would have
fetched ¥ 100 more. Find the sum. [Ans.% 10,000]
Complete the S. . on ¥ 5700 for 2 years at 2.5% p.a. [Ans. ¥ 285]
What principal will be increased to T 4600 after 3 years at the rate of 5% p.a. simple interest?
[Ans. ¥ 4000]
At what rate per annum will a sum of money double itself in 10 years with simple interest 2
[Ans. 10%]
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15. The simple interest on ¥ 300 at the rate of 4% p.a. with that on ¥ 500 at the rate of 3% p.a. both for the
same period, is ¥ 162. Find the time period. [Ans. 6 years]

16. Calculate the interest on ¥ 10,000 for 10 years at 10% p.a. [Ans.% 10,000]

1.2.2 COMPOUND INTEREST

Interest as soon asitis due after a certain period, is added to the principal and the interest for the succeeding
period is based upon the principal and interest added together. Hence the principal does not remain
same, but increases at the end of each interest period.

A yearis generally taken as the interest-period, but in most cases it may be half-year or quarter-year.

Note. Compound interest is calculated by deducting the principal from the amount (principal + interest) at
the end of the given period.

Simple Interest for 3 years on an amount was ¥ 3000 and compound interest on the same amount at the
same rate of interest for 2 years was ¥ 2, 100. Find the principal and the rate in interest.

Let the amount be T x and rate of interest = x i. Now x. i. 3. = 3000 ... (i)
Again x (1 +i)2-x=2100, from C.I=P (1 +i)2-P, P = Principal

or, xi (2 +i) =2100

or, 1000 (2 +i) = 2100, by (i)

or, (2+i)=2.1 or,i=21-2=0.1=10%

From x. (0. 1) .3=3000 or, x= 10,000

.. Required principal is ¥ 10,000 and rate of interest is 10%

Using Logarithm :

In calculating compound interest for a large number of years, arithmetical calculation becomes too big
and out of control. Hence by applying logarithm to the formula of compound interest, the solution becomes
easy.

Symbols :

Let P be the Principal (original)

A be the amount

i be the Interest on Re. 1 for 1 year

n be the Number of years (interest period).

Formula : A=P(1 +i)" .... (i)

Cor.1. In formula (i) since P amount to A in years, P may be said to be present value of the sum A due in n
years.

p=_A =A(1+i)"

(1+i1)

Cor.2. Formula (1) may be written as follows by using logarithm :

log A=logP +nlog (1 +i)

Note. If any three of the four unknowns A, P, n and i are given, we can find the fourth unknown from the
above formula.
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FEW FORMULAE :

Compound Interest may be paid half-yearly, quarterly, monthly instead of a year. In these cases difference
in formulae are shown below :

(Taken P = principal, A = amount, T = total interest, i = interest on Re. 1 for 1 year, n = number of years.)

Time Amount I=A-P

()  Annual A=P(1 + 1) =P {(1 +i)" -1}
. 2n . 2n

(i)  Half-Yearly A=P ]+% =P ]+% -1
i 4n | 4n

(i)  Quarterly A=P ]+Z =P ]+z -1

. pn

i
In general if C.I. is paid p times in a year, then A=P HE

i.e.:Let P=%1000,r=5%i.e. i=0.05 n=24yrs,
If interest is payable yearly the A =1000 (1 + 0.5)%

2x24

0.05
If int. is payable half-yearly the A = 1000 1+T

4x24

0.05
If int. is payable quarterly then A = 1000 HT

Note. orr =100 | = interest per hundred.
If r=6% then If, howeveri=0.02 then, r =100 x 0.02 = 2%.

SOLVED EXAMPLES. (using log tables)

[To find C.1.]

Example 22 : Find the compound interest on ¥ 1,000 for 4 years at 5% p.a.
Here P=% 1000, n=4,i=0.05 A=2

We have A=P (1 +i)"

A=1000 (1+0.05)*

Orlog A =log 1000 + 4log (1 +0.05) =3 + 4log (1.05) =3 + 4 (0.0212) = 3 + 0.0848 = 3.0848
A = antilog 3.0848 = 1215

C.l.=%1215-%1000=% 215

[To find time]

Example 23 : In what fime will a sum of money double itself at 5% p.a. C.I.
Here,P=P, A=2P,i=0.05 n=2
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A=P (1 +i)" or,2P =P(1 +0.05)"=P (1.05)"
or,2=(1.05)"orlog2=nlog 1.05

1. log2 _ 03010
“log1.05 0.0212

=14.2 years (Approx)

. (anti-logarithm table is not required for finding time).
[To find sum]

Example 24 : The difference between simple and compound interest on a sum put out for 5 years at 3%
was T 46.80. Find the sum.

LetP=100,i=.03, n=5 FromA =P (1 +i)",

A =100 (1+.03)°>=100 (1.03)°

log A=1log 100 + 5log (1.03) =2+ 5 (.0128) = 2 + .0640 = 2.0640
- A=anfilog 2.0640=115.9 - ClL.=1159-100=15.9
AgainS.l.=3x5=15. .. difference 15.9-15=0.9

46.80
Diff. COplTOI x =100 XW = 5,200
0.9 100
46.80 X

.. original sum =¥ 5,200.
[ To find present value]

Example 25 : Whatis the present value of % 1,000 due in 2 years at 5% compound interest, according as the
interest is paid (a) yearly, (b) half-yearly 2

.5
() Here A=%1,000, I=— =0.05n=2,P=2

100
A=P (1+i)"or1000 =P (1 +.05)2=P(1.05)2
_ 10002 _ 1000 ~907.03
(]'05) 1.1025

.. Present value =% 907.03

1
(b) Interest per unit per half-year §><0.05 =0.025

. 2n
i
From A =P ]+§ we find.

2x2

0.05
1,000 =P HT =P (1+.025)4="P (1.025)*
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- log P =log 1000 - 4log (1.025) =3 -4 (0.0107) = 3 -0.0428 = 2.9572
.. P =antilog 2.9572 = 906.1.
Hence the present amount =% 906.10

[To find rate of interest]

Example 26 : A sum of money invested at C.I. payable yearly amountstoX 10, 816 at the end of the second
year and to ¥ 11,248.64 at the end of the third year. Find the rate of interest and the sum.

Here A, =10,816,n=2, and A,=11,248.64,n =3
From A =P (1 +i)" we get,
10,816 =P (1 +i)2... (i) and 11,248.64 = P(1 +i)® ... {ii)

24864 P(H) (111 = 1124864
Dividing (i) by (i) 770816 P(1+]) . = 0816

N

. 11,248.64 . 432.64
"~ 10,816 10,816

10,816 10,816

P=
Now from (l) (]_‘_‘04)2 (]'04)2

Log P =log 10,816 - 2log (1.04) = 4.034 — 2 (0.170) = 4.034 — .0340 = 4.000
.. P =antilog 4.000 = 10,000 .. required sum =% 10,000.

04, r=ix100=.04x100=4 .. reqd.rate = 4%

SELF EXAMINATION QUESTIONS

1. The difference between the simple interest and compound interest on a sum put out for 2 years at 5%

was ¥ 6.90. Find the sum. [Ans. ¥ 2,300]
2. Find the Cl. on ¥ 6,950 for 3 years if the interest is payable half-yearly, the rate for the first two years
being 6% p.a. and for the third year 9% p.a. [Ans. % 1,589]
In what time will a sum of money double itself at 5% C.I. payable half-yearly 2 [Ans. 14.01 yrs.]
What is the rate per cent p.a. if ¥ 600 amount to ¥ 10,000 in 15 years, interest being compounded half-
yearly. [Ans. 19.6%)]
5. Whatisthe present value of aninvestment of ¥ 2,000 due in 6 years with 5% interest compounded semi-
annually?2 [Ans. % 1,488]

6. A sum ofT 1000 is invested for 5 years at 12% interest per year. What is the simple interest? If the same
amount had been invested for the same period at 10% compound interest per year, how much more

interest would he get? [Ans.X 162]
7. Acertainsumisinvested in a firm at 4% C.I. The interest for the second year is ¥ 25. Find interest for the
3rdyear. [Ans. T 26]
8. Theinterest on a sum of money invested at compound interest is ¥ 66.55 for the second year and ¥ 72
for the fourth year. Find the principal and rate per cent. [Ans. 1,600 ; 4%)]
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9. Determine the fime period during which a sum of ¥ 1,234 amounts to ¥ 5,678 at 8% p.a. compound
interest, payable quarterly. (given log 1234 = 3.0913, log 5678 = 3.7542 and log 1.02 = 0.0084]
[Ans. 19.3 yrs. (approx)]

4n

, 0.08
[hints : 5678 = 1234 HT & etfc.]

10. Determine the fime period by which a sum of money would be three times of itself at 8% p. a. C.l.
(givenlog 3=0.4771, log,, 1.08 = 0.0334) [Ans. 14.3 yrs. (approx)]

11. The wear and tear of a machine is taken each year to be one-tenth of the value at the beginning of
the year for the first ten years and one-fifteenth each year for the next five years. Find its scrap value
after 15 years. [Ans. 24.66%]

12. A machine depreciates at the rate of 10% p.a. of its value at the beginning of a year. The machine was
purchased for¥ 44,000 and the scrap value realised when sold was¥ 25981.56. Find the number of years
the machine was used. [Ans. 5 years (approx)]

1.2.3 ANNUITIES

Definition :
An annuity is a fixed sum paid at regular intervals under certain conditions. The interval may be either a year
or a half-year or, a quarter year or a month.

Definition : Amount of an annuity :

Amount of an annuity is the total of all the instalments left unpaid together with the compound interest of
each payment for the period it remains unpaid.

Formula:

P .
(i) A= T { (1+i)" - 1} Where A = total(s) amount after n years,
i = rate of interest per rupee per annum.
p = yearly annuity
(ii) If an annuity is payable half-yearly and interest is also compounded half-yearly, then amount A is given
by

2 ]+l 2n_]
A= 2

(iii) If an annuity is payable quarterly and interest is also compounded quarterly, then amount A is given by
. 4n
4P i
=— I+— -1
A i 4

Present value of an annuity :

Definition : Present value of an annuity is the sum of the present values of all payments (or instalments)
made at successive annuity periods.
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Formula:
(i) The present value V of an annuity P to continue for n years is given by

P \-n
v =T{ 1-(1+1) } Where i = interest per rupee per annum.

(i) The Present value V of an annuity P payable half-yearly, then

P P
V=—7r 1- T+=
i 2

(i) The Present value V of an annuity P payable quarterly, then
~ £ | —4n

\Y - 1+—
4

SOLVED EXAMPLES :
Example 27 :

A man decides to deposit 20,000 at the end of each year in a bank which pays 10% p.a. compound
interest. If the instalments are allowed to accumulate, what will be the total accumulation at the end of 9 years?

Solution :
Let T A be the total accumulation at the end of 9 years. Then we have
P AN
A—T{(]+I) —1}
.10
Here P =% 20,000, i= 100" 0.1, n =9 years.
WA= 20(')0100 {1+ -1} =2.00,000{ (1.1 -1} =2,00,000 (2.3579 - 1)

=2,00,000 x 1.3579 = ¥ 2,71,590
.. The required total accumulation =3 2,71,590.

Example 28 :

A fruck is purchased on instalment basis, such that ¥ 10,000 is to be paid on the signing of the contract and
five yearly instalments of ¥ 5,000 each payable at the end of 1st, 2nd, 3rd, 4th and 5th years. If interest is
charged at 10% per annum what would be the cash down price?

Solution :

Let V be the present value of the annuity of ¥ 5,000 for 5 years at 10% p.a. compound interest, then cash
down price of the truck is¥ (10,000 + V).

P fn .10
V=— ]—] = = =—=O]
Now, i {1-0+i1"} . Here, P= 5,000, n = 5, i 700

5_ —
(1.1) 51 _ 50,000 161051~
(1.) 1.61051

_ 5,000
0.1

LV {1019} =50.000

0.61051
1.61051

Hence the required cash down price of the fruck =3 (18,953.95 + 10,000)
=328,953.95
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Example 29 :

The accumulation in a Providend Fund are invested at the end of every year to year 11% p.a. A person
contributed 15% of his salary to which his employer adds 10% every month. Find how much the
accumulations will amount to at the end of 30 years for every 100 rupees of his monthly salary.

Solution :

Let the monthly salary of the person be T Q, then the total monthly contribution fo provident fund =
0.15Q +0.1Q =0.25Q

Total annual contributions to provident fund =3 (0.25Q x 12) =3 3Q.
If A be the total accumulation at the end of 30 year.

Then A = iE{(Hi)n —]} Here P = 3Q, i=%=0.]1, n =30
3Q 0 3Q
. A=ﬁ{(l+0.l 1) —1}=ﬁ(22.89—1)
A= 3Q x 21.89=597Q
0.1
So for each ¥ 100 of the person’s salary, the accumulation =3 (597x 100) [-Q=100]
=% 59,700.
Let x= (1.11)%®
- logx = log (1.11)¥®
= 30xlogl.11
= 30x.0453
= 1.359
X = Antilog 1.359
= 2289
Example 30:

A loan of ¥ 10,000 is to be repaid in 30 equal annual instalments of ¥ P. Find P if the compound interest
charged is af the rate of 4% p.a.

Given (1.04)%=3.2434.

Solution :

Present Value =V = T—{]—(Hi)_n} Here V= 10,000
10,000 = ﬁ {1-(+0.09™} - % —0.04
or, 10,000 = ﬁ{]—(] .04)‘30} n= 30
or, 10,000 x 0.04 = P 1—% or, 400 = P x g:ggj
or, P = % =3 578.30.
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Example 31 :
A Professorretires at the age 60 years. He will get the pension of ¥ 42,000 a year paid in half-yearly instalment
of rest of his life. Reckoning his expectation of life to be 15 years and that interest is at 10% p.a. payable half-
yearly. What single sum is equivalent to his pension?
Solution :
The amount of pension =3 42,000

- P=3%42,000; n =15 = number of years

i=10% payable half-yearly = .10

We have,
P . 42,000 0.10 ®
=" (1+>) =2 - 1+——
V= 1=(+07) =555 M,
= 4,20,000 [1 - (1.05)%°] = 4,20,000 (1 - 0.23138)

=4,20,000 x 0.76862 =3,22,820.40

Hence, ¥ 3,22,820.40 is the amount of single sum equivalent to his pension.

Example 32 :

A man purchased a house valued at ¥ 3,00,000. He paid ¥ 2,00,000 at the time of purchase and agreed to
pay the balance with interest of 12% per annum compounded half yearly in 20 equal half yearly instalments.
If the first instalment is paid after six months from the date of purchase, find the amount of each instalment.
[Givenlog 10.6 = 1.0253 and log 31.19 = 1.494]

Solution :

Since ¥2,00,000 has been paid at the time of purchase when cost of house was ¥ 3,00,000, we have to
consider 20 equated half yearly annuity paymentI P when 12% is rate of annual interest compounded half
yearly for present value of ¥ 1,00,000.

. 1,00,000 = % [1-(1+.06) or, 1,00,000 x0.12=2P [1 = (1.06)2]
or, 12,00,000 = 2P [1-.3119] or, 6,00,000 =P x .6881
6,00,000 _

-. Amount of each instalment =% 8,718.40.

Letx=(1.06)2
L logx=-20log 1.06 =-20x .0253
=-0.506 =T.496 =10g9.3119
- x=0.3119
Self Examination Questions

1. Mr. S Roy borrows ¥ 20,000 at 4% compound interest and agrees to pay both the principal and the

interestin 10 equal annual instalments at the end of each year. Find the amount of these instalments.
[Ans. X 2,466.50]

2. A man borrows ¥ 1,000 on the understanding that it is fo be paid back in 4 equal instalments at

intervals of six months, the first payment to be made six months after the money was borrowed.
Calculate the value of each instalment, if the money is worth 5% p.a. [Ans. T 266]

3. A persons invests ¥ 1,000 every year with a company which pays interest at 10% p.a. He allows his

deposits to accumulate with the company at compound rate. Find the amount standing to his credit
one year after he has made his yearly investment for the tenth time? [Ans. ¥ 17,534]
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4. Aloan of% 5,000is to be paidin é equal annual payments, interest being at 8% per annum compound
interest and the first payment be made after a year. Analyse the payments intfo those on account of
interest and an account of amortisation of the principal.
[Ans. % 1,081.67]
5. Mrs. S. Roy retires at the age of 60 and earns a pension of ¥ 60,000 a year. He wants to commute on-
fourth of his pension to ready money. If the expectation of life at this age be 15 years, find the amount
he will receive when money is worth 9% per annum compound. (It is assumed that pension for a year
is due at the end of the year). [Ans. % 1,20,910.55]
6. A Government constructed housing flat costs ¥ 1,36,000; 40% is to be paid at the time of possession
and the balance reckoning compound interest @ 9% p.a. is fo be paid in 12 equal annual instalments.

Find the amount of each such instalment. [Given W =0.35587]
7. Find the present value of an annuity of ¥ 300 p.a. for 5 years at 4%. Given log 104 = 2.0170333, log
0.0821923 = 2.9148335. [Ans. ¥ 1,335.58]

8. A person purchases a house worth ¥70,000 on a hire purchase scheme. At the time of gaining
possession he has to pay 40% of the cost of the house and the rest amount is to be paid in 20 equal
annual instalments. If the compound interest is reckoned at 7%% p.a. What should be the value of
each instalment? [Ans. ¥ 4,120]

1.3 DISCOUNTING OF BILLS AND AVERAGE DUE DATE

Few Definitions :

Present Value (P.V.) : Present value of a given sum due at the end of a given period is that sum which
together with its interest of the given period equals to the given sum i.e.

P.V. +Inf. on P.V. = sum due [Sum due is also known as Bill Value (B.V.)]
Symbols : If A = Sum due at the end of n years, P = Present value, i = int. of ¥ 1 for 1 yr.
n= unexpired period in years, then A=P+P ni=P(1+ni)....... (i)

A
or, P=——
T+ni
True Discount (T.D):
True discount of a given sum due at the end of a given period, is the interest on the present value of the
given sumi.e. T.D.=Pni.............. (ii)

A Ani .
AgainT.D.= A-——=——............ (iv)
T+ni 1+ni

i.e. Find P.V. and T.D. of ¥ 327 due in 18 months hence at 6% S.I..

3 6
L 327X X ——
D= Ani = ><2><.|OO=27
) 1+ni ]+3 6 " here A=327,n=18m=3/2yrs.i= 6/100.
—X—
2 100

We know P.V. +Int. on PV (i.e.T.D)=sum due (i.e.B.V)
Or, P.V.=B.V.-T.D. =327 - 27 =% 300.

FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS | 1.19 <



Arithmetic

SOLVED EXAMPLES :
(T.D; n; i are given, to find A)

Example 33 : The frue discount on a bill due 6 months hence at 8% p.a. is T 40, find the amount of the bill.

Ani 6
In the formula, TD= Ant TD.=40, N=—=

[ _
T 12 §,|—8/100—0.08

1
A..(0.08
5-(0.08)

~A0=—F—— 1 A=1040 (in¥
1+(0.08)

Example 34 : (T.D.; A, i are given, to find n)
Find the time when the amount will be due if the discount on ¥ 1,060 be T 60 at 6% p.a.

_ Ani 40 = 1060.n.(0.06) 2

1D. = ,or, _— ==
1+ ni 1+n(0.06) O "NT3YE

Example 35 : (T.D.; A; n are given, to find i)
If the discount on¥ 11,000 due 15 months hence is¥ 1,000, find the rate of interest,

15 5
Here, A =11,000, n=E=Z'T'D' =1000,i=¢

11000 xéxi
So we have, 1000 = —40r, 12500 i = 1000 ori=0.08.
T+=xi
Example 36 : (If A, n; i; are given to find T.D.)
Find the T.D. on a sum of ¥ 1750 due in 18 months and 6% p.a.

Here A=1750;n= Eyrs. = E.yrs; i= b =0.06
17 2 100
1750 x 3 x 0.06
a 27T 1750 0.09
So we get TD.= 3 =009 - %144.50 (approx)

1+ - x0.06
+2><

~reqd. T.D. =% 144.50.
Example 37 : Find the present value of ¥ 1800 due in 73 days hence at 7.5% p.a. (fake 1 year = 365 days)

73 1 . 7.5
Here : A=1800, N=——-=—years; i=——=0.075

365 5 100
]
1800. -.(0.075)
TD.= ]5 - ]83058%]5 = 315 — 326.60
1+ 5(0.075) +. :

We know PV.=A-TD. .. P.V.=1800-26.60 = 1773.40
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Example 38 : The difference between interest and frue discount on a sum due in 5 years at 5% per annum
is ¥ 50. Find the sum.

. 5
Let sum =% 100, Inferest = 100 x 5 x 0.05 =% 25, |1 = 700 =0.05

Ani 100x5x0.05 25

in TD.= = = =3 20; i = — =
Again i 12005 105 So difference =%(25-20) =35
Diff Sum
5 100 = %xSOﬂOOO,
50 2

Example 39 : If the interest on ¥ 800 is equal to the true discount on ¥ 848 at 4% When the later amount be
due?

T.D.=A-P.V.=848-800 =X 48, here A =848, P.V. 800

il

Again T.D.= Pxnxior, 48 =800 x nx0.04, or, N= 12yrs.

Self Examination Questions

1 1
The true discount on a bill due 1= years hence 45% p.a. isT 54. Find the amt. of the billg

2
[Ans. ¥ 854]

1
The true discount on a bill due 146 days hence at 45 %p.a.isT 17. Find the amount of the bill (take 1

year =365 days) [Ans. T 961.44]
1

When the sum will be due if the present worth on ¥ 1662.25 at é%p.a. amount to T 1,525.[Ans. 15 yrs.]

Find the tfime that sum will be due if the frue discount on¥ 185.40 at 5% p.a. be ¥ 5.40 (taking 1 year =

365 days) [Ans. 219 days]

1 1
If the frue discount on¥ 1770 due 25 years hence, be X 170, find the rate percent. [Ans. 15% [oXe]
1

If the present value of a bill of ¥ 1495.62 due 1Zyeors hence, be T 1424.40; find the rate percent.

[Ans. 4% p.a.]
1

Find the present value of T 1265 due 25 years at 4% p.a. [Ans.%1150]

The difference between interest and frue discount on a sum due 73 days at 5% p.a. is Re.1. Find the

sum. [Ans. ¥ 10,000]

1

The difference between interest and frue discount on a sum due 25 years at 4% p.a.is¥ 18.20. Find the

sum. [Ans. ¥ 20,000]

If the interest on ¥ 1200 in equal to the true discount on 31254 at 6%, when will the later amount be

due ¢ [ Ans. 2 months]
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1.3.1 BILL OF EXCHANGE :

This is a written undertaking (or document) by the debtor to a creditor for paying certain sum of money on
a specified future date.

A bill thus contains (i) the drawer (ii) the drawee [iii) the payee. A specimen of bill is as follows

Stamp Address of drawer

Six months after date pay to M/s. E.P.C. or order the sum of ¥ 1000 (rupees one thousand only) for the
value received.

C.K. Basu

1/1 S.K. Dhar Rd.

Kolkata - 700 017 A. B. Chakraborty
(drawer)

Bill of Exchange is two kinds
(i)  Bill of exchange after date, in which the date of maturity is counted from the date of drawing the bill.

(i)  Bill of exchange after sight, in which the date of maturity is counted from the date of accepting the
bill.

The date on which a bill becomes due is called nominal due date. If now three days, added with this
nominal due date, the bill becomes legally due. Thus three days are known as days of grace.

Banker’s Discount (B.D.) & Banker's Gain (B.G.):

Banker's discount (B.D.) is the interest on B.V. and difference between B.D. and T.D. is B.G.
i.e.B.D.=int.on B.V. = Ani ......... (v)

B.G.=B.D.-T.D. and B.G. = interest on T.D.

pG.= AP (vi)
T+ni

B.V. - B.D. = Discounted value of the bill...... (vii)

SOLVED EXAMPLES :

Example 40 : A bill for ¥ 1224 is due in 6 months. Find the difference between true discount and banker’s
discount, the rate of interest being 4% p.a.

]
1224 %~ x(0.04)
D=2 _ 2

T 1+ni

2448

= =24
1.02

]
“B.D.= Ani= 1224 x = x (0.04) = 24.48;
]+%x(0.04) n X 5 x(0.04)

B.D.-T.D. =24.48 - 24=0.08; ... required difference =3 0.48 [ This difference is B.G. (0.48)

1
Again Int. on 24 (i.e., 1.D.) = 24-5-(0-04) =0.48,i.e, B.G. =Int.on T.D.]
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Example 41 : If the difference between T.D. and B.D. on a sum due in 4 months at 3% p.a.
amount of the bills.

1 .3
= - = :nN=4/12=—yrs.: i=—=0.03; =2
B.G.=B.D.-T.D.= 10; n=4/ 3V =100 o A=2

B.D.=Ani, T.D. = Pni, B.G. =B.D.-T.D.= A ni—Pni= (A -P) ni
1
Now, (A=P) ni=10o0r (A- P)g. (0.03) =10,

10
or, (A-P) =m=]00

or, T.D.=1000 (asT.D.=A-P.) AgainT.D. =P ni,

1 1000
P.— = P
or, P.—(0.03) = 1000 or, P =~

. P =1,00, 000. Now, A =P.V.+T1.D.=1,00,000 + 1000 = 1,01,000
.. required amount of the bill =¥ 1,01,000.
.l 2
A —x.03
AP 0= __3

Aliter : B.G. = —, 1
1+ni 1+§><.O3

. A =1,01,000.

Example 42 : The 7.D. and B.G. on a certain bill of exchange due after a certain time is respectively ¥ 50 and
Re. 0.50. Find the face value of the bill.

. 0.50
We know B.G. =Int. on T.D. or,0,50 =50 xn xi or, ni= =0 0.01
Now, B.D. =T.D + B.G. or, B.D. =50 + 0.50 = 50.50
Again B.D. intf.on B.V. (i.e., A)
50.50
or, 50.50 = A. ni or, 50.50 = A.. (0.01) or, A= o001 5050

. reqd. face value of the bill is ¥ 5050.

Example 43 : A bill of exchange drawn on 5.1.2013 for ¥ 2,000 payable at 3 months was accepted on the
same date and discounted on 14.1.13, at 4% p.a. Find out amount of discount.

Unexpired number of days from 14 Jan to 8 April =17 (J) + 28 (F) + 31 (M) + 8 (A) = 84 (excluding 14.1.13)

84 4
2013 is not a leap year, Feb. is of 28 days. B.D. = 2000 x%xm =18.41(after reduction)

Hence, reqd. discount =3 18.41.

Drawn on period 5.1.13
Period 3
Nominally due on 5.4.13
Days of grace 3
Legally due 8.4.13
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SELF EXAMINATION QUESTIONS
Problems regarding T.D. B.D. B.G.

1.

~
”

At the rate of 4% p.a. find the B.D., T.D. and B.G. on a bill of exchange for¥ 650 due 4 months hence.
[Ans. % 8.67;% 8.55; Re. 0.12]

Find the difference between T.D. and B.D. on ¥ 2020 for 3 months at 4% p.a. Show that the difference

is equal to the interest on the T.D. for three months at 4%. [Ans. Re. 0.20]
Find the T.D. and B.D. on a bill of ¥ 6100 due 6 months hence, at 4% p.a. [Ans.% 119.61;%122]
Find out the T.D. on a bill for 2550 due in 4 months at 6% p.a. Show also the banker’s gain in this case.

[Ans. % 50, Re.1]
Find the T.D. and B.G. on a bill for¥ 1550 due 3 months hence at 6% p.a. [Ans. ¥ 22.9]; % 0.34]
Calculate the B.G. on ¥ 2500 due in 6 months at 5% p.a. [Ans. % 1.54]
If the difference between 1.D. and B.D. on a bill fo mature 2 months after date be Re. 0.25 at 3% p.a.;
find. (i) T.D. {(ii) B.D. (iiij amount of the bill. [Ans. ¥ 50; ¥ 50.25; %10,050]
If the difference between T.D. and B.D.(i.e. B.G.) on a sum of due in 6 months at 4% is ¥ 100 find the
amount of the bill. [Ans. ¥ 2,55,000]

[hints : refer solved problem no 55]

If the difference between T.D. and B.D. of a bill due legally after 73 days at 5% p.a. is %10, find the
amount of the bill. [Ans. 1,01,000]

If the banker’s gain on a bill due in four months at the rate of 6% p.a. be ¥ 200, find the bill value, B.D.
and T.D. of the bill.

[Ans.5,10,000; ¥ 10,200; T10,000]

A bill for% 750 was drawn on 6™ March payable at 6 months after date, the rate of discount being 4.5%
p.a. It was discounted on 28™ June. What did the banker pay to the holder of the bill?

[Ans. T 743.62]

A bill of exchange for ¥ 846.50 at 4 months after sight was drawn on 12.1.2013 and accepted on 16™
January and discounted at 3.5% on 8th Feb.2013. Find the B.D. and the discounted value of the bill.
[Ans. X 8.18; ¥ 838.32]

A bill of exchange forX 12,500 was payable 120 days after sight. The billwas accepted on 2nd Feb.2013
and was discounted on 20th Feb. 2013 at 4%. Find the discounted value of the bill.

[ANns. 12,356.17]

A bill for ¥ 3,225 was drawn on 3 Feb. at 6 months and discounted on 13" March at 8% p.a. For what
sum was the bill discounted and how much did the banker gain in this?

[Ans. % 3121.80; % 3.20]
Problems regarding rate of interest :

What is the actual rate of interest which a banker gets for the money when he discounts a bill legally
due in 6 months at 4% p.a. [Ans. 4.08% approx]

What is the actual rate of interest which a banker gets for the money when he discounts a bill legally

3
due in 6 months at 5%. [Ans. 55%]

If the true discounted of a bill of T 2613.75 due in 5 months be T 63.75; find rate of interest.
[Ans. 6%]

1.24 | FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS



1.3.2 AVERAGE DUE DATE
Meaning

Average Due date is the mean or equated date on which a single payment of an aggregate sum may be
made in lieu of several payments due on different dates without, however, involving either party to suffer
any loss of interest, i.e, the date on which the seftlement takes place between the parties is known as
Average or Mean Due Date.

This is particularly helpful in the seftlement of the following types of accounts, viz,, :

(i) in case of accounts which are to be settled by a series of bills due on different dates ; (ii) in case of
calculation of interest on drawings of partners; (iii) in case of piecemeal distribution of assets during partnership
dissolution etc.; and (iv) in the case of settlement of accounts between a principal and an agent.

Types of Problems
Two types of problems may arise. They are :

(1)  Where amount is lent in various instalments but repayment is made in one instalment only;

(2) Where amount is lent in one instalment but repayment is made in various instalments.

Method (1) : Where amount is lent in various instalments but repayment is made in one instalment :

Step 1. Take up the starting date’(preferably the earliest due date as ‘0’ date or ‘base date’ or ‘starting
date’);

Step 2. Calculate the number of days from ‘0’ date to each of the remaining due dates;

Step 3. Multiply each amount by the respective number of days so calculated in order to get the product;

Step 4. Add up the total products separately;

Step 5. Divide the total products by the total amounts of the bills;

Step 6. Add up the number of days so calculated with ‘0’ date in order to find out the Average or Mean
Due Date.

Date of Maturity and Calculations

If there is an after date bill, the period is fo be counted from the date of drawing the bill but when there is
any after sight bill, the said period is to be counted from the date of acceptance of the bill. For example, if
a billis drawn on 28th January 2013, and is made payble at one month after date, the due date will be 3rd
day after 28th Feb. i.e., 2nd March 2013.

To Sum up

(il When the period of the bill is stated in days, the date of maturity will also be calculated in terms of
days i.e., excluding the date of transaction but including the date of payment.
E.g. If a bill is drawn on 18th January 2012 for 60 days, the maturity will be 21st March 2012.

(i) If the period of the bill is stated in month, the date of maturity will also be calculated in terms of
month neglecting, however, the number of days in a month.

E.g. If a billis drawn on 20th May, 2012 for 3 months, of date of maturity will, naturally, be 23rd August, 2012.

(i) What the date of maturity of a bill falls on ‘emergent holiday’ declared by the Government, the date
of maturity will be the next working day.

(iv] When the date of maturity of a bill falls on a public holiday, the bill shall become due on the next
preceding business day and if the next preceding day again falls on a public holiday, it willbecome
due on the day preceding the previous day — Sec. 25.

E.g. If the date of maturity of a bill falls on 15th August (Independence day) it falls due on 14th
August. But if 14th August falls again on a public holiday, the 13th August will be . considered as the
date of maturity.
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Example 44 :
Calculate Average Due date from the following information:
Date of the Bill Term Amount (%)
August 10,2011 3 months 6,000
October 23,2011 60 days 5,000
December 4, 2011 2 months 4,000
January 14,2012 60 days 2,000
March 8,2012 2 months 3,000
Solution:
Computation of Average Due Date ‘O’ Date =13.11.1994
Date of the Bill Due Date No. of days from ‘0 date Amount Product
3 3
10.8.2011 13.11.2011 0 6,000 0
23.10.2011 25.12.2011 42(17 +25) 5,000 2,10,000
4.12.2011 7.2.2012 86 (17 + 31+31+7) 4,000 3,44,000
14.1.2012 18.3.2012 125 (17 +31 + 31 + 28 +18) 2,000 2,50,000
8.3.2012 11.5.2012 17917 + 31431428 + 31+30 + 11) 3,000 5,37,000
20,000 13,41,000
¥13,41,000

. Average Number of Days =7%20000 - 67 days (approx)

.. So, Average Due Date will be = 13th Nov. 2011 + 67 days = 19.01.2012.

Working
Due date to be calculated as under
Date of the Bill Periods Due Date (after adding 3 days for grace)
10.8.2011 3 months 13.11.2011
23.10.2011 60 days 25.12.2011 (8 + 30 + 22 + 3)
4.12.2011 2 months 7.2.2012
14.1.2012 60 days 18.3.2012(17 +28 + 15+ 3)
8.3.2012 2 months 11.5.2012
Example 45 :
Sardar sold goods to Teri as under:
Date of Invoice Value of Goods Sold Date of Invoice Value of Goods Sold
3 3
7.5.2012 1,000 24.5.2012 1,500
15.5.2012 2,000 1.6.2012 4,000
18.5.2012 3,500 7.6.2012 3,000
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CEIVU)

The payments were agreed to be made by bill payable 2 months (60 days) from the date of invoice.

However, Teri wanted to make all the payments on a single date.

Calculate the date on which such a payment could be made without loss of interest to either party.

Solution :
Calculation of Average Due Date
Date of Invoice Due Date No. of days from ‘0’
Date

7.5.2012 6.7.2012 0

15.5.2012 14.7.2012 8

18.5.2012 17.7.2012 11

24.5.2012 23.7.2012 17

1.6.2012 31.7.2012 25

7.6.2012 6.8.2012 31

3

1,000
2,000
3,500
1,500
4,000
3,000

'0' Date = 06.07.2012

Amount

15,000

~%2,73,000
Average Number of Days = 215000 - 18 days (approx.)

1,

2,

.. Average Due Date will be = 18 days from ‘0’ date i.e., é6th July + 18 days = 24th July, 2012

Workings
Due dates to be calculated as under

Date of Periodin Due Date
Invoice Days

7.5.2012 60 6.7.2012 (From 7.5.2012 + 60 days) =
15.5.2012 60 14.7.2012 (From 15.5.2012+ 60 days) =
18.5.2012 40 17.7.2012 (From 18.5.2012 + 60 days) =
24.5.2012 40 23.7.2012 (From 24.5.2012 + 60 days) =
1.6.2012 40 31.7.2012 (From 1.6.2012 + 60 days) =
7.6.2012 40 6.8.2012 (From 7.6.2012 + 60 days) =
Example 46 :

Product

3

0
16,000
38,500
25,500
00,000
93,000

73,000

May + June + July + Aug.

24
16
13

7

+ + o+ o+

30
30
30
30
29
23

+ + o+ 4+ o+ o+

14
17
23
31
31+6

60 days
60 days
60 days
60 days
60days
60 days

Ramkumar having accepted the following bills drawn by his creditor Prakash Chand, due on different
dates, approached his creditor to cancel them all and allow him to accept a single bill for the payment of

his entire liability on the average due date.

You are requested to ascertain the tfotal amount of the bill and its due date.

Bill No. Date of Drawing Date of

Acceptance 4
(i) 16.2.2012 20.2.2012 8,000
(ii) 6.3.2012 6.3.2012 6,000
(iii) 24.5.2012 31.5.2012 2,000
(iv) 1.6.2012 1.6.2012 9,000

Amount of the Bill

90 days

2 months
4 months
1 month

Tenure

after sight
after sight
after sight
after sight
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Solution : ‘0’ Date = 9.5.2012
Computation of Average Due Date
Date of Drawing Due Date No. of days from ‘0’ Date Amount Product
g g

16.2.2012 24.5.2012 15 8,000 1,20,000
6.3.2012 9.5.2012 0 6,000 ‘0’
24.5.2012 3.9.2012 117 (22+30 + 31+31+3) 2,000 2,34,000
1.6..2012 4.7.2012 56  (22+30 + 4) 2,000 5,04,000

25,000 8,58,000

¥ 8,58,000
Average Number of Days = 225.000 - 34 days (approx)

.. Average due date willbe =9th May + 34 days = 12th June.
Total amount of the bill =3 25,000

Workings

Since all the bill are ‘After Sight’ the period is to be computed from the date of acceptance of the bill.

Due Date to be calculated as under

Date of Periods Due Date Feb + March + April + May
Acceptance (with days
of grace)
20.2.2012 90 days 24.5.2012 (From 20.2.2012+ 90days) =8+ 31 +30+21=90days
6.3.2012 2 months 9.5.2012
31.5.2012 4 months 3.9.2012
1.6.2012 1 month 4.7.2012
Example 47 :
For goods sold, Nair draws the following bills on Ray who accepts the same as per terms :
Amount of the Bill Date of Drawing Date of Acceptance Tenure
4
8,000 6.1.2012 9.1.2012 3 months after date
9,000 15.2.2012 18.2.2012 60 daysafterdate
8,000 21.2.2012 21.2.2012 2 months
15,000 14.3.2012 17.3.2012 30 days aftersight

On 18th March 2011 itis agreed that the above bills will be withdrawn and the acceptor will pay the whole
amountin one lump-sum by a cheque 15 days ahead of average due date and for this a rebate of ¥ 1,000
will be allowed. Calculate the average due date, the amount and the due date of the cheque.
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Solution :

Computation of Averge Due Date ‘0’ Date =9.4.2012
Date of Drawing Due Date No. of days from’0’'date Amount Product
4 4
6.1.2012 9.4.2012 0 8,000 0
15.2.2012 19.4.2012 10 9,000 90,000
21.2.2012 24.4.2012 15 8,000 1,20,000
14.3.2012 19.4.2012 10 15,000 1,50,000
40,000 3,60,000
¥ 3,60,000

Average number of days = =9 days

% 40,000

Average Due Date = April 9 + 9 days = April 18th 2012.
Amount of cheque =3 40,000 -¥ 1,000 - 39,000
Due Date of the cheque = April 18th -15 days = April 3, 2012
Workings
Due Dates to be calculated as under

It must be remember that in case of After Date bill, date of maturity is to be calculated from the date of
drawing of the bill but in case of After Sight bill, the date of mafturity is to be calculated from the date of
acceptance of the bill.

Date of Drawing Date of Acceptance Period Due Date
6.1.2012 9.1.2012 3 months 9.4.2012
15.2.2012 18.2.2012 60 days 19.4.2012
21.2.2012 21.2.2012 2 months 24.42012
14.3.2012 17.3.2012 30days 19.4.2012

Reciprocal Bills

Sometimes the two parties in a bill of exchange mutually agree to accept the reciprocal bills (i.e., each
party draws and accepts, respectively). Under the circumstances, the Average Due Date Method car better
be applied where there are different bills and different due dates. The method of calculation is sami as
above. But after calculating the respective Average Due Date (for both Bills Receivable and Bill: Payable),
find out the difference both in amounts and in product and average number of days may b< ascertained
by dividing the former by the latter. Then add up the days so calculated with the ‘0’ date i order to find out
the Average Due Date.

Consider the following illustration

Example 48 :
A.N.K. had the following bills receivable and bills payable against A.N.R.

Calculate the average due date when the payment can be made or received without any loss of interest
to either party.

Notes: Holidays intervening in the period : 15 Aug., 16 Aug., éth Sept. 2012.
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Date

1.6.2012
5.6.2012
9.6.2012
12.6.2012
20.6.2012

Solution :

Bills Receivable

Amount Tenure
(Months)

g
3,000
2,500
6,000

10,000
15,000

Calculation of Average Due Date

The date of maturity of the Bills Receivable (after adding 3 days as grace) by ANN.R. are : 4.9.2012; 8.9.2012;
12.7.2012; 14.8.2012 and 23.9.2012. And the date of maturity of the Bills Payable by A.N.R. are : 1.8.2012;
5.9.2012; 13.8.2012; 14.8.2012 and 30.7.2012. 12th July 2009 is taken as the ‘0’ date.

(i) Bills Receivable against A.N.R. :

Due Date

(1)

4.9.2012
8.9.2012
12.7.2012
14.8.2012
23.9.2012

54
58

33
73

Computation of Average Due Date

No. of days from ‘0’ date

(2)

(J+A+S)
(19 + 31+4)
(19 + 31+8)

(19 + 14)
(19 + 31 + 23)

(ii) Bills Payable against A.N.R. :

1.8.2012
5.9.2012
13.8.2012
14.8.2012
30.7.2012

20
55
32
33
18

(19 +1)
(19 +31+5)
(19 +13)
(19 + 14)
(18)

Now adjustment for the Bill :

Total Bills Receivable against A.N.R.

Total Bills Payable against A.N.R.

Date

29.5.2012
3.6.2012
10.6.2012
13.6.2012
27.6.2012

Bills Payable

Amount

g
2,000
3,000
6,000
2,000

13,000

Amount

N
(3)
3,000

2,500
6,000
10,000
15,000

36,500

2,000
3,000
6,000
2,000
13,000

33,00

36,500
33,000

3,500
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Tenure
(Months)

N N W N

‘0’ Date =12.7.2012

Product
54

(4)
1,62,000

1,45,000
0
3.30,000
10,95,000
17,32,000

‘0’ Date =12.7.2012
40,000
1,65,000
1,92,000
2,97,000
2,34,000
9,28,000

17,32,000
-9,28,000
8.04,000



¥ 8,04,000
Average number of days ="%3500 - 230 days (approx.)

Average due date will be = July 12,2009 + 230 days = Feb. 27,2010.

Note : If the date of maturity of a bill falls due on a public holiday the maturity date will be just the next
preceding business day, e.g., bill which matures on Aug. 15 becomes due on Aug. 14.

Calculation of Interest

The Average Due Date method of computation, practically, simplifies interest calculations. The interest
may be calculated from the Average Due Date to the date of settlement of accounts instead of making
separate calculation for each bill. The interest so calculated will neither affect the creditors nor the debtors,
i.e., both the debtors and the creditors will not lose interest for the period.

Under the circumstances, the creditors/drawers will receive and debtors/drawees will pay the interest at
the specified rate for the delayed period. This is parficularly applicable while calculating interest on partners’
drawing in case of partnership firms.

Method of Calculation

Step 1. At first calculate the Average Due Date in the usual way.

Step 2. Ascertain the difference between the so ascertained Average Due Date and the date
of closing the books.

Step 3. Interest is calculated with the help of the following:

Rateofinterest No.of months

Interest = Amount x= x
v 100 12

Consider the following illustration :

Example 49 :

Satyajit and Prosenijit are two partners of a firm. They have drawn the following amounts from the firm ir the
year ending 31st March 2012:

Satyaijit Prosenijit
3 3
2011: Date 2011: Date
st July 300 Ist June 500
30th Sept. 500 Ist August 400
st Nov. 800
2012: 2012:
28th February 200 st February 400
Ist March 900

Interest at 6% is charged on all drawings.

Calculate interest chargeable under Average Due Date System. (Calculation to be made in months.)
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Solution :

(a) Calculation of Interest in case of Satyqjit:

Computation of Average Due Date ‘0’ Date =1.7.2011

Date No. of days from ‘0’ date Amount Product
J + A + S 3 3
1.7.2011 0 300 0
30.9.2011 ?1 (30 + 31 + 30+1) 500 45,500
1.11.2011 123 (30 + 31 + 30+31+1) 800 98,400
28.2.2012 242 (30 + 31 + 30+ 31+30 + 31+31+28) 200 48,400
1,800 1,92,300

¥1,92,300

Average number of days = 21800 - 107 days (approx.)

Average due date = July 1 + 107 days = 16th Oct. 2011.

1
Therefore, interest is chargeable from 16.10.2011 to 31.3.2012, i.e., 5= months.

2
6 5%
=% 1,800 x — x —= =3 49.50
100 12
(b) Calculation of Interest in case of Prosenijit:
Computation of Average Due Date ‘0’ Date =1.6.2012

Date No. of days from ‘0’ date Amount Product
4 4
1.62011 0 500 0
1.8.2011 61 (29 +31+1) 400 24,400
1.2.2012 245 (29 + 31+31+30 + 31+30 + 31+31 + 1) 400 98,000
1.3.2012 273 (29 + 31+31+30 + 31+30 + 31+31+28 + 1) 200 2,45,700

2,200 3.68,100

¥ 3,68,100
Average number of days = 32200 167 days (approx.)

Average Due Date will be June 1+ 167 days =16.11.2011.

1
Interest is chargeable from 16.11.2011 to 31.3.2012 = 45 months

6 4 %
Amount of interest will be =3 2,200 Xﬁxﬁ =349.50 .
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In case of Mutual dealings between the parties

It frequently happens in real-world situation that an individual plays both the role of a debtor as well as a
creditor, i.e., mutual dealings. For example. Mr. X purchases raw materials from Y and he sells finished
products to him. Consequently, for settlement purpose, who owes the higher amount pays the differece to
the other person together with interest for the balance.

The following steps should carefully be followed for the purpose :
Step | Find out the Product of both receivable and payable in usual manner like ordinary average due

date method.
Step Il Find out the difference of the product.
Step Il Find out the difference of the amounts.

Step VI Average Due Date ='0" +

Difference in Product

StepV  For Calculation of Interest:

= Balance of Amount X

Example 50 :

Mr. Big purchased goods from Mr. Small as follows :

Rate of Interest

Difference in Amount

Settlement Date - Average Due Date

¥ 4,000 to be paid on 6th January 2012
¥ 2,000 to be paid on 3rd February 2012
¥ 3,000 to be paid on 31st March 2012

Mr. Big settled the account on 21st April 2012

(a) Find out the average due date.

(b) Calculate the interest at 5% p.a. from the average due date to the date of settlement.

Solution :

Calculation of Average Due Date

(a) ForBig's Purchases

100

365 days or 12 months

He also sold goods to Mr. Small as follows:

¥ 1,500 to be paid on 10th January 2012
¥ 2,500 to be paid on 15th February 2012

¥ 1,000 to be paid on 21st March 2012

6th January 2012 is taken as the starting date or ‘0’ date

Date of Transaction

6.1.2012
3.2.2012
31.3.2012

(b) For Big's Sales

Date of Transaction

10.1.2012
15.2.2012
21.3.2012

Amount
54

4,000
2,000
3,000

2,000

Amount
54

1,500
2,500
1,000

5,000
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No. of days from
‘O'date

0
28
84

No. of days from
‘O'date

40
40
74

Product
54

0
56,000
2,52,000

Product
54

6,000
1,00,000
74,000

3,08,000

1,80,000

P

~
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Now, the difference in Product is ¥ 1,28,000 (i.e., ¥ 3,08,000 - ¥ 1,80,000) and the difference in amount is
34,000 (i.e., % 9,000 - % 5,000).

%1,28,000
T4,000
i.e., Average Due Date = 6.1.2012 + 32 days = 7.2.2012

Date if Setflement =21.4.2012

Hence, No. of days from average due date to the date of seftlement = 73 days

No. of days from ‘0’ date = =32 days

. 73 5
. i i e. 4,000 X ——x —
-. Amount of interest will be ¥ 40 1€ X 345 X 100

Method (2) Where amount is lent in one instalment but repayment is made by various instalments This
method is just the opposite of Method (1) Stated above

Method of Calculation

Step 1. Calculate the number of days from the date of lending to the date of each repayment made.

Step 2. Ascertain the sum of those days/months/years.
Sept 3. Divide the sum so ascertained (in Step 2) by the number of instalments paid.

Step 4. The result will be the number of days/months by which the Average Due Date falls from the date
of taking such loans. .

The same will be calculated with the help of the following :
Average Due Date:
= Date of taking loan +

Sum of days / months | years from the date of lending to date of repayment of each instalment

No. of instalments

Consider the following illustration :
Example 51:
When repayment of loan is made by monthly instalments

Xlent¥ 3,000 to Y on 1st January 2012 to be repaid by 5 equal monthly instalments starting fron 1st February
subject tointerest at 10% p.a. Y intends to repay the loan by single payment on average du< date. Find out
that date and total interest payable.

Solution :
Average Due Date = Date of taking loan +

Sum of days/months/years from the date of lending to the date of repayment of each instalment

No. of instalments

+]+2+3+4+5
5

= Jan. 1+3 months
= April 1.

=Jan 1.
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e
Alternatively, the same can also be calculated as : ‘0’ Date = 1.1.2012

Computation of Average Due Date

Starting date Due Date Amount No. of months from Product
g Jan. 1
(1) (2) (3) (4) (5)

Jan. 1 2012 Feb. 1 2012 600 1 600
Jan. 1 2012 March 1 2012 600 2 1,200
Jan. 1 2012 April 1 2012 600 3 1,800
Jan. 1 2012 May 1 2012 600 4 2,400
Jan. 1 2012 June 1 2012 600 5 3,000

3000 9,000

¥ 9,000

Average = m = 3 months

.. Average due date is 3 months from Jan. 1.i.e., Jan 1 + 3 months = April 1.
Interest chargeable @ 10% on ¥ 3,000 for 3 months (April 1 to June 1) should be calculated

L . _ 10 3
That is, interest will be =% 3,000 x 100 X T T 75

Example 52 :
X accepted the following bills drawn by his creditor Y :

Feb. 10 for ¥ 4,000 at 3 months.
March 15 for ¥ 5,000 at 3 months.
April 12 for ¥ 6,000 at 3 months.
May 8 for ¥ 5,000 at 5 months.

On 1st June it was decided that X would withdraw all such bills and he should accept on that day two bills,
one for ¥ 12,000 due in 3 months and the other for the balance for 5 months.

Calculate the amount of the second bill after taking intfo consideration that rate of interest is @ 10% p.a.
Ignore days of grace.

Solution:

Take May 10 as ‘0’ date; the following table is prepared on that basis :

Compution of Average Due Date ‘0’ Date =1.5.2012
Date of Drawing Periods  Due Date of the Amount No. of days from’0’date Product
original bills
g g
Feb. 10 3 May 10 4,000 0 0
March 15 3 June 15 5,000 36 (21 +15) 1,80,000
April 12 3 July 12 6,000 33 (21 +12) 1,98,000
May 8 5 Oct. 8 5,000 151 (21+30 + 31+31+30 +8)  7,55,000

20,000 11,33,000
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.. Average number of days =% 11,33,000/% 20,000 = 57 days (approx.)
The average due date willbe May 10+57 days, i.e., July 6.
Due date of the new bills = Sept. 1 and Nov. 1.

Calculation for interest @ 10% p.a. on—

4

I 12,000 f July 6 to Sept. T for57d =3 12,000 Xﬁxi = 187
, rom July é to Sept. 1i.e., for ays = , 100 <385 =

I 8,000 f July 6 to N 1.0 for118 d =% 8,000 ><£><E = 259
, rom July 6 fo Nov. 1.i.e., for ays =% 8, 100 <345 =

20,000 446

Therefore, amount of second bill will be ¥ 8,000 for the principal + T 446 for interest =3 8,446.
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1.4 MATHEMATICAL REASONING - BASIC APPLICATION

The power of reasoning makes one person superior to the other. There are two types of reasoning : (i) Inductive
reasoning (i) Deductive reasoning.

The inductive reasoning is bassed on the principle of Mathematical Induction.

Here we shall discuss about deductive Reasoning. For this first we have to know about Mathematical
statement or logical statements.

Mathematical Statement:

In our daily life we use different types of sentences like Assertive, Interrogative, Exclamatory, Imperative,
Optative etc. Among them only assertive sentences are called Mathematical statement. But it is to be
noted that all assertive sentences are not Mathematical Statements.

For example: ‘The earth moves round the sun’. — This is a Mathematical statement. It is true always.
‘The sunrises in the west'. — This is also a Mathematical statement. But its truth value is ‘False’.
Again we take the example of assertive sentence:

‘Girls are more clever than boys' —This is an assertive sentence but we can not say whether this sentence is
always tfrue or false. For this reasons this sentence is not a mathematical Statement.

Hence, we give the following definition of Mathematical Statement.

A sentence is called a mathematically acceptable statement or simply mathematical statement if it is frue
or false but not both.

Example 53 : The followings are the examples of Mathematical statements.
(i) 2+3=5.(i)3+4=46. (i) Calcuttais the capital of West Bengal. (iv) Patna is in Orrisa.

(v) /5 is aratfional number.

Example 54 : The followings are not the Mathematical Statements:
(ij X2-3X+2=0. (i) Open the door. (i) Give me a Pen.
(iv) Go to the market. (v) What do you wante  (vi) How beautiful is the building!

Negation of a Statement:

Negation of a statement implies the denial or contradiction of the statement. If ‘p’ be a statement, then
‘~p’ denotes the Negation of the statement.

Forexample: ‘Manas is a teacher’. — It is a mathematical statement. Its negation is ‘Manas is not a teacher’
or It is false that ‘Manas is a teacher’.

Again ‘Delhiis the capital of India’ is a mathematical statement.
Its negation statement is ‘Delhi is not the capital of India’ or, ‘It is false that Delhi is the capital of India’.

Simple and compound Statements :

If the truth value of a statement does not depend on any other statement, then the statement is called a
simple Mathematical statement. Simple statement cannot be subdivided into two or more simple statements.

A compound statement is a combination of two or more simple statements connected by the words
“and”, “or”, efc.

A compound statement can be subdivided into two or more simple statements.
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Example 55 : The followings are simple statements and they cannot be sub-divided into simpler statements.
()  The earth moves round the sun.

(i)  The Sunis astar.

(i) Swetareads in class X.

(iv) 30is a multiple of 5

(v) Anintegeris arational number

Example 56 : The followings are compound statements and each of them can be sub-divided into two or
more simple statements.

() 2is arational number and /2 is an irrational number.

(i)  Arhombus is a parallelogram and ifs four sides are equal.
(i) A student who has taken Mathematics or computer Science can go for MCA.
(iv) The opposite sides of a parallelogram are parallel and equal.

Connectives:

Some connecting words are used to form compound statements. These connecting words are called
connectives. The connectives are the words namely: “and”, “or”, “if-then”, “only if”, “if and only if".

The word “and”

Any two simple statements can be combined by using the word “and” to form compound statements
which may be true or false.

If each simple mathematical statements belonging to a compound mathematical statements are true
then the compound mathematical statement is only True. But if one or more simple statements connected
with a compound mathematical statement is are false, then the compound mathematical statement
must be False.

Example 57 : (i) r: Calcutta is a big city and it is the capital of West Bengal.

The statement r is a compound mathematical statement and is formed by connecting two simple
mathematical statements p & g using the connective “and” where

p: Calcutta is a big city.

g: Calcutta is the capital of West Bengal.
Here both p and g are frue, so the truth value of the compound mathematical statement is “True”.
(i) r:41is aprime number and it is an even number

Here r is a compound mathematical statement and is formed by connecting two simple mathematical
statements p and g using the connective “and” where

p : 41 is a prime number.
g: 41 is an even number.
Here p is true but g is false. So the fruth value of ris “False”.

Remarks :

All mathematical statements connected with "*and” may not be a compound mathematical statement.
For example, “The sum of 5 and 7 is 12". — It is a simple mathematical statement but not a compound
mathematical statement.
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The word “or”:

Any two simple mathematical statements can be combined by using “or” tfo form a compound
mathematical statements whose fruth value may be true or false.

If both or any one of the component simple mathematical statements of a compound mathematical
statements when formed using the connective “or” are / is true then the truth value of the compound
mathematical statement is True. If both compound simple mathematical statements are false, then the
fruth value of the compound mathematical statement is “false”.

If both the component simple mathematical statements of a compound mathematical statement formed
by using the connective “or” are true, then the “or” is called Inclusive “or”. Again if one is frue and other s
false, then the “or” used in compound mathematical statement is called Exclusive “or”.

Example 58 : Let p: Rhombus is a quadrilateral.

d: Rhombus is a parallelogram.
Here p & g both are simple mathematical statements and both are true.
r: Rhombus is a quadrilateral or a parallelogram.

Hence r is a compound mathematical statement which is obtained by connecting p and g with the
connective "or". Since both p and g are true, the fruth value of ris “True” and here "“or” is Inclusive “or”.

Example 59 : Let p:85is divisible by 7.

g: 85 is divisible by 5.
Here p & g both are simple mathematical statements. p is false but g is frue.
r: 85 is divisible by 7 or it is divisible by 5.
ris a compound mathematical statement formed by connecting p and g using the connective “or”. Since
p is false but g is frue, the truth value of ris “frue” and the “or” used here is Exclusive “or”.
Example 40 : Let p: Two straight lines intersect at a point.

Q: Two straight lines are parallel.

Here both p and g are simple mathematical statement. If p is true, then g is false or if pis false, then g is true
but p and g cannot be both frue or cannot be both false. Only one of p and g is true. So the fruth value of
ris true where

r: Two straight lines either intersect at a point or they are parallel.

Here "or"” use is Exclusive “or”.

Implications:
A compound mathematical statement is formed connecting two simple mathematical statements using
the connecting words “if —then”, “only if” and “if and only if". These connecting words are called Implications.
(i) The word “if — then”:

Let p and g be two simple mathematical statements. if a compound mathematical statement is

formed with p and g using “if p then g” - then its meaning is “if p is true then g must be frue”.
Symbolically it is written as p = g of p = g. (We read this as p implies q).

Example 61 : If a number is divisible by 6, then it must be divisible by 3". It is compound mathematical
statement.

p: A number is divisible by 6
g: The number is divisible by 3.
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Here if p is true, then g must be frue. But if p is not true i.e., a numberis not divisible by 6 then we cannot say
that it is not divisible by 3. For example: 123 is not divisible by 6 but it must be divisible by 3.

Here p is called “sufficient condition” for g and g is called the “necessary condition” for p.
If pis frue then g is false then p = g is false.
Regarding the truth value of “if p then " i.e., p = g (the validity of p = q) the following is kept in mind:

(i) If pistrue and g is true, then the statement p = g is frue.

(i) If pis false and g is true, then the statement p = g is frue.
(i) If pis false and qis false, then the statement p = g is frue.
(iv) If pistrue and g is false, then the statement p = g is false.

Example 62 : “If 42 is divisible by 7, then sum of the digits of 42 is divisible by 7". — It is a compound
mathematical statement.

p: 42 is divisible by 7. g: The sum of the digits of 42 is divisible by 7.
Here p is true but g is noft true.

.. p=qisfalse.

. The truth value of the given statement is false.

Example 63 : “If 123 is divisible by 3, then the sum of the digits of 123 is not divisible by 3". - It is a compound
mathematical statement.

p: 123 is divisible by 3. g: the sum of the digits of 123 is not divisible by 3.

Here p is true and g is not frue.

e p=qisfalse.

e The truth value of the given statement is false.

Example é4 : “If anybody is bornin India, then he is a citizen of India”. It is compound mathematical statement.
p: Anybody is born in India. g: He is a citizen of India.

Here if p is true, then g is tfrue. So p = g is frue.

Contrapositive and converse statement:

If a compound mathematical statement is formed with two simple mathematical statements p and g
using the connective "“if-then” then the contrapositive and converse statements of compound statement
can also be formed.

The confrapositive statement of “if p, then g™ is "if — g, then — p” and the converse statement is “if g then p”.

Example 65 : “If a number is divisible by 6, then it is divisible by 3". — It is a compound mathematical
statement.

Its contrapositive statement is

“if a number is not divisible by 3, then it cannot be divisible by 6".

The Converse statement is

“If a number is divisible by 3, then it is divisible by 6".

Example 66 : “If a numberis an even number, then its require is even”.

Its contrapositive statement is
“If the require of a number is not even, then the number is not even”.
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The converse statement is
“If the require of a number is an even number, then the number is even”.

Example 67 : Examine the fruth value of the following statement using contrapositive odd integer, then
both X and Y are positive odd integers”. (x and y are positive integer)

Solution : P : “xy is a positive odd integer, (x, y are positive integers)”.

g: "Both x and y are positive odd integers.
The given statement is “If p, then g.”
Its contrapositive statement is ~ g = i p that is g is false implies p is false.
Let g be false.
g is false = x and y both are not positive integers = at least one x and y is an even positive integer.
Let x be an even positive infeger and x = 2m, m is any positive integer.
xy =2my = 2 (my) which is a positive even integer.
So xy is not a positive odd integer i.e., p is not true or p is false.
gis false = pis false or ~qis true = ~p is frue

.. The given statement is frue.

(ii) The word “only if":

Let p and g be two given simple mathematical statements. If a compound mathematical statement
is formed with p and g using the connective word “only if” then it implies that p only if g that is p
happens only if g happens.

Example 68 : “The triangle ABC, will be equilateral only if AB =BC = CA.”

Here, p: The triangle ABC is equilateral.

g: In the triangle ABC, AB = BC = CA.

Example 69 : “A numberis an even integer only if the number is divisible by 2.”
Here, p : A numberis an even integer.

g : The number is divisible by 2.

N.B : If the implication for a compound mathematical statement contains “if-then” or “only-if” then the statement
is called conditional statement. “if p, then g” — here p is called antecedent and q is called consequent.

Example 70 : Obtain the truth value of

(i) 1f5+6=11,then11-6=25.

(i) 1f5+8=12 then 12+ 8=20.

(i) f6+9=14,then14-7=8

(iv) f7+8=151then8-7=2

Solution:

(i) Sincep:5+6=11istrueand g: 11 -6 =>5is frue, so p= qgi.e., the given statement is frue.
(i) Since p:5+8=12isfalse and g: 12+ 8 =20 s frue, so p= g i.e., the given statement is true.
(i) Since p:6+9 = 14isfalse and g: 14-7 =8 s false, so p= g i.e., the given statement is true.

(iv) Sincep:7+8=15istrue and 8 -7 = 2is false, so p = g i.e., the given statement is false.
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(i) The word “if and only if”:

When a compound mathematical statement is formed with two simple mathematical statements using
the connecting words “if and only if” then the statement is called Biconditional statement.

Let p and g be two simple mathematical statements. The compound statement formed with p and g
using “if and only if” then the biconditional statement can be written symbolically asp = gand g= p or
pPed.

In short “if and only if” is written as "iff".

The biconditional statement p < g is frue only when both p and g are true or both p and g are false.

Example 71 : Two triangles are congruent if and only if the three sides of one triangle are equal to the three
sides of the other friangle.”

This statement can be written as:

(i) If two triangles are congruent, then the three sides of one friangle are equal to the three sides of the
other triangle.

(ii) If the three sides of one friangle is equal of the three sides of the other triangle, then the two triangles
are congruent.

Let p: Two triangles are congruent.

g: Three sides of one triangle are equal to the three sides of the other triangle.
From (i), we get p = g and from (ii) we get g = p.
So the given statement is the combination of both p = gand g = p.

Here, p = qis frue and g =p is frue (But p and g both are false). So the given statement is frue because p,
g both are false.

Quantifiers :

In some mathematical statements some phrases like “There exists”, “For all” (or for every)are used. These
are called Quantifiers.

For example “There exists a natural number such that x + 6 > 9" ; “There exists a quadrilateral whose
diagonals bisect each other” ; “For all natural numbers x, x > 0" ; “For every real number x #0, x> > 0".

In the above statements “There exists”, “For all”’, “For every” etc phrases are Quantifiers.

“There exists”, "For some”, “For at least” are called Exitential Quantifier and they are expresses as 3. “For
all”, “For every” are called Universal Quantifiers and they are expressed by the symboly .

Example 72 : Indicate the Quantifiers from the following statements and write the truth value in case ;

()  Forevery natural number x, x+ 1 >0

(i) For atleast one natural number x, x e A where A={-1,2,3,0-3"}

(i) There exists a natural number n,n -2 > 5.

(iv) Forallreal number x, x2 > 0.

Solution :

()  The quantifieris “For every”. The truth value of the statement is “frue” because for any natural
number x, x+1 Ois always frue.

(i) “For atleast” is the quantifier. The truth value of the statement is “true” because 2e A, 3e A and 2,
3 are natural numbers.
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(i) “There exists” is the quantifier. The truth value of the statement is “true” because for any natural number
n>8, therelation n-2 5.

(iv) “For all” is the quantifier. The truth value of the statement is “True”, because x =0 is a real number and
x2> 0.

Example 73 : Using Quantifiers, express the following equations into a statement :

() n+2>n,neN. (i) x2<0, x e I (where I denotes the set of all negative integers) (i) x + 1 >3, xeR.

Solution :

(i) There exists a natural number ne N such that n+2 >n. The statement is frue. The quantifier is “There
exists”.

(i) Forallnegative integers x € I, x2< 0. The statement is false because the square of any negative integer
is greater than zero. The quantifier is “For all”.

(i) There exists a real number x € R such that x +1> 3. The statement is true because for all real number
x>2, the relation x+1>3 is frue. The quantifier is “There exists”.

Contradiction :

Contradiction is process by which we can test the validity of a given statement.

Let P : "If n>4, then n2 514, Where n is any real number”. We shall show that P is frue by confradiction

process as follows :

Let n be areal number and n > 4 but x2»16.

N2yl nf<1é.0n n2_16<0 (n-4) (n+4) <0 ... (1)

Sincen>4, n#4orn-4+0 and n-4>0.

So from (1) we get n+4<0 orn<_4. It is not possible because n > 4. So our assumption must be wrong
i.e., n2*16is wrong.

~n?>16.

Self Examination Questions
1.  Examine whether the following sentences are mathematical statements or not (give reasons) :

()  The sunis a star (i) Go to the market. (ii) Who is the chief-minister of West Bengal? (iv) The prime
factors of 15 are 3 and 5. (v) May God bless you! (vi) How nice the building is! (viii) x>x+6=0

5
(viii) The roofs of 2x>~3x-5=0 are 1 and 5

Ans. (i) Mathematical Statement (ii) No (i) No (iv) Mathematical statement (v) No (vi) No (vii) No (viii)
Mathematical statements
2. Write the truth value of each of the following sentences and comment whether a mathematical
statement or not :
(i) Tomorrow is Wednesday. (ii) Every rectangle is a square (iii) /2 is anirational number (iv) Alas ! 1am

undone. (v) There are 31 days in the month of July and August in each year (vi) Mathematics is an
interesting subject.
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Ans. (i) No. truth value; not a mathematical statement (ii) False; mathematical statement (iii) True;
mathematical statement (iv) No truth value; not a mathematical statement (v) “True”; mathematical
statement (vi) No fruth value; not a mathematical statement.

3.  Write the negation of each of the following statements :

(i) Australia is a continent. (i) The length of the sides of each parallelogram are equal. (i) /3is a

rational number. (iv) The difference between 12 and 28 is 14. (v) Allrhombuses are parallelogram.
Ans. (i) Australia is not a continent or it is not frue that Australia is a continent. (ii) The length of the sides of
each parallelogram are not equal or it is not true that the length of the sides of each parallelogram are

equal (i) 4/3is not a rational number or it is not true that+/3 is a rational number. (iv) The difference
between 12 and 28 is not 14 oritis not frue that the difference between 12 and 28 is 14. (v) Allrhombuses are
not parallelogram or it is not ture that all rhombuses are parallelogram.

4. Identify the simple and compound mathematical statements. Write the components of compound
mathematical statements. Write the truth value in each case. (i) The diagonals of a parallelogram are
not equal (ii) xis areal number and 2x + 5 is a rational number (iii) 42 is an even integer and it is divisible
by 2, 3, 7. (iv) London is a big city it is the capital of England. (v) The moon is a star.

Ans. (i) Simle mathematical statement; frue (i) compound mathematical statement; x is a real number;
2x+5is arational number; false (i) compound mathematical statement; 42 is an eveninteger, 42 is divisible
by 2, 42 is divisible by 3, 42 is divisible by 7 ; ture (iv) compound mathematical statement; London is a big
city, London is the capital of India; true. (v) mathematical statement; false.

5. Write the compound mathematical statement using the connective “and” and then write the truth
value :

(i)  7is aprime number 7 is an odd integer.
(i)  The earthis a planet. The earth moves round the sun.
(i) Vellor belongs to India. Vellor is the capital of Tamilnadu.
(iv) Allintegers are positive and negative; false.
Ans. (i) 7 is a prime number and it is an odd ingeter; true
(i) The earthis a planet and it moves round the sun; true
(i) Vellor belongs to India and it is the capital of Tamilnadu; false
(iv) Allintegers are positive and negative; false.

6. Using the connecting word "or” write the compound statement in each case and write the truth
value and the type or “or".

()  Two sides of an isosceles triangle are equal. Two angles of an isosceles friangle are equal.
(i)  Two straight lines in a plane intersect at a point. Two straight lines in a plane are parallel.

(i) 2is aroot of the equation x? —5x+6=0.3is a root of the equation y2 _5x14=0.
(iv) 45 is arational number. /5 is an irrational number.
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Ans. (i) Two sides or two angles of an isosceles triangles are equal; frue; Inclusive “or”
(i)  Two straight lines in a plane interest or parallel; frue; Exclusive “or”.

(i) The root of the equation x2 _5x4+¢4=0 is 2 or 3; true; Inclusive “or”

(iv) Jgis a rational number or an irrational number; true; Exclusive "“or".

7. Using the connecting word "“if then” write the compound statement and its fruth value:
() A numberis divisible by 15. It is divisible by 3.
(i) A quadrilateral is a rhombus. Its all sides are equal.
(i) Jhonis born in India. He is an Indian.
(iv) 256 is an even number. Its square root is an even integer.

Ans. (i) If a number s divible by 15, then the number is divisible by 3; true (ii) If a quadrilateral is a rhombus,
then its all sides are equal; true {iii) If Jhon is born in India, then he is an Indian; true (iv) If 256 is an even
number, then its square root is an even integer; frue.

8. Using the connecting word “only if” form the compound statement.
(i) 1 will not go out. It rains
(i) Rita will pass the examination. She reads well.
(i) He succeeds in every sphere of life. He works hard.
(iv) A quadrilateralis a rectangle. The diagonals of the quadrilateral bisect each other.

Ans. (i) I will not go out only if it rains. (ii) Rita will pass the examination only if she reads well. (iii) He succeeds
in every sphere of life only if he works hard. (iv) A quadrilateralis a rectangle only if its diagonal bisect each
other.

9. Using the connective “if any only if” form the compound statement and write its truth value.
()  Two triangles are equiangular. The corresponding sides of the friangles are proportional
(i)  Aracer wins the race. He runs fast.

(i) A number is divisible by 3. The sum of the digits of the number is not divisible by 3.
(iv) The birds have wings. The tfrees have wings.

Ans. (i) Two friangles are equiangular if and only if their corresponding sides are proportional; True (i) A
racer wins the race if and only if he runs fast; True (i) A number is divisible by 3 if and only if the sum of digits
is not divisible by 3; False (iv) The birds have wings if and only if the trees have wings; False.

10. Write the confrapositive and converse statements of the followings :
(i) If you drink milk, then you will be strong.
(i) If atriangle is equilateral, then its all sides are equal.
(i) If you are a graduate, then you are entitled to get this job.
(iv) If anumberis an even integer, then its square is divisible by 4.
Ans. (i) If you are not strong, then you do not drink milk; If you are strong, then you drink milk.
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(i) If allsides of a triangle are not equal, then the friangle is not equilateral; If all sides of a friangle are
equal, then the triangle is equilateral.

(iii) If you are not entitled to get this job then you are not a graduate, If you are entitled to get this
job, then you are a graduate.

(iv) If the square of a numberis not divisible by 4, then the numberis not an eveninteger; If the square
of a number is divisible by 4, then the number is an even integer.

11. Find the fruth value of each of the following statements :
(i) If7+6 =13, then 14 -9 =5 (i) If 9+ 11 =21, then 5-6=-1. (iii) f 40+ 5=9,then 5-13 4 (iv) If3+7 =
10, then 5 +2 =8.

Ans. (i) True, (ii) True, (iii) True (iv) False

12. Ifp:*"You are ascience student”. Q : "y on study well” be two given simple statements, then express
each of the following symbolic statement into sentences :

(i) a=pl(i)p=qli)~p=~qiv)~g=~p.
Ans. (i) If you study well, then you a science student. (ii) If you are a science student then you study well {iii)

If you are not a science student, then you do not study well (iv) If you do not study well, then you are not a
science student.

13. Write the contrapositive and converse statements of ~ g = p.
Ans. Contrapositive statement : ~ p = g ; converse statement : p = (~ q).

14. Write the confrapositive statement of the contrapositive statement of p = q.
Ans.p = Q.

15. ldentify the Quantifiers from the following statements :
(i)  There exists a quadrilateral whose all sides are equal.
(i)  For all real number x, x > 0.
(i) For at least one national numbern, ne A Where A ={-1,0, 3, 5}.

Ans. (i) There exists (ii) For all (iii) For at least.
16. Using Quantifiers, express the following symbolic inequalities into statements :
i) N+2>5 neN (ijx*>0,ne R-{0}.

Ans. (i) There exists a natural number n e N such thatn +2> 5.
(i) For every real number x e R—{0}, x2> 0.

17. If xis real number and x> +5x=0 then prove that x = 0 by confradiction process.
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Study Note - 2
ALGEBRA _ﬁ—

This Study Note includes

2.1 Set Theory

2.2 Inequations

2.3 Variation

2.4 Logarithm

2.5 Laws of Indices

2.6 Permutation & Combination
2.7 Simultaneous Linear Equations
2.8 Matrices & Determinants

2.1 SET THEORY

In our daily life we use phrases like a bunch of keys, a set of books, a tea set, a pack of cards, a team of
players, a class of students, etc. Here the words bunch, set, pack, team, class — all indicate collections of
aggregates. In mathematics also we deal with collections.

A set is a well-defined collection of distinct objects. Each object is said to be an element (or member) of
the seft.

The symbol € is used to denote ‘is an element of’ oris a member of’ or ‘belongs to’. Thus forx e A. read as
xis an element of A or x belongs to A. Again for denoting ‘not element of’ or ‘does not belongs to’ we put
a diagonal line through € thus ¢. So if y does not belong to A, we may write (using the above symbol), y
€A

e.g. If Vis the setf of all vowels, we cansayee Vandf ¢ V
Methods of Describing a Set.

There are two methods :

1. Tabular Method (or Roster Method)

2. Selector Method (or Rule Method or Set Builder Method)
Tabular Method or Roster Method :

A setis denoted by capital letter, i.e. A, B, X, Y, P, Q, etc. The general way of designing a set is writing all the
elements (or members) within brackets (Jor{}or []. Thus a set may be written again as A = { blue, green,
red}. The order of listing is not important. Further any element may be repeated any number of fimes
without disturbing the set. The same set A can be taken as A = {blue, green, red, red, red}.

Selector Method (or Rule Method or Set Builder Method) :

In this method, if all the elements of a set possess some common property, which distinguishes the same
elements from other non-elements, then that property may be used to designate the set. For example, if x
(an element of a set B) has the property having odd positive integer such that 3 is less than equal to x and
x is less than equal to 17, then in short, we may write,

B ={x:xis an odd positive infeger and 3 < x <17}
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In Tabular method, B={3,5,7,9, 11,13, 15, 17}

Similarly, C = {x : xis a day beginning with Monday}.

[Note 1. ' used afterxisto beread as ‘such that'. In some cases ‘I' (a vertical line) is used which is also
to be read ‘such that’.

2. If the elements do not possess the common property, then this method is not applicable]

2.1.1. TYPES OF SETS :

1.

~
”

Finite Set

Itis a set consisting of finite number of elements.
eg.:A={1,2,345:B={24,6,...50} C={x:xis number of student in a class}.
Infinite Set

A set having an infinite number of elements is called an Infinite set.
eg.:A={1,223, .. }B={246, ..... }

C ={x:xis a number of stars in the sky}.

Null or empty or Void Set

It is a set having no element in it, and is usually denoted by ¢ (read as phi) or { }.
As for Example : The number of persons moving in air without any machine. A set of positive numbers
less than zero.

A ={x:xis aperfect square of aninteger 5 < x < 8}.

B ={x:xis a negative integer whose square is — 1}
Remember : (i) 0 = {0}, as {¢} is a set whose element is ¢.
(i) & = {0} is a set whose element is O.

Equal set

Two sets A and B are said to be equal if all the elements of A belong to B and all the elements of B
belongs to Ai.e., if A and B have the same elements.

As forexample : A={1,2,3,4} :B={3, 1,2, 4},

or, A={a,b,c}:B{a,a,a,¢c,c b, b, b, b}

[Note : The order of writing the elements or repetition of elements does not change the nature of seft]
Again let A ={x:xis aletterin the word STRAND}

B ={x:xis alefterin the word STANDARD}

C ={x:xis aletterin the word STANDING}

Here A=B,B+C,A=C

Equivalent Set

Two sets are equivalent if they have the same number of elements. It is not essential that the elements
of the two sets should be same.

As for example :
A={1,2,34 B={b,a,l 1}
In A, there are 4 elements, 1, 2, 3, 4,

In B, there are 4 elements, b, a, |,1 (one-to-one correspondence), Hence, A = B (symbol = is used to
denote equivalent set)
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Sub-set :
A set N is a subset of a set X, if all the elements of N are contained in/members of the larger set X.

Example

If, X={3,5,6,8 910, 11,13}
And,N={5,11,13}

Then, N is a subset of X.

Thatis, N ¢ X (where ¢ means ‘is a subset of’).

Number of Subsets

If, M ={a, b, c}

Then, the subsets of M are:

{a}, {b}. {c}. {a, b}, {a, c}, {b, c}. {a, b, c}. {}

Therefore, the number of subsets, S=8

And the formula, S =27

Where,

Sis the number of sets

And, n is the number of elements of the set

in the formula used to calculate the number of subsets of a given set.
So from above, M = {a, b, ¢}

S=2n

=93

=2x2x2

=8

Nofe: Every set is a subset of itself, and the empty set is a subset of all sefts.

Proper Sub-set :

If each and every element of a set A are the elements of B and there exists at least one element of B
that does not belongs to A, then the set A is said to be a proper sub-set of B (or B is called super-set of
A). Symbolically, we may write,

A c B (read as A is proper sub-set of B)

And B c A means A is a super-set of B.

If B ={a, b, c}, then proper sub-sets are {a}, {b}, {c}, {a, b}, {b.c}. {a, c}, ¢
[Note : (i) A setis not proper sub-set of itself.

(i) Number of proper sub-sets of a set A containing n elements is 2" -1

(i) @ is not proper sub-set of itself].
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8. Powerset:
The family of all sub-set of a given set A is known as power set and is denoted by P(A)
As for example : (i) If A ={a}, then P(A) = {{a}, 0.}
(i) If A={a, b}, then P(A) = {{a}, {b}, {0, b}, ¢.}
(iii) If A={a, b, c}. P (A) = {a}., {b}, {c}. {a. b}, {b, c}. {a, c}. {a, b, c}, ¢.}

Thus when the number of elements of A is 1, then the number of sub-sets is 2; when the number of
elements of Ais 2; then the number sub-setsis 4 = 22 and when it is 3, the number of sub-setsis 8 = 23. So,
if A has n elements, P(A) will have 2" sub-sefts.

9. Universal Set :

In mathematical discussion, generally we consider all the sets to be sub-sets of a fixed set, known as
Universal set or Universe, denoted by U. A Universal set may be finite or infinite.

As for example :
() A pack of cards may be taken as universal set for a set of diamond or spade.
(i) A setofintegersis Universal set for the set of even or odd numbers.
10. Cardinal Number of a set :
The cardinal number of a finite set A is the number of elements of the set A. It is denoted by n{A).
eg.:IfA={1,m,n}, B={1,2 3}thenn(A) =n(B)

2.1.2 Venn Diagram :

John Venn, an English logician (1834 — 1923) invented this diagram to present pictorial representation. The
diagrams display operations on sets. In a Venn diagram, we shall denote Universe U (or X) by a region
enclosed within a rectangle and any sub-set of U will be shown by circle or closed curve.

Overlapping Sefs :
If two sets A and B have some elements common, these are called overlapping sefs.

e.g.:IfA={2,5,7,8}and B = {5, 4, 8}, they are called overlapping sets.

Union of Sets

If A and B are two sets, then their union is the set of those elements that belong either to A or to B (or to
both).

The union of A and B is denoted symbolically as A U B (read as A union B or A cup B).
In symbols, AUB={x:xeA orxe B}

As for example :
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(i) LetA={1,2,345,B={23,4,67},C={24,7,8, 9}
ThenAuUB={1,223,415, 6,7}
andBUA={1,23,4,5 6,7}

.. AuB=BuUA (commutative law)

Again (AuB)uC={1,23,4,5,67,89}
BuC)={2,3,46,7,8 9}
AUuBUC)={1,23,4567,8 9
~(AUB)C=AuU((BuUC) (associative law)

(i) fA={a,b,c d}B=(0}, C=0¢, then
AuB={0 a b,c d}

AuC={ab,c di=AandBu C ={0}

Union of sets may be illustrated more clearly by using Venn Diagram as above.

The shaded region indicates the union of Aand Bi.e. AUB

Intersection of Sets

ANB

If and B are two given sets, then their intersection is the set of those elements that belong to both A
and B, and is denoted by A n B (read as A intersection of B or A cap B).
As for example :
(ij  Forthe same sets A, B, C given in above example:
AN B={2, 3, 4} here the elements 2,3,4, belong both to A and B; and
BNnA={23 4}
AN B=Bn A (commutative law).
(ANB)nC={2 4}
BNC)={2,4,7}, An(BNnC) ={2, 4}
~(AnB)nC=An(BNC) (associative law)
(i) Forthe sets A, B, C given in example (ii) above,
ANnB=¢, BNC=0,AnC=¢.
Intersection of two sets A and B is illustrated clearly by the Venn Diagram as given above
The shaded portion represents the intersection of Aand Bi.e., An B

Disjoint Sets :
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Two sets A and B are said to be disjoint if their intersection is empty, i.e., no element of A belongs
to B.

eg.: . A={1,35, B={2 4}
ANB=¢.Hence, Aand B are disjoint sefs.
Difference of two sets

If A and B are two sefts, then the set containing all those elements of A which do not belong to B, is known
as difference of two sets, and is denoted by the symbol A ~ B or A -B (read A difference B ).

Now, A ~ B is said to be obtained by subtracting B from A.

In symbols, A~B={x;xe Aand x e B},

As for example :

(i) 1fA={1,23,4, 5
B={3,5 6, 7} then A~B={1,2, 4}

(i) IfFA={x:xisanintegerand 1 <x<12},B={x:xisanintegerand 7 <x < 14}
then A~ B ={x:xisaninfegerand 1 < x < é},
A ~ Bisrepresented by a Venn diagram as above :-

The shaded portion represents A ~ B.

Complement of a Set :

Let U be the universal set and A be its sub-set. Then the complement set of A in relation to U is that set
whose elements belong to U and not to A.

This is denoted By A" (=U ~ A) or A" or A.
In symbols, A" ={x:Ae Uand x¢ A}.
We may also write : A" = {x: x ¢ Al}.

Remarks :

> 2.6 | FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS



1. The union of any set A and its complement A" is the universal set, i.e., AUA" =U.

2. The intersection of any set and its complement A" is the null set, i.e., An A" = ¢.

As for example : U={1,2, 3, ........., 10}, A={247}
A (=U~A)={1,3,56,89 10}=U AnA =0
Again (A") ={2,4,7)=A, (i.e., complement of the complement of A is equal to A itself.

U =0, (i.e., complement of a universal set is empty).

Again the complement of an empty setis a universal set, i.e., 0" = U.
If AcBthenB < A" forset A and B.

Complement of A is represented by shaded region.

Symmetric Difference :

For the two sefs A and B, the symmetric differenceis (A~B) U (B~ A)
and is denoted by A AB (read as A symmetric difference B)

As for example : Let A={1, 2, 3,48}, B={2 4, 6,7}

Now, A~B={1,3,8, B~A={67}
~AAB={1,38u(67)={1,3 67,8}

By Venn diagram :

A A Bisrepresented by shaded region. Itis clear that A AB denotes the set of all those elements that belong
to A and B except those which do not belong to A and B both, i.e., is the set of elements which belongs to
A or B but not to both.

|—> AnB

Difference between:

¢, (0) and {0}

¢ is a null set.

{0} is a singleton set whose only element is zero.

{0} is also a singleton set whose only element is a null set.
2.1.3 Properties :

1.  The empty setis a sub-set of any arbifrary set A.

2.  The empty setis unique.

Note :
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(i  ohasonlyonesubset {¢}
(i) ¢ ={o}butd € {0} {2}=+2.

3.  The complement of the complement of a set A'is the set Aitself, i.e., (A7) = A.

SOLVED EXAMPLES

Example 1: Rewrite the following examples using set notation :
(i) First ten even natural numbers.
(i) Set of days of a week.
(i) Set of months in a year which have 30 days.
(iv) The numbers 3, 6,9, 12, 15.
(v) Thelefttersm,a,t,h, e, m a,tic,s.
Solution:
(i) A={24,6,810, 12, 14,16,18, 20}

={x:xisan even integer and 2 < x < 20}
(i) A={Sunday, Monday, ....., Saturday}

={x: xisadayin a week}
(i) A ={Apri, June, September, November}

= {x: xis a month of 30 days} (Selector)
(iv) A={x:xisa positive number multiple of 3 and 3 <x < 15}
(v) A={x:xisalefterin the word mathematics}.
Example 2 : Write the following set in roster form.
(i  A={x:xisaninteger, -3<x<7}
(i) B={x:xixaninteger, 4 <x<12}
Solution:
(i) A={-3,-2,-1,0,1,23,4,5, 6}
(i) B= {6,8,10, 12}
Example 3 : Represent the following sets in a selector method :
(i) allnumbers less than 15
(i) alleven numbers
Solution:
Taking R to be the set of all real numbers in every case :
(i) {x:xe Randx<15}
(i) {x:xe Randxis a mulliple of 2}
Example 4 : State :
(i) Istheset A={x:x<x}anulle
(i) IsthesetB={x:x+4=4}anull?
(i) Is the set C ={x: xis a positive number less than zero} a null?
Solution:
(i) Null, as there exists no number less than itself.
(i)  Nof null, the set has an element zero.
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(i)  Null, as there exists no positive number less than zero.

Example 5: State with reasons whether each of the following statements is true or false :
(i) {1Ye{1,2,3} (i) 1e {1,2, 3}, (i) {1} ={1,2, 3}

Solution:

(i  False, {1} is a singleton and not an element of {1, 2, 3}

(i)  True, since 1is an element and belongs to {1, 2, 3}

(i) True, {1}is a proper sub-set of {1, 2, 3}

Example 6 : Let A={1, 3, {1}, {1, 3}, find which of the following statements are correct :
(i) {3te A, (i) {3}cA, (i) {{1}}eA

Solution:

(i) Incorrect as the set {3} is not an element of A.

(i) Correct as the set {3} is a subset of A.

(i) Incorrect as the set {{1}} is not an element of A.

Example7: A={1,2,3,4,6,7,12,17, 21,35, 52, 56}, B and C are subsets of A such that B = {odd numbers},
C = {prime numbers}.

List the elements of the set {x:xe B n C}.

Solution:

BNC={1,3,7,17,21,35,n{2,3,7,17}={3,7,17} . reqd.list={3,7, 17}
Example 8 : If S be the set of all prime numbers and M ={0, 1, 2, 3}, find S n M.
Solution:

$={2,3,5711,..M={0,1,2,3;SnM={2, 3}

Example 9: IfA={1,2,34,5,B={24,58},C={3,4,5, 67} findAu (BuC).
Solution:

BuC={223455678,AuBuC)={1,2,......, 7,8}
Example 10:If A={1,2, 3}, and B ={2, 3, 4}; find (A-B) U (B-A)
Solution:

A-B={1}, B-A={4}, (A-B) U (B-A) ={1, 4}
Example 11: If Sis the sef of all prime numbers, M ={x:0<x<9%}
exhibit (f M= (S M) (i) MUN,N={0, 1,2, ....... 20}
Solution:
$S={2,3,57, 11,13, ccceceec. EM={0,1,2 e 8. 9}
i) SNAM={223,57}
(i) MAN={0,1,..... 20}
Example 12: Find A n B, if A = {letter of word ASSASSINATION}
and B = {letter of word POSSESSION}
Solution:
A N B = {SSSSION} as common letters.
OBJECTIVE QUESTIONS

FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS | 2.9 <



Algebra

1.

Given:A={1,2,3,45},B={2,4,6},C={3,D={0,1,2....9]. Find :
((JAUC, (i)Au(BUC), (ii)BNC, (iv)CnD (V) An(BuC), (Vi) [AnB)nC,
(vii) A A B. [Ans. (i) {1, 2, 3, 4, 5}, (ii) {1, 2,.....6},
(iii) {0}, (iv) {3}, (v) {1, 2........ 6},
(vi) (9). (vii) {1.3, 5.6}]
Given, U (universal) ={0, 1, ......, 9}, A={2,4,6},B={1,3,5 7} C={6, 7} Find
(i)  A"nB. (i) (AuB)~C, {iij (A uC) (i), AnU)n(BnC).
[Ans. (I) {1, 3,5, 7}, (i) {1.2,3,4,5}
(i) {0, 1,3,5, 8,9} (iv) {6}]
If S be the set of all prime numbers, M ={0, 1, 2, ......} Exhibit :
(i) SN M, (i) (SAM) [Ans. (i) {2, 3, 5, 7}, (i) {O. 1, 4, 6, 8, 9}]
LetA={a, b, c},B={d}, C={c, d}, D={a, b, d}, E={a, b}.
Determine if the following statements are frue?
(i) EcA, (i) Bc C, [ii)jAcD,(iv)CcD, (v)E=C, (vi) BoC, (vii) A~D.
[Ans. (i) T, (ii) T, (iii) F, (iv) F, (v) F, (vi) F, (vii) T]
Determine which of the following sets are same :
A={57,6}B={6,87},C={5 6,7}
D ={x: xis an integer greater than 2 but less than 6}
E={1,2,34,5 6}F={3, 4,5 [Ans. A=C;D=F]
Fill up the blanks by appropriate symbol e, ¢, c, <, o, =
(i) 3:.. (3. 4) U (4, 5, 6)
(i) (6) ..... (5, 6) n (6,7, 8)
(i) {3. 4, 5}...... {2, 3,40 {3, 4,5}
(iv) (a, b).....(q)
(v) 4....(3,5)u (5, 6,7)
(vi) (1,2,2,3)....(3,2, 1) [Ans. (i) € (i) < (iii) < (iv) & (v) < (Vi) =]
Find the power set P(A) of the set A={a, b, c} [Ans. See text part]
Indicate which of the sefs is a null set?
X=(x:x2=4,3x=12), Y=(x:x+7=7], L= (x:x#X). [Ans. Yes, No, Yes]
If U= {x:xislefterin English alphabef)
V = (x:xis avowel)
W = (x : X is a consonant)
Y = (x:xis e orany letter before e in alphabet)
Z = (x:xis e or any one of the next four letters)
Find each of the following sefts :
i) UnV, ([i)VAY, (i)YnZ (iv)UnW’, (v) Un(WnNV).

[Ans. (i) x : xis vowel, (ii) (a, e), (i) (e), (iv) same as (i), (v) o]

10. Given A = (x:xe N and xis divisible by?2)
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B=(x:xe Nandxis divisible by 2)
C = (x:e N and x is divisible by 4)
Describe An (BN C) [Ans. x : x ¢ N and x is divisible by 12]
A=(x:e Nand x<§)
B=(x:xe Nand 3<x<8)
U=(x:xe Nandx<10)
Find the elements of the following sets with remark, if any :
(i) (AUB), (i) A"n B, (i) (AnB), (iv) A" UB’ [Ans. (1) (2. 10), (i) (2, 10),
(i) {1,2,7,8,9,10), (iv){1,2,7,8, 9, 10}
(a) Which the following sets is the null set ¢ 2 Briefly say why?

(i A=(x:x>1Tandx<1). (i)B=(x:x+3=3), (i) C= (¢) [Ans. (i)]
(b) Which of the following statements are correct /incorrect?e
3c(1,3.5); 3e (1,3.5); (3) (1.3, 95) (3) e (1,3,5)

[Ans. 2 nd and 3 rd are correct]

LetU={1,23,4,5, 6,7, 8, 9,10} be the universal set. Suppose A ={1, 2, 3, 4, 5,6} an and B ={5, 6, 7} are
its two subsets. Write down the elements of A-B and AN B'.

[Ans. {1, 2, 3,4} {1.2 3, 4}]
Let S={1, 2, 3, 4, 5} be the universal set and let A = {3, 4, 5} and B = {1, 4, 5} be the two of ifs subsefs.
Verify : (AUB) " =A"UB’

.fS={a b, c d, e, f} be the universal set and A, B, C, are three subsetfs of S, where

A={a,c,d f,BnC={a b, f}find(AUB)n BuC)andB nC’
[Ans. {a, b, c, d f};{c, d e}

Let A={a, b, c}B=(a,b),C=(a, b, d),D=(c, d), E=(d). State which of the following statements are
correct and give reasons :

() BcA
(i) DaE
(i) DcB
(iv) {a}c A [Ans. (i) and (iv) are correct]
List the sets, A, B and C given that :
AuB={p.grss AuC={a.rsth AnB={a.rh AnC={q s}
[Ans. A={q,r. s}, B={p, a. 1. C={q,s 1}]
fA={23,4,5,B={1,3.4,5 6 7,and C ={1, 2, 3, 4} verify that :
ANn(BuC)=(AnB)u(AnC)
(Hinfs :BuC={1,2,345.6,7L An(BuC)={2 3, 4, 5 &etc.)

Number of Elements in a set :
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In a finite set, if operations are made, some new subsets will be formed. In this section we will find the values
of these new subjects. Since A'is a finite set, we shall denote it by n (A) for the finite elementsin A, which may
be obtained by actual counting. But for unions of two or more sefs, we have different formulae :

1.  For union of Two sets :

For two sets A and B which are noft disjoint.

n(AuB)=n(A)+n(B)-(ANB)
2. For Union of Three Sets :

Let A, B and C be the three sets (no mutually disjoint); then

NAUBUC)=n(A)+n(B)+n(C)-n(AnB)-n(CNnA)-nBNC)+n(AnBNC)
Note: (i)jn(AnB')=n(A)-n(AnB) (ijn(AnB) =(A"uUB’)

SOLVED EXAMPLES

Example 13: In a class of 100 students, 45 students read Physics, 52 students read Chemistry and 15 students
read both the subjects. Find the number of students who study neither Physics nor Chemistry.

Solution:

We know n (A U B) =n (A) + n (B) n (A nB). Let A indicates Physics, B for Chemistry. Now
n(A)=45n(B)=52,n(AnB)=15

So,n(AUB)=45+52—-15=82.
We are to findn (A"nB)=n(AuUB) " =100-n (AuUB) =100-82=18.

Example 14 : In a class of 30 students, 15 students have taken English, 10 Students have taken English but
not French. Find the number of students who have taken (i) French and(ii) French but not English.

Solution:

Let E stands for English, F for French.
N(EUF)=30,n(E)=15n(ENF)=10
NEUF)=n(E)+n(F)-n(ENF) (i)
Nown (ENF)=n(E) —n (ENF)

or,10=15 —=n(EnF),or,n(ENnF)=15-10=5

From (i), 30=15+n (F) =5o0r, n(F) =20
N(FAE)=n(F)-n(FNE)=20-5=15.

Example 15: In a class of 50 students, 15 read Physics, 20 Chemistry and 20 read Mathematics, 3 read
Physics and Chemistry, 6 read Chemistry and Mathematics and 5 read Physics and Mathematics, 7 read
none of the subjects. How many students read all the three subjects?

Solution:

Let A stands for Physics, B for Chemistry, C for Mathematics

Nown (A)=15,n(B)=20,n (C) =20
N(ANB)=3,nNn(BNC)=6,n(CNnA)=5n(ANnBNC)=2

andn (AuBuUC)=50-7 =43, as 7 students read nothing.

From n (AuBUC)
=n(A)+n(B)+n(C)-n(AnNB)-n(BNC)-n(CnNnA)+n(AnBnC)
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or, 43=15+20+20-3-6-5+n (AuBUC)
o,n(ANnBNC)= 2.

Example 16 : In asurvey of 1000 families it is found that 454 use electricity, 502 use gas, 448 use kerosene, 158
use gas and electricity, 160 use gas and kerosene and 134 use electricity and kerosene for cooking. If all of
them use at least one of the three, find how many use all the three fuels.

Solution:
Let us take E for electricity, G for gas, K for kerosene.
Now n (E) = 454, n (G) = 502, n (K) = 448.
n (G nE)=158. n(GnK) =160, N(ENK)=134, n(ENGnNnK)=2
n (Eu G uK)=1000

Againn (EuGuK)=n(E)+n(G)+n (K)-n (EnG)

-n(GnK)=-n(KnE) +(EnGnNK)
or, 1000 =454+ 502 + 448 -158-160-134+n (En G nK)
=952+n (ENnGnK)
or,n (EN G N K)=1000-952 = 48.

Example 17 : In a class of 50 students appearing for an examination of ICWA, from a cenftre, 20 failed in
Accounts, 21 failed in Mathematics and 27 failed in Costing, 10 failed both in Accounts and Costing, 13
failed both in Mathematics and Costing and 7 failed both in Accounts and Mathematics. If 4 failed in alll
the three, find the number of

()  Failuresin Accounts only.
(i)  Students who passed in all the three subjects.

Solution:

A = Accounts, M = Mathematics, C = Costing [No. of students failed (say)]

Now n (A) = 20, n(M) = 21, n (C) =27, n [ANnC)=10,n MnC)=13, n (AN M) =7
n(AnMnC)=4.

() n(AAMAC)=n(A)-n(AAM)-n(ANC)+n(ANMANC)=20-7-10+4=7

(i) Total no of students failed
=n(A)+n M) +n(C)-n(AnM)-nMNC)-n(ANC)+n(AnMNC)
=20+21+27-7-13-10-4=42
.. reqd. no. of pass = 50 — 42 = 8.

SELF EXAMINATION QUESTIONS

1. () 1fn(A)=20,n(B)=12,n(AnNB)=4,findn (A u B) [Ans. 28]
(i) Hn(A)=41,n(B)=19,n(ANB)=10, findn (A U B) [Ans. 50]
(i) fn(A)=12,n(B) =20, and A x B, Find n (A U B) [Ans. 20]
(iv) Ifn(A)=24,n(B)=18andBcA, findn (A U B) [Ans. 24]

[Hints.n(ANB)=n(B) asBc A
N(AuB)=n(A)+n((B)-n(AnB)=n(A)+n(B)-n(B)=n(A)=etc,]

2. Inaclass 60 students took mathematics and 30 took Physics. If 17 students were enrolled in both the
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subjects, how many students all together were in the class, who took Mathematics or physics or both,
[Ans. 73]

3. In aclass of 52 students, 20 students play football and 16 students play hockey. It is found that 10
students play both the game. Use algebra of sets to find out the number of students who play neither.
[Ans. 24]

4. Inaclass test of 45 students, 23 students passed in paper first, 15 passed in paper first but not passed in
paper second. Using set theory results, find the number of students who passed in both the papers
and who passed in paper second but did not pass in paper first

[8; 22]

5. In a class of 30 students, 15 students have taken English, 10 students have taken English but not
French. Find the number of students have taken: (i) French, and (ii) French but not English.
[Ans. 20,15]

6. In a class test of 70 students, 23 and 30 students passed in mathematics and in statistics respectively
and 15 passed in mathematics but not passed in statistics. Using set theory result, find the number of
students who passed in both the subjects and who did not pass in both the subjects. [Ans. 8; 25]
[hints : refer solved problem]

7. In a survey of 100 students it was found that 60 read Economics, 70 read mathematics, 50 read
statistics, 27 read mathematics and statistics, 25 read statistics and Economics and 35 read
mathematics and Economics and 4 read none. How many students read all there subjects?

[hints : refer solved problem no. 3] [Ans. 3]

OBJECTIVE QUESTIONS

—

Write the following in roster form
(i  A={x:xisnegative odd infeger, -7 <x<-3}
(i) B ={x:xis positive even integer, 3 <x <9} [Ans. (i) =7, -5, -3 ; (i) 4, 6, 8]
1. Represent the following in selector method
(i)  allreal numbers in open interval {1, 11}
(i) allreal numbers in closed interval {-2, 3}
[Ans. (i) xe A, 1 <x<11; (ijxe A, -2<x <3}
2. State with reason whether each of the following statements is true or false.
(i) 1<{1,2,3} (i){1.2ye {1,2 4} (i) {1,2} {1, 2,3}
[Ans. (i) False, element is not subject of a sef,
(i) False. Set does’t belong to another set, may be subset,
(i) True, {1, 2}is proper subset of {1, 2, 3}]

3. A={1,236,7,12,17,21,35,52, 56}, B and C are sub sets of A such that B ={odd numbers}, C = {prime
numbers} list the elements of the set {x:x € B C} [Ans. {3,7,17}

If S be the set of all prime numbersand M ={0, 1,2, 3. INd S~ M [Ans. {2, 3}
fFA={1,2,34},B={2458,C={3,4,56,7}.Find Au(BuC)
[Ans. {1,2,3,4,5 6,7, 8}]

7. IfA={1,2,3}, andB={1,2, 3, 4}. Find (A-B) u (B-A)
[ Ans. {1, 4}]
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2.2 INEQUATIONS

An inequality is a sort of equation. With an equation you calculate when two formulas are equal. With an
inequality you calculate when one of the formulas is less (or greater) than the other formula. This of course
has everything to do with the point(s) of intersection of the two formulas.

You have to know the meaning of the different signs being used.
Examples

X+5>4x+7.

3x + 7 < 20x

Solving linear inequalities is the same as solving linear equations with one very important exception —
when you multiply or divide an inequality by a negative value, it changes the direction of the inequality.

SYMBOL MEANING
Before we begin our example problems, refresh your memory < less than
on what each inequality symbol means. It is helpful > greater than
to remember that the “open” part of the inequality < less than or equal to
symbol (the larger part) always faces the larger quantity. > greater than or equal to

Solving single linear inequalities follow pretty much the same process for solving linear equations. We wiill
simplify both sides, get all the terms with the variable on one side and the numbers on the other side, and
then multiply/divide both sides by the coefficient of the variable to get the solution. The one thing that
you've got fo remember is that if you multiply/divide by a negative number then switch the direction of
the inequality.

SOLVED EXAMPLES
Example 18 :

2 —
Solve the inequality x5 %

Solution:

2x—32

X
2
5 ~2

2x -3 X
>(10) =-1
(100 —5 (10 2

4x -6 > 5x-10
4 —6—-5x+6=>5x—-10-5x+ 6

-X = -4

Example 19 :

Solve the inequality 4(x + 1) <2x + 3
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Solution :

4x+1)<2x+3

4X +4 <2x+ 3

4K+ 4-2X-4<2X+3-2x—-4
2x < -1

2x -1

2 2

-1
X<—
2

Example 20 :

Solve the inequality -2(m-3) <5 (m+1) - 12
Solution :

-2m=3)<5mMm+1)-12

-2m+ 6<5m+5-12

-/m<-13
13
m>—
7
Example 21 :

Solve the inequality 2(1 -x) +5 <3 (2x-1)
Solution :

2(1=x)+5 =<3 (2x-1)

2-2x+5<6x-3

10 < 8x

<X

N

Now, with this inequality we ended up with the variable on the right side when it more fraditionally on the
left side. So, let’s switch things around to get the variable onto the left side. Note however, that we're
going fo need also switch the direction of the inequality fo make sure that we don’t change the answer.
So, here is the inequality notation for the inequality.
.

Now, let’s solve some double inequadlities. The process here is similarin some ways to solving single inequalities
and yet very different in other ways. Since there are two inequalities there isn't any way to get the variables
on “one side” of the inequality and the numbers on the other. It is easier fo see how these work if we do an
example or two so let's do that.

Example 22 :

Solve the inequality — 6 < 2(x-5)<7

Solution :

-6<2(x-5)<7
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e

The process here is fairly similar to the process for single inequalities, but we will first need to be careful in a

couple of places. Our first step in this case will be to clear any parenthesis in the middle term.
-6=<2x-10<7

Now, we want the x all by itself in the middle term and only numbers in the two outer terms. To do this we
will add/subtract/multiply/divide as needed. The only thing that we need to remember here is that if we
do something to middle term we need to do the same thing to BOTH of the out ferms. One of the more
common mistakes at this point is fo add something, for example, to the middle and only add it fo one of
the two sides.

Okay, we'll add 10 to all three parts and then divide all three parts by fwo.
4 <2x<17

17
QSX<?

Example 23 :

3
Solve the inequality - 3 < 5 (2-%x) <5
Solution :

—3<%(2—x)s5

In this case the first thing that we need to dois clear fractions out by multiplying all three parts by 2. We will
then proceed as we did in the first part.

-6<3(2-x) <10

-6<6-3x<10

-12<-3x< 4
Now, we're not quite done here, but we need to be very careful with the next step. In this step we need to
divide all three parts by -3. However, recall that whenever we divide both sides of an inequality by a

negative number we need to switch the direction of the inequality. For us, this means that both of the
inequalities will need to switch direction here.

4
4>XZ—§

The inequality could be flipped around to get the smaller number on the left if we'd like to. Here is that
form,

% <x<4

When doing this make sure to correctly deal with the inequalities as well.
Example 24 :
Solve the inequality — 14 <-7 (3x +2) < 1
Solution :
—14<-7 (3x+2) <1
-14<-21x -14<]
0<-21x<15

15
O>x>- ﬁ
O>x>-§ OR-§<X<O
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2.3 VARIATION

DIRECT VARIATION :

If two variable quantities A and B be so related that as A changes B also changes in the same ratio, then A
is said to vary directly as (or simply vary) as B. This is symbolically denofed as A « B (read as A varies as B)

The circumference of acircle =2 r, so circumference of a circle varies directly as the radius, for if the radius
increases (or decreases), circumference also increases or decreases.

From the above definition, it follows that :

If A varies as B, then A = KB, where K is constant (# 0)
A
Cor.: A « B,then B« A.If A « B, then A =kB. or, BZE i.e., B «<A.

Inverse Variation :

1
A is said to vary inversely as B, if A varies directly as the reciprocal of B. i.e. if A o B

1 1
From A E ,we have A :K'E or, AB =K, K is constant.

1
A= B k. implies that, as B increases, A decreases ; or, as B decreases, A increases.

For example, for doing a piece of work, as the number of workers increases, fime of completing the work
decreases and conversely. Similarly, the time of travelling a fixed distance by a train varies inversely as the
speed of the frain.

Joint Variation :

A is said to vary jointly as B,C,D,....... If A varies directly as the product of B, C, D, ....... i.e.,ifA« (B.C.D
....... ). From A « (B. C.D. .....) it follows A =K (B.C.D. .....), K is constant.

1
For example, the area of a friangle = EX base x altitude. So it follows that area varies jointly as the base

and altitude. Similarly, the area of a rectangle varies jointly as its length and breadth (note, area = length
x breadth)

If again A varies directly as B and inversely as C, we have

B B
Ax<— or, A=K—,K j
C C is constant.

. 1
For example, altitude of a triangle varies directly as the area of friangle and inversely as the base (since A = 5

2A
a.h.Soh = o where A indicates area)

For example, the area of a triangle (A) varies as the base (a) when height (h) is constant and again D varies
as height when base is constant. So A « a. h when both a and h vary.

Some Elementary Results :

(i) IfA«xB,thenBo A [(iijlf AxBandB e« C, then A« C
(i) fA<BandBe«C,thenA-BxC

(iv)] fA<CandB«C,thenA-BxC

(v) If Aec Cand B« C, then VAB « C.
(vi) If A=< B, then A"« B".

> 2.18 | FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS



A B
(vii) If Ae<B and C « D, then AC =« BD and c b
A A
o B — and C e« —
(viii) If A e BC, then C 2
SOLVED EXAMPLES
Example 25: Given ¢ « (ax + b), value of cis 3when a =1, b =2 value of c is 5, when a =2, b = 3. Find x.

Solution:

As C « (ax +b), so c =k (ax + b), k is constant.

Fora=1,b=2, wegetc=k (x+2)..... (i)

a=2,b=3 wegetc=k(2x+3) ...... (ii)

Subtracting (i) from (i), 0=k (x+1) or,x+1=0ask#0 .. x=-1.

Example 26: If the cost price of 12 kg. of rice is T 10, what will be the cost of 15 kg. of rice?

Solution:

10
Let A (=cost) =% 10, B ( = quantity) = 12 kg. Now A= Bie., A=KBor, 10=K. 12 or, K 1o Now, we are to
find A, when B = 15 kg.
. 10
Again from A = KB, we have A=E.15 =% 12.50.

Example 27 : A man can finish a piece of work, working 8 hours a day in 5 days. If he works now 10 hours
daily, in how many days can he finish the same work?

Solution:

1
Let A (=days) =5, B (=hours) = 8, it is clear that Aocg
i.e A—Klors—Klor K = 40
.C., -B ’ -8 ’ - .

1
To find A, when B = 10, we have A = 4O'ﬁ =4 days.

(Partly fixed and partly variable)
Example 28 : The publisher of a book pays author a lump sum plus an amount for every copy sold. If 500

copies are sold, the author would receive ¥ 750 and for 1350 copies ¥ 1175. How much would the author
receive if 10000 copies are sold?

Solution:

Let x =lump (i.e. fixed) sum received, y = variable amount received on sale.
n = number of copies sold, so that y < n or, y = kn, k = constant.

Again, total amount (T) =x+y=x+kn ..... (i)

Sowe get, 750=x+k.500....... (ii)

1175 = x +k. 1350 ............ (iii)
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1
x = 500. From (i) we get T=1500 +—-.n

Solving (i), (iii), k= ! 2

E:
]
Forn=1,000, T =500 +§>< 1000 =¥ 5,500.

Example 29: The expenses of a boarding house are partly fixed and partly varies with the number of boarders.
The charge isT 70 per head when there are 25 boarders and X 60 per head when there are 50 boarders. Find
the charge per head when there are 100 boarders.

Solution:
Let x = fixed monthly expense, y = variable expense, n = no. of boarders.

Now y «< n or, y = k n, k is constant. The monthly expenses for 25 and 50 boarders are respectively
% 1,750 and ¥ 3,000.

Now total expense = fixed expenses + vairable expenses.
i.e., T=x+y=x+kn, where T = total expenses.
So, from T =x + kn, we get,
Hence, 1,750 =x+ 25k ..... (1)
3,000 = x + 50k....... (2)
Subtracting (1) from (2), 25k = 1,250, or k = 50.
Again, putting the value of kin (1), we find x =¥ 500.
Now, charge for 100 boarders = x + 100 k = 500 + 100 x 50 =¥ 5,500
.. Charge per head = 5,500/100 =% 55.

Example 30 : As the number of units manufactured in a factory is increased from 200 to 300, the total cost
of productionincreases from¥ 16,000 to ¥ 20,000. If the total cost of production is partly fixed and other part
varies as number of units produced, find the total cost of for production 500 units.

Solution:

Total cost (T) = fixed cost + variable cost, fixed cost = a (say) variable cost « no. of units (n) i.e. variable cost
= kn, k = constant

o, T=a+kn....... (i)

20,000 = a + 300k......(i)
16,000 = a+ 200k

4,000 = 100k.k = 40,

From (ii) 20000 = a + 12000, a = 8000
Again for 500 units ; Total cost = 8000 + 500 x 40 =¥ 28,000.

Example 31 : An engine without any wagons can run 24 km/hr. and its speed is diminished by a quantity
varying as the square root of the number of wagons attached to it. With 4 wagons its speed becomes 20
km/hr. Find the maximum number of wagons with which the engine can move.

Solution :

Let n be number of wagons. So speed = 24 —kvn, k = constant ...... (i)

Again 20 = 24—kn or, 2k =4 or, k=2
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From (i), speed (s) = 24— 2n. Asnincreases speed diministes,

For speed =0, we have 0 =24-2h or. \Jn=12 or, n =144, i.e. when 144 wagons are attached engine
cannot move.

.. Engine can move with 144 — 1 = 143 wagons.

10.

11.

SELF EXAMINATION QUESTIONS
Apply the principle of variation, how long 25 men take to plough 30 hectres, if 5 men take 9 days to

2
plough 10 hectres of land 2 [Ans. 53 days]

The distance through which a heavy body falls from rest varies at the square of the time it falls. A body
falls through 153 ft. in 3 secs. How far does it fall in 8 secs. And 8th sec? [Ans. 1,088ft. ; 255 ft.]

The fime of the oscillation of a pendulum varies as the square root of its length. If a pendulum of length
40 inch oscillates once in a second, what is the length of the pendulum oscillating once in 2.5 sec.?
[Ans. 250 inch.]

The area of a circle varies directly with the square of its radius. Area is 38.5 sq. cm. when radius of the
circle is 3.5 cm. Find the area of the circle whose radius is 5.25cm.

5
[Ans. 865 sg. cm.]

The volume of a gas varies directly as the absolute temperature and inversely as pressure. When the
pressure is 15 units and the temperature is 260 units, the volume is 200 units. What will be volume when
the pressure is 18 units and the temperature is 195 units? [Ans. 125units]

The expenses of a hotel are partly fixed and the rest varies as the number of boarders. When the
number of boarders are 450, the expense is T 1,800, when the number of boarders is 920, the expense is
¥ 3,210. Find the expenses per head when there are 100 boarders. [Ans. ¥ 34.50]

The total expenses of a hostel are partly constant and partly vary as the number of boarders. If the
expenses for 120 boarders be ¥ 20000 and for 100 boarders be ¥ 17000, find for how many boarders will
be ¥ 1880072 [Ans. 112]

The expenses of a boarding house are partly fixed and partly vary with the number of boarders. The
charge is¥ 100 per head, when there are 25 boarders and ¥ 80 when are 50 boarders. Find the charge
per head when there are 100 boarders. [Ans. X 70]

The total expenses per pupil in a school consist of three parts, the first of which is constant, the second
varies as the number of pupils and the third varies inversely as the number of pupils. When there are 20
pupils, the total expenses per pupil are T 744 ; when there are 30 pupils the total expenses per pupil are
T 564 ; when there are 40 pupils, the total expenses per pupil are ¥ 484 ; find the total expenses per pupil
when there are 50 pupils. [Ans. X 444]

As the number of units manufactured increases from 6000 to 8000, the total cost of production increases
from % 33,000 to T 40,000.

Find the relationship between y, the cost and x, the number of units made, if the relationship is linear.
Hence obtain the total cost of production, if the number of units manufactured is 10000.

[Ans. y = 12000 + 7/2 x : T 47000]

Publisher of a book pays a lump sum plus an amount for every copy he sold, to the author. If 1000
copies were sold the author would receive ¥ 2500 and if 2700 copies were sold the author would
receive ¥ 5900. How much the author would receive if 5000 copies were sold?

[hints refor solved ex. 54] [Ans. % 10,500]
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10.

11.
12
13.
14.

~
~

The expenses of a boarding house are partly fixed and partly varies with the number of boarders. The
charge is X 70 per head when there are 20 boarders and ¥ 60 per head when there are 40 boarders.
Find the charge per head when there are 50 boarders.

[hints refer solved ex. 55] [Ans. T 58]

OBJECTIVE QUESTIONS

If A varies inversely with B and if B = 3 then A =8, then findBif A=2 [Ans. 12]
Als tional to th f = =16;findBif A= 400
proportional to the square of B.If A=3thenB=16; find Bif A=5. [Ans. 9]
1
A varies inversely with B and if B=3then A=7.Find Aif B = 25. [Ans. 9]
If x < y and x = 3, when y = 24, then find the value of y when x = 8. [Ans. 64]
A varies inversely with B and B = 10 when A = 2, find A when B = 4. [Ans.5]
1 .
Ify °<x—2 and x=2wheny =9, find y when x = 3. [Ans. 4]
1
If A< B, A=7when B =21.Find the relative equation between A and B. [Ans. A= EB]
If x varies inversely with y, x =8 when y = 3, find y when x =2 [Ans. 12]
If p < g% and the value of p is 4 when g = 2, then find the value of g + 1 when the value of p is 9.
[Ans. — 2]
fa+be«a-Db, prove thata«b
[hints:a+b=k(a-b), (1-kja=(-k-1) b &etc.
If x varies as y then show that x? + y? varies as x? — y?
If (a + b) varies as (a - b), prove that a? + b? varies as b?
If a + 2b varies as a — 2b, prove that a varies as b
x and y are two variables such that x «< y. Obtain a relation between x and y if x =20. Y = 4.
[Ans. x = 5y]
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2. 4 LOGARITHM

Definition of Logarithm :

Let us consider the equation a* = N (a > 0) where quantity a is called the base and x is the index of the
power,

Now x is said to be logarithm of N to the base a and is written as x = log_ N
This is read as x is logarithm of N to base a.
for example : 2* = 16 then 4 = log, 16, 4* = 16, then 2 = log, 16,
3*=81 then4=log,8]
92=81 then2=log, 81,
2o then -3 = log, |
8 ’g

Now it is clear from above examples that the logarithm of the same number with respect to different bases
are different.

Special Cases :

()  Logarithm of unity to any non-zero base is zero.
e.g.:Sincea’=1,log, 1=0.
Thus log, 1 =0, log,, 1 =0.

(i)  Logarithm of any number to itself as base is unity.
e.g.:Sincea'=aqa,log, a=1.
Thus log, 5= 1,log,, 10 =1, log,,, 100 = 1.

LAWS OF LOGARITHM :

LAW 1.

Log, (mxn) =log, m +log,n.

Let, log, m = x, then a*=m and log, n =y, then a”=n

Now, o*x @ = g, j.e., &Y =m x n

or, x+y=log, (m+n)

. log, (mxn)=log, m+log,.n.
Thus the logarithm of product of two quantities is equal to the sum of their logarithms taken separately.
Cor. Log, (mxnxp) =log, m+log, n+log, p.

Similarly for any number of products,

m
LAW 2 : log, Y =log,m-log,n

Thus the logarithm of quotient of any number is equal to the difference of their logarithm:s.
LAW 3 : log, (m)"=n.log, m

Thus, the logarithm of power of a number is the product of the power and the logarithm of the number.
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CHANGE OF BASE :

The relation between the logarithm of a number of different bases is given by
Log, m =log, m x log, b.

Letx =log, m, y =log, m, z =log, b, then from definition a*=m, b¥ =m, o = b.
Hence ax=m = b

Log, m =log, m x log, b.

Cor.l. log, b xlog, a = 1. This result can be obtained by putting m = ain the previous result, log, a =1.
Cor. 2. log, m = log, m/log, a.

Let x =log, m, a*=m ; take log to the base b we find x log,a = log, m.

. x=log,m/log, a.

Hence the result.

SOLVED EXAMPLES :

Example 32 : Find the logarithm of 2025 to the base 3,/5. .

Solution :

Let x be the required number ; then (3.5 = 2025 =3452= (3,/5)* .. x = 4.

. 4is the required number.

Example 33 : The logarithm of a number to the base /2 is k. What is its logarithm to the base 242 2
Solution :

Let (v2) = N.
Since 9. =2.212=2%2

So \/E — (23/2)1/3 - (2\/5)1/3
(2\/§)k/3 =N.

k
.. the reqd. numberis 3

Example 34 : Find the value of log, [log, {log, (log, 27°)}].

Solution :
Given expression

= log, [log, {log, (log, 37 )}] = log, [log, {log,(910g, 3)} ]
= log,[log,{log,?}] (aslog,3=1)
=log, [log, {log, 3] = log, [log, {2log, 3}] = log, [log, 2] =log,1 =0

21
Example 35: If log, x + log, x + log,, X =7 find x

Solution :

21
log,16 xlog,, x + log,16 xlog,, x + log,, x = )

21 21
or4log,x+21og, X+ Iogmx=7 or71og, x= )
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3
orlog,, x = 7 or x = 1634 = 2434 =723 =8,

Example 36 : If p =log,, 20 and g = log,,25, find x and such that 2log,, (x + 1) =2p - q
Solution :
2p-qg=2log,,20 - log,, 25 = log,, (20)*-log,, 25

400
= log,, 400 - log,, 25 =log,, -5 = log,, 16

Now, 2logo(x+1)=log,q 16 or, log,,(x + 1)2= log, 16 or, (x + 1)2=16 = (+ 4)?

or,x+1= 4
. x=3,-5.
Example 37 : If x =log,, a,y=log,, 2a, z=log,, 3a, Show that : xyz + 1 = 2yz.
Solution :
L.H.S. =log,, a.log,, 2a.log,, 3a + 1

=(log,, axlog,,10).(log,, 2axlog,,10).(log,, 3axlog,, 10)+1

_ log,, @ xlog]0 2c1x|og]0 3a
~log,, 20 log,,3a " log,, 4a

MH =log,,a+log,, 4a=log,, (a-4a)=log,, 40’
log,, 4a
R.H.S. = 2log,,2a. log,, 3a =log,, (20) = log,,. 40*

Hence the result.

Solution :

Let, x = 4/3y3v3... OF x2=3{3V3..=

(squaring both sides)
or,xX2=3x or,x?-=3x=0 or,x(x-=3)=0 or,x-3=0 (as x =0),
oo x=3

. given expression = log,x =log,3 = 1.

SELF EXAMINATION QUESTIONS

1
1. |If 5 log, M + 3log, N =1, express M in terms of N. [Ans. 9N

2. If a?+ b?=7ab, show that :
(i) 2log (a-b)=logs+loga+logb.
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10.

11.

12

~,
”

(i) 2log (a+b)=log? +loga+logb.

1 1
(i) log g(o+b) =5 {log a + lob b}

(i) If X2+ y2=6xy, prove that
2log (x+y)=logx+logy+3log?2

1 1
(i) If a? + b? =23 ab, show that Iogg(o+b) = E{Iog a + lob b}

[
If a=b?=c?®=d* prove that log (abcd) :]+§+§+Z'

Prove : (i) log, log, log, 16 = 1, (ii) log, Iog\/E log, 81 =2

Prove that :
() log, axlog bxlog, c=1
(i) log, axlog. bxlog, c=log.a.

(i) (1+log, mxlog = x=log, x

16 25 81
— (i) 16log=2+12l0g 2> +7log>= =log5
(a) Show that = (i) OQ]5+ 0924+ 0980 og
75 5 32
i) logZ2 —2log > +5log~2 =log?2
(i) 109, —2l0g 5 +ol0g, 7 =10g

(b) Prove that

XIog;"—log;Z yIogz—logx ZIogx—logy =1

logv/27 +log8 +1og/1000 _3
log120 2

Prove that (i)

logv/27 +log8 +log/1000 _3
(i) l0g 14400 4

Find |og, \77+/7....00

logx logy logz
y—zZ Z-X X-Y

, show that xzy = 1

+]+]=
+1 y+1 z+1

If log, bc = x, log, ca =Yy, log_ ab =z prove that x

logx _ logy _ logz
[+m-2n m+n-2I n+l-2m

, show that xyz = 1.
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1
13. Ifp=0x g=ao and a*= (p¥. g*)* prove that xyz = 5

IOQS\/§+Iogx/§—Iog\/125 _3

logé-logs 2

14. Prove that

COMMON LOGARITHM :

Logarithm to the base 10 is called common logarithm. For numerical calculations, common logarithm is
usually used. This system was first infroduced by Henry Briggs.

In future, the base of the common logarithm will not be written. Thus log 4 will really log, /4.
100=1 ~log1=0

10'=10 ~log10=1
102=100 .. log 100 = 2 and so on.
Againsince,
10“—l—01 ~log0.1=-1
0 . - log 0.
1
102= 107 =0.01 .. log0.01 =-=2andsoon

2.4.1 ANTILOGARITHM

If 100 =N, i.e., if log N = x, then N is called the antilogarithm or antilog of x.

e.g:Since log 100 =2 .. antilog 2 =100
log 1000 =3 . antfilog 3 =1000
log 0.1 =1 .. antilog 1 =0.1
log 0.01 =2 .. antilog 2 =0.01 and so on.

Characteristics and Mantissa :

We know, log 100 = 2 and log 1000 = 3.

Now 517 lies between 100 and 1000.

i.e.100< 517 <1000

orlog 100 <log 517 <log 1000

or2<log 517 <3, hence log 517 lies between 2 and 3.

In other words, log 517 = 2 + a positive proper fraction.

Again 0.001 <0.005 < 0.01

or—-3<log 0.005 <-2, forlog 0.001 =-3, log 0.01 =-2.

Hence log 0.005 is greater than — 3 and less than — 2 and is negative.

In other words, log 0.005 = — 3 + a positive proper fraction. Thus we see that logarithm of any number
conisists of two parts, an integral part (positive or negative) and a fractional part.

The integral part is called characteristics and the fractional part is mantissa.
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Finding the Characteristic
(i)  Letthe number be greater than 1.

Any number whose integral part is of one digit only lies between 1 and 10. For example 5.7 lies between
1 and 10.

Log 5.7 lies between 0 and 1.
Nowlog 1 =0andlog 10=1.
i.e.log 5.7 =0 + a proper fraction.

Hence the characteristic of such numbers is 0. Again any number consisting of two digits in the intfegrall
part lies between 10 and 100.

i.e., 11,60.7,75.1,92.9 etc.

Now log 11 lies between 1 and 2 (- log 10 =1, log 100 = 2)
i.e.log 11 =1+ a positive proper fraction.

Hence the characteristic of such numbersis 1.

Similarly, any number consisting of three digits in the integral part lies between 100 and 1000. Therefore,
its logarithm lies between 2 and 3.

Hence the characteristic of such numbers is 2. Thus we arrive at following rule :

Rule 1 : The characteristic of the logarithm of a number greater than 1 is positive and is less by one than the
number of the digits in the integral part.

Thus the characteristics of log 234, log 2.34 are respectively 2, 0.

(i) Let the number of less than 1 (but greater than 0) i.e., a decimal fraction.

10°=1 s log1=0

107 =0.1 s log (0.1)=-1

102=0.01 s log (0.01)==-2

102 =0.001 .. log (0.001) =-3 and so on.

Any fraction lying between 0. 1 and 1 has no zero between the decimal point and the first significant digit.
For example 0.31, 0.471.

Now 0.31 lies between 0.1 and 1.
i.e., log 0.31 lies between log 0.1 and log 1.
.. log 0.31 lies between -1 and 0.
i.e.log 0.31 =1 + a positive proper fraction.
Hence the characteristic of such numbersis—1.

Again any fraction lying between 0.01, 0.1 has one zero between the decimal point and the first significant
digit. For example, 0.031, 0.047, 0.0707 etc.

Now 0.031 lies between 0.01 and 0.1

or log 0.031 lies between-2and -1.( .. log 0.01 =-=21log 0.1 =-1)
. log 0.031 = -2 + a positive proper fraction.

Hence the characteristic of such numbers is — 2.

Similarly, any fraction lying between 0.001 and 0.01, has two zeros between the decimal point and first
significant digit. For example 0.0031, 0.0047 etc.
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Now log 0.0031 lies between -3 and - 2.

. log 0.0031 = -3 + a positive proper fraction.
Hence the characteristic of such numberis — 3.
Thus we arrive at the following rule :

Rule 2 : The characteristic of the logarithm of a decimal fraction is negative and is greater by one than the
number of zeroes between the decimal point and the first significant digit.

Thus the characteristic of log 0.234, log 0.0234, log 0.00234 are respectively - 1,-2,-3

Finding the Mantissa :

Let N be any number, the where p and g are positive integers evidently a number having
the same significant digit N.

Now, log (leo”) =logN+log 10° =log N + p log 10 = log N + p.

log (N+]0q) =logN-log 109 =logN-qglog 10 =log N —q.

Thus we see that pis added to and g is subtracted from the characteristic of N, while the Mantissa remains
unaffected, in both cases.

Hence we get the following rule :

Rule 3 : The mantissa is the same for logarithm of all numbers which have the same significant digits (i.e., the
mantissa does not depend on the position of the decimal point).

N x 10P for Exdfiple : Let us consider the logarithms of the numbers 234500, 23.45, 0.02345, having given
log 2345 =3.3701.
log 234500  =log (2345 x 100) = log 2345 + log 100 = 3.3701 + 2 = 5.3701.

2345
log 23.45 = log 100 =1092345-10g100 =3.3701 -2 =1.3701

2345

— log 2345 —0g100000
100000 ~ 09 °9

log 0.02345 = log

= 2.3701, Where 3 (read as two bar)

denotes that it is equivalent to — 2, while 0.3701 is + ve.
Thus, we see that he mantissa in every case is same.

Note : The characteristic of the logarithm of any number may be + ve or-ve, but is mantissa is always + ve.

USE OF LOGARITHMIC TABLE :

It must be observed that only approximate values can be obtained from the table, correct upto 4 decimal
places. The main body of the table gives the mantissa of the logarithm of numbers of 3 digits or less, while
the mean difference table provides the increment for the fourth digit.

Let us find the logarithm of 23 ; evidently the characteristic is 1.

In the narrow vertical column on the extreme left of the table, we see integers starting from 23, if we move
across horizontally, the figure just below 0 of the central column is 3617.
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Hence, log 23 =1.3617.

Let us now find the logarithm of 234, its characteristic evidently is 2, if we move across horizontally starting
from 23 and stop just below 4 of the central column, we find the figure 3692.

Hence log 234 = 2.3692.

Lastly, tfo find the logarithm of 2345, we see the characteristic is 3. Now starting form 23, if we stop below 4
of the central column we get the figure 3692. Again if we move further across the same horizontal line and
stop just below 5 in extreme right column of mean difference, we get figure 9. Now adding these two
figures, we find 3701, i.e., (3692 + 9).

Hencelog 2345 =3.3701
Similarly we have,
log 1963 = 3.2929
log 43.17 = 1.6352
log 7.149 = 0.8542.
For number of 5 digits

Suppose we are to find the value of log 23.456. Form 4 figure logarithmic table we get.

log23.4 = 13692

Difference for (4th digit) 5 = 9
Difference for (5" digit) 6 = 1 1
= 13702

Rule for carry over number from the difference table :
For 0to 4, carry overO
5to 14, carry over 1

15 to 24, carry over 2 and so on.

USE OF ANTILOGARITHMIC TABLE :

The antilog, gives us numbers corresponding to given numbers. At first we are to find the number
corresponding fo given mantissa and then to fix up the position of the decimal point according to the
characteristic.

For example, to find antilog 1.5426. Now from the anfilog table we can see, as before, the number
corresponding to the mantissa.

0.5426 is 3483 + 5 = 3488. Since the given characteristic is 1, the required number is 34.88.
Hence log 34.88 = 1.5426, since antilog 1.5426 = 34.88.

Example 39 : If log 3 = 0.4771, find the number of digits in 3%.

solution:

Let x = 3*¥ then log x = log 3 = 43 log 3.

orlogx =43 x0.4771 = 20.5153. Here the characteristic in log x is 20. So the number of digits in x will be 20 +
1=21.
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Example 40 : Given log,,2 =0.30103, find log,, (1000/256)
solution:

1000
1061, 27 =108, 1000-10G,, 256 =I0g,, 107 ~log,,

=3log,,10-9log,,2=3-9(0.30103) =3-2.70927 =0.29073.
Example 41 : Find the value of : (i) 0.8176 x 13.64, (i) (789.45)"/®
solution:
(il Letx=0.8176 x 13.64; taking log on both sides.
Log x =log (0.8176 x13.64) =log 0.8176 + log 13.64

1.9125+1.1348 = -1+ 0.9125+1+0.1348
0.9125+0.1348=1.0473
. x=antilog 1.0473 =11.15.

1
8
.. x = antilog 0.3622 = 2.302.

Note. Procedure of finding the mantissa of 5 significant figures will be again clear from the following example:

(i) Letx=(789.45)"8 or, logx = —log(789.45) = %(2.8973) =0.3622

Mantissa of 7894 (see above) is 0.8973 and for the fifth digit (i.e. for digit 5), the corresponding numberin the
mean difference table is the digit 2, which is less than 5 ; so 0 is to be added to the mantissa 0.8973.

It again, the corresponding mean difference number is
5to 14, carry 1
15 to 24, carry 2 and so on.
Example 42 : Find, from tables, the antilogarithm of — 2.7080

solution:

—2.7080 = 3-2.7080 - 3 =.2920 -3 = 3.2920

.. anfilog (- 2.7080) = antilog 3.2920 = 0.001959

SELF EXAMINATION QUESTIONS

1. Find the number of zeros between the decimal point and the first significant figures in :

(i) (0.0010)" (i) % (iii) (12.4)7'5 [Ans. 59 ;104 ; 16]

2. Givenlog8=0.931,log 9 =0.9542 ; find the value of log 60 correct to 4 decimal 4 places.
[Ans.0.7781]
3. Givenlog 2=0.30103, log 3=0.47712; find the value of :

(i) log 4500 (i) log 0.015 ({iii) log 0.1875. [Ans. 3.65321 ; 2.17609 ; (i) T.27300
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Using tables find the value of :

(i) 19.66 =9.701 (i) 0.678 ~9.310.0234 (iii)

‘ [
(iv) W (v) 7@. [Ans. (i) 2.027 ;

OBJECTIVE QUESTIONS
Find the value of log 64 with base 4
Find the value of log 125 with base 5,/5

Find the value of log 144 with base 2./3

Show that log (1 + 2 + 3) = logl + log2 + log3
Show that log, log, log, 16 =1

Show that log,log ;log, 81 =1

Iflogx+logy=log (x +y) then express x in ferms of y.

(i) 261 ;

(iii) 0.4093 ; (iv) 0.415; (v) 0.9703]

[Ans. 3]
[Ans. 2]

[Ans. 4]

[Ans. %,_])]
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2.5 LAWS OF INDICES

The word indices is a plural part of the word index (Power).
When we write

05,0 is called the base and 5 is called the index of the base.

When we write .
a™xa" then m and n are called indices.

Now o’ =axa,d® =axaxqg,a* =axaxaxa

i.e., the index of the base indicates the number of times the base should be multiplied .However ,if index is
a fraction it indicates the root,e.qg.,

o = a0 = Ya,a% = Yo
The Radical sign /[ with the number indicates the root,e.g. 3/ indicates cube root and 4/ indicates

fourth root. The Radical sign without number indicate square roof.
Quantities like gmn written as g/qm are called radicals. The term under the radical sign is called the radicand

and the number with the radical sign (nin¥Ya™) is called the index of the radical.

It is not possible to determine exactly every root of every positive number.

For example, \/E 3,35 etc. can not be determined exactly, and such quantities are called Surds or
irational quantities.

Surds cannot be expressed as the ratio of two integers and their values are usually calculated with the help
of logarithms,

m+n

() a"xa"=a
(i) agm+ag"=ag™"

(i) (&™) =a™

where m and n are positive or negative, integral or fractional and a is a non zero real number.
Law | If m and n are positive integars then

a”"xa"=axaxaxa... m factors

XAXAXA........ n factors
=axXaxaxd........ (m+n) factors a™n
am _
Law Il o dm”
Law llI (@) =a" xa™ xa™ xa™ x.....n factors

_G(m+m+m+ ...... nterms) _ ~mn

a
We have seen that
(1) a™=axaxax...... m factors for any non zero real number a and any positive integar m

(2) @g° =1 forany non-zero real number a.
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1
(3 a = = for any non zero real number a and any integar k.
For any positive real number a and any positive infegar m,the mth root of a is defined and denoted by

o%w or ”3/6[0%“ = ”\q/a} andis areal number .But when mis an even positive infegar and a is a negative real

number .then 4/m is not a real number.

5 1
e.g,(—%j (=3)* etc. are not real numbers.

1
In general qmn = n/om — (™)

Now (@m/nn = g™ x g™n x a™n ... n factors

- Omn/n =qgm
Taking nth root of both sides, we get
Note 1. If in an equation base on both sides is the same,powers can be equated, ie.if x° =x° then a=b

SOLVED EXAMPLES

2m+2 32m—n 5m+n+2 6n

6m.] On+2.'| 5m

Example 43 : Show that the expression is indepedent of m and n.

2m+2 32m—n 5m+n+2 6n

6m.] On+2.'| 5m

Solution : L.H.S.=

— 2m+2‘2—m‘3—m‘32m—n‘2—(n+2)‘5—[n+2)‘5m+n+2‘3—m‘5—m‘2n‘3n

v logmgn L _pwagt L _gmgn
6" 1072 157

LHS = _ 2m+2—m—n—2+n.3—m+2m—n—m+n.5—n—2+m+n+2—m
= 2° %« 3°x5° =1 which is independant of m and n.

2ghe |
Example 44: Simplify W

Solution:

The given expression

o pxa st
(32.(24)
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o] ] -

(37" —5x3°"?) (5" =3x 5"?)
5n—4[9n+3 _ 32n]

[2( I35 37502 )T

Example 45: Simplify

Solution : The Given Expression
(32" = 5x3""x37%)(5" - 3x 5" x 572)
5" x 57*[3""x 3¢ - 37"

T0-5)50-%) 4 20 gos_os
- 5nX32nX?L[36_]] T 97257728 819

4" x20M " x12M x 1 5mn2
-| 6m X 52m+n x9m—1

Solution : The Given Expression

Example 46 : Simplify

A" X (4x5)" x (4% 3" x (3x 5™
42m X 52m+n ><32m—2

— 4n+m—]+m—n—2m X 5m—1+m+n—2—2m—n ><3m—n+m+n—2—2m+2

=4_1x5_3 =le=L
4 125 500

Example 47 : if o* =bY =c* and b? =ac prove that.

1.1.2

—_t—=—
X zZ Yy

Solution : Let o =pY =¢c? =k

1

1 1 1
a=k),b=(Kk),c=k)?
As per the equation,

2 11 1.1
b? =ac = k)'=k*kz =k* 2

Equating powers on the same base

2_ 1.1
—_— =4

y X Z
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xo+b)2 b+c )2 c+a )2

.(x .(x
(XO,Xb,XC)4

Example 48 : Simplify

(xo+b )2 . (xb+c )2 . (xc+o )2

(XO,Xb,XC)4

Solution : =

2a+2b |, 2b+2c ,2c+2a

X X X . m
= ) (since (om)”=04)
X7, X7, X
x2o+2b+2b+2c+20+20
= ( Cl+b+C)4 (Gm xo” = Gmm)
X
X40+4b+4c
= X40+4b+4c :]

Example 49 : Find the value of

x7x753xE LY
Iy (o
x5y

Solution : Now ~ 8/X-3 5lySx? X (Xva )3

XIx5x oy T e

= X = X
X—%y% X% X3/8 X%,% y X3/8

= [T TRy = xy,

Example 50 : If m=a*,n=a’and a® =[m'n*J Prove that xyz =1

Solution :

X Y

m=a m Xy

Y X Xy

a“,n d n a

[mynx]Z = [Oxyoxy]z = 02xyz = 02 (given) xyz 1
Example 51: If x° =y, y* =7,z° =x prove that abc = 1.
Solution : We are given that

X% =v,..(i) Y° =z,...(i[) z°=x,....{iii)

substituting the value of y from (i) in {ii)

x°P =z ie, x*=z n(iv)

substituting the value of x from {iii) in (iv)

abc

(z°)* =z ie. 29 =z

Equating powers on the same base we get abc =1
abc =1
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Example 52 : Simplify \JayJayoa for g=3%s

Solution : (Note carefully)
) 172 )é
yoyayawa = o%.(o%)% {(o%)% }A {(o%)%}/
= o2/ a6l = oTs

when a =37 then Jayayava = (3%s) % = 3

Example 53: If a= 2% - 2% show that 2% +6a-3=0

Solution : Given that a= 2% —2%
Taking cube of both sides

of=2-2" 32 —2%)=2—%—30=%—30

ie.. 20°+6a-3=0

Example 54:if , _5_ 5% _5), prove that
x* =15x* +60x-20 =0

Solution : (5_x)= 57 +5%
Cube both sides and simplify,

a % (941
Example 55: if b =p° show that 5 =a’® and if a=2b show that b=2
Solution : b — o — b = g6

% % o
 a b_Ob_O(%J—W

a
b ae a

a % (G4)-1 2b % 2501
If a=2b then | =a’* = - =(2b) 7*

=>4=2b=>b=2

1 1 1
Example 56: if (1.234)° =(0.1234)° =10°, show that 3 b

Solution:
(1.234)° =10 (0.1234 10)® 10°
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or, (0.1234)* x10° =10°

or, (0.1234)° =10

c-a

or, (0.1234)=10° .. (i)

and (1.234P =10°  0.1234 10% e (il
From (I) and (ll), we get

109 =10° :>c_o=%:>bc—ob=oc

T 1 1
:>_ — —
a c b

Example 57: Find the simplest value of

-1
3

1—1{1—(1—x3)_]}_] when x =0, x = 0.1

_ e
= 1—1{1—] 3}
_ .
T-x° =1
=|1-1
=

Solution :

1
—-X
3

w] !

—
—

1

- _T =[x3]5=x=0 when x=0

=0.Twhenx =0.1
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2.6 PERMUTATION AND COMBINATION

2.6.1. PERMUTATION :
Definition :

The different arrangements which can be made out of a given set of things, by taking some or all of them
at a time are called permutations.

Thus the permutations of three letters a, b, ¢ taking one, two or three at a time are respectively :

one: a b Cc
two : ab bc ca ba cb ac
three : abc bca cab acb bac cba

The number of permutations of n different things, taken r at a time, usually symbolised by "P or P.

Thus the number of arrangements (or Permutations) of 3 things taken 1, 2 and 3 at a time are
respectively : °P, P, and °P,.

General Principle :

If one operation can be performed in m different ways and corresponding to any one of such operations if
a second operation can be performed in n different ways, then the total number of performing the two
operations is m x n.

The above principle is applied in the following theory of permutations.
Permutations of things all different :
To find the number of permutations of n different things takenr (r<n) at a time.

This is the same thing of finding out the number of different ways in which r places can be filled up by the n
things taking one in each place.

The first place can be filled up in n ways since any one of the n different things can be put in it.

When the first place has been filled up in any of these n ways, the second place can be filed up in

(n = 1) ways, since any one of the remaining (n — 1) things can be putinit.

Now corresponding to each of filing up the first place, there are (n — 1) ways of filing up the second, the
first two places can be filed up in n (n = 1) ways.

Again, when the first two places are filled up in any one of the n (n — 1) ways, the third place can be filled

up by (n-2) ways, for there are now (n—2) things, at our disposal, to fillup the third place, Now corresponding
to the each way of filling up the first two places, there are clearly (n — 2) ways of filing up the third place.
Hence the first three places can be upin n (n =1) (n = 2) ways.

Proceeding similarly and nofticing that the number of factors at any stage, is always equal to the number of
places to be filled up, we conclude that the total number of ways in which r places can be filled up.

=n(n=1)(n=2) ........ to r factors
=n(n=1)(n=2) ......... {(n—{(r=1)}
=n(n=1)(Nn=2) ........ (n=r+1)

Hence, using the symbol of permutation, we get,
"P=n(n-1)(n=2)...(n-r+1)

Cor. The number of permutation of n different things taking all at a time is given by
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"Poo=n(n=-1)(n=-2) ... to n factors
=n(n-1)(n=-2)....3x2x1 [putting r =n]
Again, " =n(n-1)(n-2)...3x2 [puttingr=n-1]
- nPn:nPn—l

Factorial notation :

The continued product of first n natural numbers, i.e., 1,2, 3, .... (n=1) n, is generally denoted by the symbol
[nor n! which is read as ‘factorial n”.

Thus, 8l =1x2x3x4x5=120(=5x4l)=(5x4x3l)
70 =1 x2x3x4x5x6Xx7=(1x2x3x4x5%x6)x7=7x6l
nt =1x2x3x.x("n=2)x(n=-1)n="P ;0OI=1

Obs. "Poo=nn=-1)(n=-2)...(n-r+1)

n(n=1)(n-2)....(n-r+1) (n—r)!= nl
(n-r)! (n=r)!

Permutation of things when they are not all different :

To find the number of permutation of n things taken all together, the things are not all different.

Suppose that n things be represented by n letters and p of them be equal to a, g of them be equal to b and
r of them be equal to ¢ and the rest be all different. Let X be the required number of permutations.

Cor. The above method is also applicable when more than three letters are repeated.
7!

Example 58 : Word PURPOSE can be arranged all togetherin o) Os 2P’'s are there.

Permutations of things which may be repeated :

If n different things are taken r at a fime, in which any item can be repeated without any restriction, the
total number of possible arrangements is n'.

Permutations in a ring or in a circle :

When things are arranged in a row, we find two ends in each arrangement, while when the things are
arranged in circle, there is no such end.

Thus the number of ways in which n different things can be arranged in a circle taking all together is
(n—=1) 1, since any one of the things placed first is fixed and remaining (n - 1) things can now be arranged
in (n=1) 'ways.

Example 59 : 21 boys can form aringin (21 - 1) I = 20! ways, If, again the distinction between the clockwise
and counter-clockwise arrangements is not made, then the number of waysis 2 (n—=1) L.

Example 60: 10 different beads can be placed in a necklace in %x(lo - 1) = % x 91 ways.

Restricted Permutation :

()  The number of permutations of n different things taken r at a time in which p particular things never
occuris " PP
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Keeping aside the p particular things, fill up the r places with the remaining n — p things.
Hence, number of ways = "PP .

Example 61 : In how many of the permutations of 8 things taken 3 at a time, will two particular things never
occur ¢

Solution :

Here,n=8,r=3,p=2,

Hence, Number of ways = PP =82p_ = =120.

(i)  The number of permutations of n different things taken r at a time in which p particular things are
always presentis "°P_ x'P .

Example 62 : In how many of the permutations of 8 things taken 3 at a fime, will two particular things

always occur 2

Solution :

Here, n=8,r=3,p=2,

Number of ways = "PP_x'P, ="?P, ,x°P, =Px°P, =6x3=18.
SOLVED EXAMPLES

Example 63 : Find the values of- (i) 7Py (i) 7P, (ii) P, (iv) "P,

Solution :
P _ 71 71 7.65.432.1
T F-sn 21 2 =7.6.5.4.3 = 2520
A A -
(ll) Pl_(7_-|)|__|_7xa_7
op Y7
(i) Po—(7_0)!——|—]
P _ 70 71 71
(iv) 7= 7-7)1 “01 11 =7.6.54.32.1=5040

Example 64 : If "P, =110, n.

Solution :
| =1)(n=-2)!
"P, = n: =HOOLM=HO
(n-2)! (n-2)!
o, N(N=1)=110=11x10=11x(11=1) =~ n=11

Example 65: Solve forn given "P, =30x"P,
Solution :

n! 30 n!
"Py=30x"P, of [Ty~ X(I’]—Q)!
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=30x
or. (n—4)! (n-2)!
or,nin=1)(N-2) (n-3)=30xn(n-1) or, (n-2) (n-3) =30
o, N2=5n-24=0 or, (n-8) (n+3)=0

or, n =8, — 3 (inadmissible)

n(n-1)(n-2)(n-3)(n-4)! 3 n(n-1)(n-2)!

nP 2
Example 66 : Solve for n given $=T
3

Solution :
nPs g n n
P, —7 or "Py=2x"P,

n! —ox n! 1= 2x 1
' (n-5)! (n-3)1 © (n-3)(n-4)

or,N?—=7n+10=0 or, n=15, 2 (inadmissible).

Example 67: In how many ways 6 books out of 10 different books can be arranged in a book-self so that
3 particular books are always together?

Solution :

At first 3 particular books are kept outside. Now remaining 3 books out of remaining 7 books can be
arranged in ’P, ways. In between these three books there are 2 places and at the two ends there are 2
places i.e. total 4 places where 3 particular books can be placed in *P, ways. Again 3 particular books can
also be arranged among themselves in 3! ways.

71 4l
Hence, required no. of ways ="P,x* P x3!= mxgx?)! =7.6.5.4.3.2.1 = 5040.

Example 68: In how many ways can be letters of the word TABLE be arranged so that the vowels are
always (i) together (ii) separated ¢

Solution :

(i) Inthe word there are 2 vowels, 3 consonants all different. Taking the 2 vowels (A, E) as one lefter we
are to arrange 4 letters (i.e. 3 consonants + 1) which can be done in 4 | ways. Again 2 vowels can be
arranged among themselves in 2 | ways.

Hence, required number of ways = 41 x 2| = 48,

(i)  Without any restriction (i.e. whether the vowels, consonants are together or not) all the different 5
letters can be arranged in 5! ways. Arrangement of vowels fogether is 48 (shown above)

Hence, Required number of ways = 51 - 48 = 120 - 48 = 72.
Example 69 : Find the how many ways can be letters of the PURPOSE be rearranged-
() keeping the positions of the vowels fixed ;
(i)  without changing the relative order to the vowels and consonants.
Solution :

(i) Inthe word, there are 3 vowels and 4 consonants. Since the positions of all vowels fixed, we are to
rearrange only 4 consonants, in which there 2 P, so the arrangement is
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| |
i=ﬂ=4x3=]2
21 21

(i)  The relative order of vowels and consonants unaltered means that vowel will take place of vowel
and consonant will take place of consonant. Now the 3 vowels can be arranged among themselves
in 3! ways, while 4 consonants with 2P can be arranged in

41 4x3x2!

E_TZ4X3:]2 ways.

So total number of ways of rearrangement in which the given arrangement is included
=3Ix12=6x12=72

Hence, Required number of arrangement=72-1=71.
Example 70 : How many numbers between 5000 and 6000 can be formed with the digits 3, 4, 5, 6, 7, 82
Solution :
The number to be formed will be of 4 figures, further digit 5 is to be placed in 1st place (from left). Now the
remaining 3 places can be filled up by the remaining 5 digits in *p, ways.

5!
Hence, required no. = P, x1= CThe 60

Example 71 : In how many ways can be letters of the word SUNDAY be arranged?2 How many of them do
not begin with S¢ How many of them do not begin with S, but end with Y2

There are 6 letters in the word SUNDAY, which can be arranged in 6! = 720 ways.
Now placing S in first position fixed, the other 5 letters can be arrange in (5)! = 120 ways.
The arrangements of letters that do not begin with S = (6) | - (5) | = 720 — 120 = 600 ways.

Lastly, placing Y in the last position, we can arrange in (5) ! = 120 ways and keeping Y in the last position and
S in the first position, we can arrange in (4) | = 24 ways.

Hence, the required no. of arrangements = (5) | =4 1= 120 — 24 = 96 ways.

(Problems regarding ring or circle)

Example 72 : In how many ways 8 boys can form a ring?

Solution :

Keeping one boy fixed in any position, remaining 7 boys can be arranged in 7 | ways.
Hence, the required on. of ways =7 1=7.6.5. 4. 3. 2. 1 = 5040.

Example 73: In how many ways 8 different beads can be placed in necklace?
Solution :

8 beads can be arrangedin 7  ways. In this 7 | ways, arrangements counting from clockwise and anticlockwise
are taken different. But necklace obtained by clockwise permutation will be same as that obtained from
anficlockwise. So total arrangement will be half of 7 1.

Hence, required no. of ways =2 x 7 | =4 x 5040 = 2520.

Example 74: In how many ways 5 boys and 5 girls can take their seats in a round table, so that no two girls
will sit side by side.

FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS | 2.43 <



Algebra

Solution :

If one boy takes his seat anywhere in a round table, then remaining 4 boys can take seafs in 4 | = 24 ways.
In each of these 24 ways, between 5 boys, if 5 girls take their seats then no two girls will be side by side. So
in this way 5 girls may be placed in 5 placesin 5 =120 ways.

Again the first boy while taking seat, may take any one of the 10 seats, i.e., he may take his seat in 10 ways.

Hence, reqd. number ways = 24 x 120 x 10 = 28,800.

o w0 bdD-

10.

11.

12

~
”

SELF EXAMINATION QUESTIONS

Find the value of : (i) °P, (i) '°P, (iii) "°P,, [Ans. (i) 90 (ii) 1 (iii) 10 1]
Find the value of n: "P, =10 ""'P, [Ans. 10]
Find the value of r: (i) ""P, = 110 (i) ’P, = 2520 [Ans. (i) 2 (ii) 5]
Findn: (i) if"P,:"P,=2:1 (ii) P, " "™2P,=5:12 [Ans. (i) 5 (ii) 7]

Prove that “CALCUTTA" is twice of "AMERICA" in respect of number of arrangements of letters.

OBJECTIVE QUESTIONS

There are 20 stations on a railway line. How many different kinds of single first-class fickets must be

printed so as to enable a passenger to go from one station to another?e [Ans. 380]
Four travellers arrive in a fown where there are six hotels. In how many ways can they take their
quarters each at a different hotel? [Ans. 360]
In how many ways can 8 mangoes of different sizes be distributed amongst 8 boys of different ages so
that the largest one is always given to the youngest boy?2 [Ans. 5040]
Find the number of different number of 4 digits that can be formed with the digits 1, 2, 3, 4, 5, 6, 7 ; the
digits in any number being all different and the digit in the unit place being always 7. [Ans. 120]
How many different odd numbers of 4 digits can be formed with the digits 1, 2, 3, 4, 5, 6, 7 ; the digits
in any number being all different? [Ans. 480]
How many number lying between 1000 and 2000 can be formed from the digits 1, 2, 4, 7, 8, 9 ; each
digit not occurring more than once in the number? [Ans. 60]
Find the number of arrangements that can be made out of the letters of the following words :
(a) COLLEGE
(b) MATHEMATICS [Ans. () 1260 ; (b) 49, 89,600]
In how many ways can the colours of a rainbow be arranged, so that the red and the blue colours are
always together?e [Ans. 1440]
In how many ways 3 boys and 5 girls be arranged in a row so that all the 3 boys are together?2
[Ans. 4320]
Find how many words can be formed of the letters in the word FAILURE so that the four vowels come
together. [Ans. 576]
In how many ways can 7 papers be arranged so that the best and the worst papers never come
together? [Ans. 3600]
In how many ways can the colours of the rainbow be arranged so that red and blue colours are
always separated? [Ans. 3600]
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13. Show that the number of ways in which 16 different books can be arranged on a shelf so that two
particular books shall not be togetheris 14 (15) |

14. In how many ways can the letters of the word MONDAY be arranged? How many of them begin with

M2 How many of them do not begin with M but end with Y2 [Ans. 720, 120, 96]
15. In how many ways can 5 boys form a ring? [Ans. 24]
16. In how many ways 5 different beads be strung on a necklace? [Ans. 12]

2.6.2. COMBINATION
Definition :

The different groups or collection or selections that can be made of a given set of things by taking some or
all of them at a time, without any regard to the order of their arrangements are called their combinations.

Thus the combinations of the letters a, b, c, taking one, two or three at a time are respectively.

a ab abc
b bc
c ca

Combinations of things all different :
To find the number of combinations of n different things takenr (r<n) af a time, i.e., to find the value of "C.
Let X denote the required number of combinations, i.e., X ="C.

Now each combination contains r different things which can be arranged among themselves in r I ways.
So X combinations will produce X. r I which again is exactly equal to the number of permutations of n
different things taken r at a time, i.e., "P,

Hence, X xr!="P

n | |
X= h__n Since,"P, = n
rlri(n-r) (n—r)!
n n!
" rlin-)!
Cor. 'C, =n taking r =1
"C, =1, takingr=n
"C,=1, takingr=20

Restricted Combination :

To find the number of combinations of n different things taken r at a tfime, with the following restrictions :
()  p particular things always occur ; and

(i)  p particular things never occur.

(i)  Let us first consider that p particular things be taken always ; thus we have to select (r—p) things from

(n - p), which can be done in (”'D)C(r_p) ways.

(i) Inthis case, let those p things be rejected first, then we have to select r things from the remaining (n -
p) things, which can be done in "*C_ ways.
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Total number of combinations :

To find the total number of combination of n different things taken 1, 2, 3 .... n at a time.
="C, +"C,+"C, + ... +C
Note. "C +"C,+"C + ..... +C =2"-1
GROUPING :

(A) If, itis required to form two groups out of (m + n) things, (m # n) so that one group consists of m things
and the other of n things. Now formation of one group represents the formation of the other group
automatically. Hence the number of ways m things can be selected from
(m + n) things.

S (m+n)l (m+n)!
"™ ml (Mm+n-m)! ~ min!
o . o _(2m)!
Note 1. If m =n, the groups are equal and in this case the number of different ways of subdivision = Wxﬁ

since two groups can be inferchanged without getting a new subdivision.

2mj !
Note 2. If 2m things be divided equally amongst 2 persons, then the number of ways ml—nz\l
(A) Now (m+n+p)things (m'n'p), tobe dividedinto three groups containing m, n, p things respectively.

m things can be selected out of (m + n + p) things in ™™*C _~ways, then n things out of remaining
(n + p) things in "*C_ways and lastly p things out of remaining p things in °C_i.e., one way.

Hence the required number of waysis ™™PC_ x™PC_

(m+n+p) (n+p)! (M+n+p)!

B mi(n+p)!  nlp! ~ minlp!
. . . (Bm)! 1
Note 1. If now m=n=p, the groups are equal and in this case, the different ways of subdivision = mimimi <31
since the three groups of subdivision can be arranged in 3 | ways.
3mj)!
Note 2. If 3m things are divided equally amongst three persons, the number of ways =ﬁ

SOLVED EXAMPLES
Example 75 : In how many ways can be College Football team of 11 players be selected from 16 players?

Solution :

. _C = 161 _ 16l
The required number = u—]]!(16_”)!—”!5!=4,368

Example 76: From a company of 15 men, how many selections of 9 men can be made so as to exclude 3
particular men?

Solution :
Excluding 3 particular men in each case, we are to select 2 men out of (15-3) men. Hence the number of
selection is equal to the number of combination of 12 men taken 9 at a time which is equal to

9 ZW:QQO'
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Example 77: There are seven candidates for a post. In how many ways can a selection of four be made
amongst them, so that :

(i) 2 persons whose qudalifications are below par are excluded?

(i) 2 persons with good qualifications are included?

Solution :

()  Excluding 2 persons, we are to select 4 out of 5 ( = 7 — 2) candidates.
Number of possible selections = °C, = 5.

(i) Inthis case, 2 persons are fixed, and we are to select only 2 persons out of (7-2), i.e. 5 candidates.
Hence the required number of selection = °C, = 10.

Committee from more than one group :

Example 78: In how many ways can a committee of 3 ladies and 4 gentlemen be appointed from a
meeting consisting of 8 ladies and 7 gentlemen?2 What will be the number of ways if Mrs. X refuses to serve
in a committee having Mr. Y as a member?

Solution :

8!
1st part. 3 ladies can be selected from 8 ladies in °C, = 3151 56 ways and

7!
4 gentlemen can be selected from 7 gentlemen in 7C4 = 4131 =35 ways
Now, each way of selecting ladies can be associated with each way of selecting gentlemen.
Hence, the required no. of ways = 56 x 35 = 1960.

2nd part : If both Mrs. X and Mr. Y are members of the committee then we are to select 2 ladies and 3
gentlemen from 7 ladies and 6 gentlemen respectively. Now 2 ladies can be selected out of 7 ladies in ’C,
ways, and 3 gentlemen can be selected out of 6 gentlemen in ¢C, ways.

Since each way of selecting gentlemen can be associated with each way of selecting ladies.
7! 6!

Hence, No. of ways = 'C,x‘C, =ﬂxm=

Hence, the required no. of different committees, not including Mrs. X and Mr. Y

= 1960 — 420 = 1540.

Example 89 : From 7 gentlemen and 4 ladies a committee of 5is o be formed. In how many ways can this
be done fo include at least one lady? [C.U. 1984]

Possible ways of formation of a committee are -
()  1lady and 4 gentlemen (i) 2 ladies and 3 gentlemen
(i) 3 ladies and 2 gentlemen (iv) 4 ladies and 1 gentleman

For (i), 1 lady can be selected out of 4 ladies in “C, ways and 4 gentlemen can be selected from 7 gentlemen
in’C, ways. Now each way of selecting lady can be associated with each way of selecting gentlemen. So
1 lady and 4 gentlemen can be selected in “‘C, x’C, ways.

Similarly,
Case (i) can be selected in “C, x ’C, ways

Case (i) can be selected in “C,x ’C, ways
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Case (iv) can be selected in “C, x’C, ways

Hence the total number of selections, in each case of which at least one lady is included
=4C, x'C,+*C,x’'C,+*C,x’C,+ *‘C,x'C,
=4x35+6x35+4x21+1x7
=140 + 210+ 84 + 7 = 44].

Example 80: In how many ways can a boy invite one or more of 5 friends?2

Solution :

The number of ways =°C, +°C, +°C, +°C, +°C, =2°-1=32-1=3I.

Example 81 : In a group of 13 workers contains 5 women, in how many ways can a subgroup of 10 workers
be selected so as to include af least 6 men? [ICWA (F) Dec 20095]

Solution :

In the given group there are 8 (= 13- 5) men and 5 women in all. Possible cases of forming the subgroup of
10 workers.

men women selections
(i) 6 4 8C,x°C, =28x5=140
(ii) 7 3 8C, x °C, =8x10=80
(iii) 8 2 8C, x °C, =1x10 =10

reqd. no of ways = 230.
Example 82 : In how many ways 15 things be divided into three groups of 4, 5, 6 things respectively.
Solution :

The first group can be selected in °C, ways :

The second group can be selectedin **c =" C, ways ;
and lastly the third group in ¢C, = 1 way.

Hence the total number of ways = °C, x ''C,

_ 150 11 _ 15
41710 5161 41516

Example 83 : A student is to answer 8 out of 10 questions on an examination :
()  How many choice has he?

(i)  How many if he must answer the first three questions?

(i) How many if he must answer at least four of the first five questions?
Solution :

()  The 8 questions out of 10 questions may be answered in '°C,

0~ _ l0! _]O><9><(8)!_ ~
Now “Co =g = grar X7 =4 ways
(i)  The first 3 questions are to be answered. So there are remaining 5 (= 8 — 3) questions to be answered out
of remaining 7 ( = 10 - 3) questions which may be selected in ’C, ways.
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Now, 'C, = 7.6 = 42 ways.
(i) Here we have the following possible cases :

(a) 4 questions from first 5 questions (say, group A), then remaining 4 questions from the balance of 5
guestions (say, group B).

(b) Again 5 questions from group A, and 3 questions from group B.
For (a), number of choice is °C, x°C, = 5x 5 =25

For (b) number of ways is °C, x°C, =1 x 10 = 10.

Hence, Required no. of ways = 25 + 10 = 35.

Example 84 : Given n pointsin space, no three of which are collinear and no four coplanar, for what value
of n will the number of straight lines be equal to the number of planes obtained by connecting these
pointse

Solution :

Since no three points, are collinear, the number of lines = number of ways in which 2 points can be selected
out of n points

n(n-1
_rc, N0

Again since three non-collinear points define a space and no four of the points are coplaner ; the number
of planes = number of ways in which 3 points can be selected out of n points.

lines

n(n-1)(n-2)

=nC =
3 6

n(n-1)
2

Now, we have = =%n(n—1(n—2)); or,6=2(n-2) Hence,n=5

SELF EXAMINATION QUESTIONS

1. Inanexamination paper, 10 questions are set. In how many different ways can you choose 6 questions
to answer. If however no. 1 is made compulsory in how many ways can you select to answer 6 questions
in all? [Ans. 210, 126]

2. Outof 16 men, in how many ways a group of 7 men may be selected so that :
()  particular 4 men will not come,
(i) particular 4 men will always come? [Ans. 792 ; 220]

3. Out of 9 Swarjists and 6 Ministerialists, how many different committees can be formed, each consisting
of 6 Swaraijists and Ministerialistse [Ans. 1680]

4. A person has got 15 acquaintances of whom 10 are relatives. In how many ways may be invite 9
guests so that 7 of them would be relatives? [Ans. 1200]

5. A question paperis divided in three groups A, B and C each of which contains 3 questions, each of 25
marks. One examinee is required to answer 4 questions taking at least one from each group. In how
many ways he can choose the questions to answer 100 marks [ [Ans. 81]

[hints : (°C,x°C,x°C,) + (°C,x°C,x°C) +(°C, x’C,x°C,) etc|]

FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS | 2.49 <



Algebra

6.

7.

10.

11.

12
13.

14.

15.

Out of 5 ladies and 3 gentlemen, a committee of 6 is to be selected. In how many ways can this be
done : (i) when there are 4 ladies, (i) when there is a majority of ladies? [Ans. 15, 18]

A cricket team of 11 players is to be selected from two groups consisting of 6 and 8 players respectively.
In how many ways can the selection be made on the supposition that the group of six shall contribute

no fewer than 4 players? [Ans. 344]
There are 5 questions in group A, 5in group B and 3in C. In how many ways can you select é questions
taking 3 from group A, 2 from group B, and 1 from group C. [Ans. 180]

A question paper is divided into three groups A, B, C which contain 4, 5 and 3 questions respectively.
An examinee is required to answer 6 questions taking at least 2 from A, 2 from B, 1 from group C. In
how many ways he can answer. [Ans. 480]
(i) npoint arein space, no three of which are collinear. If the number of straight lines and triangles
with the given points only as the vertices, obtained by joining them are equal, find the value of n.

[Ans. 5]
(i)  How many different triangles can be formed by joining the angular points of a decagon? Find
also the number of the diagonals of the decagon. [Ans. 120 ; 35]
In a meeting after every one had shaken hands with every one else, it was found that 66 handshakers
were exchanged. How many members were present at the meeting? [Ans. 12]
A man has 3 friends. In how many ways can be invite one or more of them to dinner? [Ans. 63]
In how many ways can a person choose one or more of the four electrical appliances ; T.V., Refrigerator,
Washing machine, Radiogram? [Ans. 15]

In how many way can 15 things be divided info three groups of 4, 5, 6 things respectively?

[Ans. “5%1 5161 ]

Out of 10 consonants and 5 vowels, how many different words can be formed each consisting 3
consonants and 2 vowels. [Ans. 144000]

[Hints : '°C,x°C, x5! & efc. here 5 letters can again be arranged among themselves in 5 | ways.]

AoODdN-~

oo

10.

11.
12
13.

V

OBJECTIVE QUESTIONS

If "P,=2.1P,, find n [Ans. 6]
If P, =12"P, find n [Ans. 6]
Findnif "C_, =21 [Ans. 7]
If '8C, = "8C ,, find the value of 'C,

[Ans. 56]
If "C,_ =1 thenshowthat0!=1
If "P.=210,". =35findr [Ans. 3]
If "p, =336, "C, =56, findnandr [Ans. 8, 3]
C,:"C,=44:3, findn [Ans. 6]
Prove that P x* C,, =%P,,
Simplify : “P, +* C, [Ans. 2]
lfx'yand "C ="C, find the value of (x +y) [Ans. 11]
If "P, =56 find n [Ans. 8]
If 'C,,="C, find 2C, [Ans. 231]
If 7P =2520 find r [Ans. 5]
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2.7 SIMULTANEOUS LINEAR EQUATIONS

Introduction :

A linear equation of two unknowns x and v, is of the form ax + by + ¢ =0, where a >0, b > 0.
Two such equations : ax+by+c, =0
ax+by+c,=0
form two simultaneous linear equations in x and y.
Methods of Solution
There are two methods, such as-
(1)  Method of elimination,
(2) Rule of cross-multiplication
Method of Elimination

Example 85 :

Solve 3x + 4y =11 ... (i) 5x=2y =1 ... {ii)

Solution :

Multiplying egn. () by 5 and egn. (ii) by 3, we find
15x + 20y = 55 ... {iii)

15x -6y =3 ..... (iv)

Now subtracting eqgn. (iv) from eqgn. {(iii), 26y = 52 or, y = 2.

Putting this value of yinegn. (i), 3x+4.2=11o0r,3x=11-8or, x=1
o x=1,y=2.

Rule of Cross-multiplication :

If two relations amongst three unknowns are given, the ratios of the three unknowns can be obtained by
the rule of cross-multiplication.

For example, let such two relations are given by the following equations :
ax+by+cz=0 ... (1)
ax+by+cz=0 ... (2)

The rule states
X 3 y 3 z

bwcz - Cle - ¢a, —aC, - Ole _blOZ

Example 86 : Solve 3x + 4y =11 .... (1) 5x-2y=1.... (2)
Solution :

The expression can be written as
3Xx+4y-11=0,0,=3,b,=4,¢c, =-11
S5x-2y-1=0,0,=5 b,=-2,¢c,=-1

_ALD)-(10).(-2) _-4-22_-26
5 -6-20 -26

g -
TR0

_-11(5)-3(-1)  -55+3 -52

- - =<2
3(-2)-45 —6-20 -26
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SOLVED EXAMPLES

Example 87 : Solve 4x+2y—-15=5y-3x+16... (1)
S5x-y-30=4(y-x)+11...(2)

Solution :

From (1), 4x + 2y —=15-5y +3x-16 =0

Or, 7x =3y =31 .oiiiiiiinn, (3)

From (2) (in the same way)

Multiplying (3) by 5 and (4) by 3, we find
35x—15y =155
27x—15y =123
Substracting. 8x =32 or, x =4
Now putting x = 4 in egn. (3)
7.4-3y=3lor,-3y=31-28=3o0or,y=-1.

X
Example 88 : Solve Z+%=22 e (1)

2+¥-23

5 4
Solution :
5x+4
From (1), —; Y -22 or, 5x + 4y = 440 ... (3)
4x +5
From (2), 20 Y - 23 or, 4x + 5y = 460 ... (4)

Multiplying (3) by 4 and (4) by 5 and then substracting we get — 9y = - 540 or, y = 60.
Putting this value of y in (3), we find x = 40.

2.7.1. QUADRATIC EQUATION

An equation in which the highest power of x (unknown) is two is called an equation of second degree or
quadratic.

Thus, x2-=5x+ 6 =0, x*-9x=0, x?=0 are all quadratic equations.

ax?+ bx + c =0, (a=0)is astandard form of quadratic equation. If b = 0 equation is pure quadratic. If
b # 0 the equation is adfected quadratic.

Methods of solution

There are two methods of solution as follows :
(a) by factorisation, and

(b) by completing the square.

In the case of (a), we are to break middle term and hence to form two factors.
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Example 89 : 2x?-7x+ 6 =0

LHS. 2x2—=3x—4x+ 6 =x (2x—=3) =2 (2x=3) = (2x=3) (x-2)

Now, (2x=3) (x—2) =0 s true if either2x -3 or, x-2=0

From 2x-3=0we get 2x=3 orx = 3/2, and fromx-2=0we get x =2
Hence the values (or roots) are 3/2, 2.

By the. Second method (b) for ax? + bx + ¢ =0, we have

—-b+vb%-4ac

X = B (the proof is not shown at present)

Example 90: Solve 2x?-7x+ 6=0 Herea=2,b=-7,c=6

X_—(—7)i (77 -42.6 7+49-48 7+1_8 6_,38
- 2.2 B 4 4 474 T2
E le 91: Sol —
xample 91 : Solve -7 11

Cross multiplying, 25x% - 675 = 9x2-99, or, 16x? =576 or,x?=36 0or,x= + 6

Example 92 : Solve x>-7x+12=0

Solution :

This can be expressed as x?-3x-4x +12=0or, x (x-3)-4 (x-3) =0
or, (x-3) (x-4) =0Hence, x=3, 4.

744948 741
2 2

Equation reducible to Quadratics :

Alternatively, x = .Hence,x=4,3. (Here,a=1,b=-7,c=12)

There are various types of equations, not quadratic in form, which can be reduced to quadratic forms by
suitable transformation, as shown below :

Example 93 : Solve x*- 10x?+ 9 =0.

Solution :
Taking, xX2=u, we get u?-10u+9=0

or,(U-9)(u-1)=0; either(u-9)=0or, (U-1)=0Hence,u=9,1.
Whenu=9,x2=9o0r,x=+3
Again,u=1,x2=1or,x=%1Hence, x=%3, £1.

Here the power of x is 4, so we get four values of x.
Example 94 : Solve : (1 +x)'*+ (1 -x)'/# =273
Solution :
We gef, (1 +x)+ (1-x)+3 (1 +x)"3(1-x)"2.[(1 +x)2+(1-x)"? =2 (cubing sides).
or,2+3(1-x3)11B32 =2 or, 3(1-x?)"*.2"=0
or, (1-x?)1#=0, as3.2'%%0
or, 1 -x?=0 (cubing again)
or,x2=1 . x=%1
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X

E le 95 Solve X=X 42
xample . olve X2—4 42

Solution :
Multiplying by the L.C.M. of the denominators, we find :

6-x=Xx(x=2)+2(x2=4)or,3x*-x-14=0
or, (3x=7) (x+2)=0
- either3x-7=0 or,x+2=0

LX=— —
3 or,—2

7
Now x = — 2 does not satisfy the equation, X =3 is the root of the equation.

Example 96: Solve 4<—3.2x*2+ 25 =0.

Solution :
Here, 2% -3.2¢.22+32=0

or, (26)2-122+32=0 or, u2-=12u + 32 =0 (taking u = 2/
or, u-4) (u-8)=0

.. either (u-4)=0 or, (u-28)
Whenu=4,2=4=22 - x=2
Againu=8,2x=8=2% . x=3.
Extraneous Solutions :

In solving equations, the values of x so obtained may not necessarily be the solution of the original equation.
Care should be taken to verify the roots in each case, and also square roots (unless stated otherwise) are to
be taken as positive.

Example 97: Solve x? + 7x ++x2 +7x+9 =3

Solution :
Adding 9 to both sides, we have x? + 7x + 9 +x2 +7x+9 =12

Now putting | = \/x? +7x +9, the equation reduces to
ul+u-12=0

or,u2+4u-3u-12=0 or,u(u+4)-3(u+4)=0
or,(U=-3) (u+4)=0 . u=3 -4

Since u is not negative, we reject the value - 4 for u.

0 ~u=4,38

When y=3,Jx?+7x+9=3 or, X2+ 7x+9=9
or,x(x+7)=0 or,x=0,-7.

Example 98 : Solve (x?+ 3x)%2+ 2 (x2+ 3x) =24
Solution :

Let x2 + 3x = u, so that equ. becomes u?+ 2u =24 or, U?+2u-24=0
or,u2+6u—-4u-24=0 or,u(u+té)-4(u+6)=0

> 2.54 | FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS



or, U+é)(u-4)=0 or,u

-6,u=4

Foru=-6,x2+3x=-6or, x2+3x+6=0

L 3V9-24 _-3+\-15

2 2

, rejected as values are not real

Foru=4,x2+3x=4 or, x>+3x-4=0

or(x+4)(x=1)=0o0r,x=-4,1.

6x?-11x-10=0.

(2X_ ])1/3 = (6)(_5)1/3

1 10
X+—=—.

X 3
4x+£=17

X

1 1

= — —_4 —

X+a+b x a b
£+§=4l
3 X 4
7x_30_x
6 x 3
3x+lzm.

3 3
o+ x 2= ¢
X2 403 =3,

X I-x 13
_+ —_—
1-x X 6

SELF EXAMINATION QUESTIONS

e 5.2
[Ans. X 3]
[Ans. 1]

1
[Ans. 3, 5]
1
[Ans. 4, Z]
[Ans. —a, - b]
3
[Ans. 12, Z]
[Ans. + 6]
[Ans. £ 1]

e, L4
[Ans. 4,9]
[Ans. 2, 3]

2.4

[Ans. 737731
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2.8 MATRICES AND DETERMINANTS

2.8.1. Matrix

A set of mn numbers arranged in the form of rectangular array of m rows and n columns is called an
(m X n) matrix (fo be read as ‘m’ by’'n’'matrix)

An m x n matrix is usually written as

G Qi O3 ... Qyy
A= Gy Qg Qg5 ... Oy
a,a.a

ml ~'m2 m3"'omn mxn

In compact form the above matrix is represented by A = [a]

i mxn

Where g, denote ith row & jth column element.

Example 99 : Find A, , matrix where a, = (i +j)?
Solution:
a, a, 1+1?  (1+2)? 4 9
Ay, =10, Oy =2+ 2+27|=|9 16
Qs O B+1* (3+2f 16 25
, i+ i<j
Example 100: Find A, , where a;= i i>]
Solution:
OH 012 013
A3><3= Oy Oy Oy
03] o32 O33
[1-1 1+2 1+3

=(2-1 2-2 243
3-1 3-2 3-3

I
N — O
— O W
O 0 M~
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SELF EXAMINATION QUESTIONS

7
(%K%
(1) Find A,,, where a, == Ans.[2 1 %

3%]

C 357
(2) Find A, , where a, =i+2] (Ans.[ }
* ! 4 6 8

TYPE OF MATRICES
1.  Row Matrix

A matrix having only one row and n columns is called row maftrix. i.e. [a,, ., d,...... a
Forexample [23 4 5], ,

2. Column Matrix

A matrix having only m rows and one column is called column matrix i.e.

)
A ODN —

4x1

3. Square Matrix
A matrix order m x n called square matrix where m = n, i.e., it has same numbers of rows and columns.

Say for example

a b c

[; ﬂ d e f
2x2 g h | s
4. Diagonal Matrix

A square matrix having main diagonal elements non zero and other elements are zero is called diagonal
mafrix.

a0
0 bl

5. Scalar Matrix

A diagonal matrix having each diagonal element equal is called scalar matrix.
Fori.e.

k O
0 ko

o O —
O N O
w O O

3x3

0
0
a

O O Q
O Q O

3x3
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6. Unit (or Identify) Matrix
A diagonal matrix having each diagonal element equal to one is called unit matrix. It denote by | .
Thus,
_— 1 00
l,= 01 =0 1
0 0 1
7. Null (or Zero) Matrix

A matrix of order m x n having all elements zero is called Null matrix and it's denoted by 0.
i.e.

0
000 0 00
0002x3,0 ,002x2
3x1

8. Upper Triangular Matrix

o

A square is said fo be an upper triangular matrix if all elements below the main diagonal are zero.

As,
I I
0 400 008 9
00 6

» {0 0010,

9. Lower Triangular Matrix

A square maitrix is said to be an lower triangular matrix if all elements above the main diagonal are zero.

i.e.
STRENEE
2 4 0 ?hO
3 5 6 crhnt

3x3 dg|J4x4

OPERATIONS ON MATRICES
Equality of Matrices

Two matrices are said to be equal if they are of same order and their corresponding elements are equal.

ab| |12
Say for Example of c d 3 4
thena=1,b=2,¢c=3,d=4

Scalar multiplication of a matrix

If a scalar quantity (say k) multiply by a matrix A of order m x n, then k is multiply by each element of matrix
A.

i.e. kA = |<c1ij where A = e
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Example

_|a b
If A example of c d

ka kb}

then kA = [kc kd

Addition or subtraction of two matrices

The sum or difference of two matrices is defined only for the matrices of the same order. To add/subtract
two maltrices we add/subtract their corresponding elements.

Example 101 :

234+]32
567 -168

[3 6 6
141215

Example 102 :

-]

Properties of matrix addition

¢ A+B =B+A (Commutative law)
¢ (A+B)+C =A+(B+C) (Associative law)

¢ Kk(A+B) = KA + KB (K'is a Scalar)

¢ A+(-A) = (-A)+ A =0

¢ A+O = O+A=A (O is null matrix)

SELF EXAMINATION QUESTIONS

(1) Evaluate

el # 1 2)
4 7 4 9 12 25

(2) Evaluate

K P P T G 4
27 3 4] 1815 00
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Multiplication of two matrices

The Product AB of two matrices A and B is defined only if the number of columns in A is equal to the number
of rows in B. If A'is of order m x n and B is of order n x s. Then order of ABism x s

To multiply A with B, elements of the ith row of A are to be multiplied by corresponding elements of jth
column of B and then their sum is taken

OH 012 013 bH b12 bl3
e.lfA  =|a, a, a,|&B=|b, b, b,
031 O32 O33 b31 b32 b33

OHbH+012b21 +Ol3b3l OllbIZ +012b22 +Ol3b32 OllblS +012b23 +Ol3b33
Then AB = OZWbW 1 + OZZbZI + O23b3l oZlle + 022b22 + 023b32 021b13 + 022b23 + 023b33
OSWbW 1 + O32bZl + O33b31 o3lb12 + 032b22 + 033b32 031b13 + 032b23 + O33b33

4
Example 103 : Evaluate ABwhere A=[132] . B=|1
7 3x1
Solution: AB =[1X4+3X1+2X7],
=[21]
23
135
Example 104 : Evaluate ABwhere A =4 5 B =
6 7 2 46],,
3x2

2x1+3x2  2x3+3x4 2x5+3x6
Solution: AB= | 4x1+5x2 4x3+5x4 4x5+5x6
6x1+7x2  6x3+7x4  6x5+7x6

8§ 18 28
14 32 50
20 46 72

32
Example 105 : Evaluate Al where A = [4 7}

3 2 10 N 3x1+2x0  3x0+ 2x1
4 7110 1 4x1+7x0  4x0+ 7x]

7]
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Properties of Matrix Multiplication

(i)  A(BC) = (AB) C (Associative law) (Where A_ B & C_))
(i)  A(B+C) =AB+AC (Distributive law)
(i) Al=1A  =A

(where A is square matrix and | is unit matrix of same order)
(iv) AxO =0OxA=0

(where A is matrix of order m x n & O is matrix of order n x m)
(v) In General AB = BA (Not Commutative)

(Note AB = BA only where B is equal fo Adjoint of A)
(vi) IF AB =0, doesn’'t imply that

A=0orB=0orboth=0

SELF EXAMINATION QUESTIONS

(1) Evaluate AB

shore a=[? Taa 24 #= o o)

(2) Showthat Al=1A=A

where A= 29
16 -5
(3) Evaluate AB & BA.Is AB =BA?

where A= 35 B= 27 (Ans.No.)
4 2 8 9

TRANSPOSE OF A MATRIX

Transpose of matrix A denoted by A’ or A'. Transpose of A can be obtained by inter changing rows and
columns of a matrix A.

If A= (9] e then A" = [a] .

Thus, If A = 324
789,

Then A’ =

AN WO
O 00 N

3x2

Properties of Transpose of a matrix

(i) (A=A

(i) (A+B) =A"+PB

(i) (kA)" = kA’ (Where kis a Scalar)
(iv) (AB)'=B'A’
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SYMMETRIC MATRIX

Any matrix A is called to be symmetric matrix if A’ = A

abc
35

Example A = , A=|b d e
4 7

c e f

SKEW SYMMETRIC MATRIX

Any matrix A is called to be skew symmetric if A’ =-A

0 4 0 b c

Example A = , A=|-b 0 c
-4 0

-c -e 0

25
Example 106 : Find A + A’ where A= 7 8

& Prove A + A’ is symmetric

Solution: A+A'=[2 5}+[2 7}

7 8/ |58
[4 12
112 16

letp=| 4 12 (LB=A+A)
TP T2 16 S

5 - 4 12 e
112 16

So, B =A+A’, is symmetric matrix

325
Example 107 : Find A— A’ where A=(4 7 6
8 2 9
& Prove A — A’ is skew symmetric.
325 3 4 8
Solution: A-A'=4 7 6 -2 7 2
8 2 9 5 6 9
0 -2 -3
=12 0 4 |=B(say)
3 -4 0
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0 2 3
B =2 0 -4
3 4 0

0 -2 3
=—2 0 4 B
3 -4 0

So B =A-A'"is skew symmetric matrix.
SELF EXAMINATION QUESTIONS

5 7 2
(1) Find A+A’where A=|-9 8 11
5 6 -3

& Prove (A + A’) is symmetric.
17 9
(2) FIndA-A'where A=|-8 6 5
6 2 13

& Prove (A = A’) is symmetric.

Exc:mple108:lf=3x+y 0 = 70
0 X—Y 0 1

Then find x &y
Solution :
If two matrices are equal, then their corresponding elements are equal

x+y=7 (i)
X—y =1 (ii)
Adding (i) & (i)
4x =8
X=2
Put xin (i)
3(2)+y=7
y=7-6=1

(x=2&y=1)

27
Example 109 :If 3x +y = [8 9}

3 3
&2x—y =112 1

Then find x &y
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Solution:

27
3x+y=[8 9} i

3 3
Qx‘yz[m ]J (i)

Adding (i) & (i)

5 10

9X= 100 20

1[5 10
X=7

5020 20

(12
4 4

Put xin (i)

3 12 by = 27
4 4 8 9
|127] |3 ¢

Y=g 9] 12 12

yo -1 1]

-4 -3

Example 110: Find A%+ 3A - 2|

13

Where A =
15 7

Solution: A%+ 3A - 2|

=1313+313_210
15 71157 57 0 1
16 24 3 9 10

= + -2
|40 64 15 21 0 1

17 33
|55 83

SELF EXAMINATION QUESTIONS
(1) Finda,b,c&d

20+b c-d : 12 2
Where |35 b 2c+3d| " [13 9

(Ans. a=5 b=2 c=3 d=1)
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(2) FndX&Y

3 7
Where 3X + 2Y =
-1 2
XY 1 -6
8 9
Ansx= - hyo 0090
3 4 -5 -5
(3) Find ‘X’
Where AX =B

312
113 52

]
L)

2.8.2. DETERMINANTS

The determinant of a square maitrix is a number that associated with the square maitrix. This number may be
postive, negative or zero.

The determinant of the matrix A is denoted by det Aor |A| or A

For 1 x 1 matrix A = [3]

[Al=3
For matrix A = [-3]
[Al=-3

. ab
For 2 x 2 matrix A =[ }
c d

a b
For3x3matrix A=|d e
g h
a b c
al=[ et
g h i
e f df d e
+cC
h i i g h
=a (ei—hf) b (di-gf) + c(dh-ge)
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Singular and Non Singular Matrix

If detA = 0 for square matrix, then it's a singular matrix.

If detA = 0 for square matrix, then it's a non singular mafrix.
Sub Matrix

If a finite number of rows or columns are deleted in a matrix then the resulting maitrix is known as a sub
maftrix

oo U1 W
N o8 N
— N N

Example 111: A=

After the deletion of first row and first column of matrix A following sub matrix B obtain, where

=[5 1

3 5
Example 112: If A= 7 6 Cfind [A]
|[A] =3x6-7x5
=18-35=-17
1 2 3
Example 113:If A= 4.5 6 Cfind [A]
7 8 9

Solution: | A |

=][5 6} 5 [4 6} +3[4 5}

8 9 79 7 8

= 1(45 - 48) -2(36 — 42) + 3(32 - 35)
= 1(=3) 2(~6) + 3 (-3)

=-3+12-9

=0

Example 114 : Find the determinant of the given 3x3 matrix

2 3 2
-6 3 3
-2 3 2
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Solution:

232 3 3 -6 3 -6 3

=2[-6-(-9)]1+3[12-(-6)]-2[18- (- 6]]
=2 (3)+3(18) -2 (24)

= [12]
Example 115 : Find the determinant of the given 3x3 matrix
-4 5 2
-3 4 2
-1 2 5
Solution:
452 4 2 3 2 3 4
det —3] ;1 i = -4 det 5 5 — 4 det 1 -5 + 2 det 1 o

=—4[20-4]-5[-15-(-2)1 +2 [ -6 —(-4)]
~4(16)=5(-13) +2 (- 2)

Example 116 : Find the determinant of the given 3x3 matrix

1 -3 -6
-1 5 5
-1 6 5

Solution:

5 5 15 15
det -1 5 5=1det , . -3(3)def | o +(6det , .

1125-30] +3[-5 (= 5)] -6 [~ 6 (- 5)]

1(=5)+3(0)=6(-1)
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Example 117 : Find the determinant of the given 3x3 matrix

6 2 -4
5 6 -2
5 2 -3
Solution:
6 2 4 6 2 5 2
det 2 2 —i = 6 det 5 9 -2 det 5 3 + (-4) det 5 o

=6[-18=(-4)]-2[-15(-10)] -4 [10 - 30]
= 6 (~14) -2 (-5) - 4 (- 20)

=-84+10+80
Example 118 : Find the determinant of the given 3x3 matrix
53 -4
2 0 -2
2 5 -1
Solution:
> 3 4 0 -2 2 2 2 0
det 2 0 -2 =5det 5 _; -3det 5 _; +(4)det , &

2 5 -

=5[0-(-10)]-3[-2~-(-4)]-4[10-0]
=5(10)-3(2) - 4(10)

=50-6-40
=4
SELF EXAMINATION QUESTIONS
8 7
Ans. 37
(1) Evaluate [_3 2} ( )
4 -2 1
(2) Evaluate 73 3 (Ans.8)
2 0 1
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Study Note - 3

CALCULUS _ﬁ—

This Study Note includes

3.1 Function
3.2 Limit
3.3 Continuity
3.4 Derivative
— Second order derivative
— Partial derivative
— Maximum & Minimum
- Concavity & Convecity

3.5 Integration
e Binomial Theorem for Positive Integrals

3.1 FUNCTION

FUNCTION :

If x and y be two real variables related to some rule, such that corresponding to every value of x within a
defined domain we get a defined value of y, then y is said to be a function of x defined in its domain.

Here the variable x to which we may arbitrarily assign different values in the given domain is known as
indeperdent variable (or argument) and vy is called the dependent variable (or function).

Notations : Generally we shall represent functions of x by the symbols f(x), F(x), f(x), y(x) etc.

Example 1 : A man walks at an uniform rate of 5 km per hour. If s indicates the distances and t be the time
in hours (from start), then we may write, s = 5t.

Here s and t are both variables,s is dependent if t is independent. Now s is a function of t and the domain
(value) of tis 0 <t < oo,

X2

Example 2: y =f(x) = =
Forx =0,y =xand forx =0, yis not known (undefined). Here the domain is the set of real numbers except
zero. (refer worked out problem 2 of limit & continuity)

Constant Function : y = f(x) = 7 for all real values of x. Here y has just one value 7 for all values of x.

Single-value, Multi-valued Function : From the definition of function we know that fory = f (x), there exists
a single value of y for every value of x. This type of function is sometimes known as single-valued function.

Example3: y =f(x)=2x+3
For x =1,y=21+3=2+3=05.
=2,y=22+3=4+3=7
If again we get more than one value of y for a value of x, then y said to be a multiple-valued (or multi-
valued) function of x.
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Example 4 : y2 = x. Here for every x > 0, we find two values of y asy = +./x.

Explicit and Implicit Function : A function is said to be explicit when it is expressed directly in terms of the
independent variable ; otherwise it is implicit.

Example 5: y=x?-x+ 1is an explicit function :
2x% + 3xy + y2 = 0 an implicit function.

Parametic Representation of a Function : If the dependent variable x be expressed in terms of a third
variable, say t,i.e.,y =f (t), x = F (1), then these two relations together give the parametic representation of
the function betweeny & x.

Example 6 :y =12+ 1, x = 21,

Odd and Even Functions : A function f (x) is an odd function of x if f(- x) = - f(x) and is an even function of x
if f (—x) ==1(x).

Example 7 : f(x) = x. Now f (-x) =—=f (x), so f (x) = xis an odd function of x.

f(x) =x% f(=x) = (-x)2=x2=1f(x), so f (x) =x?is an even function of x.

Inverse Function : It forms a function y = f(x), we can obtain another function x = F(y), then each functions
known as the inverse of the other.

1
Example 8 :y =4x-3 and X = Z(y + 3) are inverse to each other.

Functions of one independent variable :
Polynomial Function : A function of the form
— 2 n-1 n
Fix) =a,+ax+ax’+..+a  x""'+ax",

Where n is a positive integer and a,, @, .... g, are constants is known as a polynomial function in x.

For n =0,f(x) =a, aconstant function
=1,f(x) =aq,+ax alinearfunctionin x
=2,f(x) =aq,+ax+ax’ aquadratic function in x.
=3,f(x) =a,+ax+ax’+ax® acubic functionin x.

Rational function : A function that is expressed as the ratio of two polynomials

ie. f(x)

Oy FOX+C,XE o+ O X
b, +bx+b,x* +......+b x"

o P(x)
i.e., in the form of _Q(x)

is called a rational function of x, such function exists for denominator # 0.

X+ 2

mexis’rs for all values of x, if x2—4x + 3# 0. Now forx?—4x +3 =0 or

Example 9 : f(X) =

(x=1) (x=3)=0o0r, x=1, 3 Denominator becomes zero and hence the given function does not exist.

Irrational function : On the contrary if a function f(x) can not be represented in this form, it is called an
irrational function.

Example 10 : Functions of the form /x (where x is not a square number)

> 3.2 | FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS



Algebraic function : A function in the form of a polynomial with finite number of terms is known as algebraic
function.

Example 11: x? + 2x - 3,4/x? +1 efc.

Domain and Range of a Function :

The set of values of independent variables x is called the ‘Domain’ of the function and the set of
corresponding values of f(x) i.e. the dependent variable y is called the ‘Range’ of the function.

Example 12 : For the squared function of y = x?, we get the ordered pairs (1, 1) (2, 4) (3, 9). ...., The set of
independent variables {... -2, -1, 0, 1, 2, 3, ...} is the domain, where as set of dependent variable {0, 1, 4,
9, ....}represents the range.

Example 13 : For the following functions find the domain and range.

. X2_4 . _S_X f(x =L
i f(x)= v  X#2 (ii) f(x)—m, x#3 (i) (x) () (x+1)
Solution:
() f(0)==21()===3,1(3)= > =5,1(4)=61(-1) =1
. domain ={-1,0,1,3,4,....}, range ={1,2,3,5 6, ....}
=R -{2}, =R - {4}, R =real number,
i) f(0)===-1f()=-11(2) = -1 F(-) =1
domain ={-1,0,1,2,4, ...}, range ={-1,-1,-1, ...} = {1}
=R - {3}, where R is a real number
(i) The value of f(x) exists forx # 1, x #—1.
domain =R -{-1, 1}, i.e, all real numbers excluding 1 & (-1)
range = R.
4x -5
Example 14 : Find the domain of definition of the function m

Denominator = /x2 —7x+12 = +/(x—3) (x—4). Given function cannot be defined for 3 < x < 4. So domain is

for allreal values of x except 3 and 4.
Absolute Value : A real number “a” may be eithera =0, ora >0 or, a < 0. The absolute value (for modulus)
of a, denoted by | a | isdefinedas | a | =a, fora>0

=-aq,fora<0
Thus | —4| =-(-4)=4,and | 4 | = 4.
ComplexNo:
A number of the form (a+ib) or (a-ib); where a & b are real numbers is called a complex number (where
i=v-1)
The complex number has two parts; a real part & an imaginary part. ‘a’ is the real part & ‘ib’ is the
imaginary part.
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Example 15:

If y =x%+ 4 is a function under consideration then solving for y = 0, we get

0=x2+4
or, xX2=-4
or, X=iﬂ—4

or, x=+2J-1=+2i

The number £ 2i is a complex number whose real part is O & imaginary part is £2
Example 16 : Given f(x) = 2x2-3x + 1 ; find f(2), f(0), f (- 3)
f(2)=222-32+1=24-6+1=8-6+1=3
f(0)=2.02-3.0+1=20-0+1=0-0+1=1
f(-3)=2(-3)2-3.(-3)+1=29+9+1=18+9+1=28.

Example 17: If y = 4x -1, find the value of y for x = 2. Can y be regarded as a function of x2 Also find the
domain.

Forx=2,y=42-1=8-1=7.Againforx=0,y=-1andforx=-1,y=-15. So for every value of xin —e <
X < oo, we find different values of y, So y is a function of x and its domain is -

— 00 < X <+ o0,

Example 18: Iff (x) =x+ | x |, find f (3) and f (- 3) and show also they are not equal.
f(3)=3+13|=3+3=6;f(-3)=-3+]|-3|=-3+3=0.

As 6=0,s0f(3) #f (-3).

Note : If f(x) = f(- x) [i.e., f (3) =f (- 3)] then f(x) will be an even function of x.

Example 19: Show that /x2 _5x 4 4 is not defined for 1 <x < 4

5 =X (x-4).

Now for any value x > 1, but < 4 the expression becomes imaginary. So the expression is undefined for
1 <x<4,

X
x? =9

Example 20: Find the domain of f(x) =

Here f(x) has a unique value except forx =3, - 3.

3

3 3 -3
For f(3)= 59-0 (undefined) and f(-3)=——= o (undefined)

9-9
. domain of the function f(x) is— 0 <x <-=3;-3<x<3and 3 <x<oo,

Example 21: Given the function

f(x)=5% -1 -1<x<0
x> =2
= ., 0<x<1
X=2 X
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= , 1€x<3

Find f (= 1), f(0), f (1/2), f (2).

f(-1) =572 -1 (since—1liesin—1<x<0)
=52-1=25-1=24.

]
Points 0, = lie in the second interval ; so,

2
0-2_ . ] _%‘2_7
f(0)=—0_2=], 5 —]—2—2-
5"
2.2 4

4
Now 2 lies in the third interval f(2) = 57 =113

Example 22: [f f(x) = e™*®, Prove that eb f(x + y) =f (x). f(y)

eb f(X + y) — eb. ea(x+y)+b — eb+ax+ay+b

= gox+b gay+b = f(x) f(y) Hence proved.

Example 23: If f(x) =x-a, g(x) = x + a then show that

{f(x)}2—{a(x)}*=-2a {f(x) + a(x)}
LHS. = (x=a)? = (x + a)? =x* + o? = 20x — (x> + a” + 20x) = — 4ax

RHS.=-2a {x—-a+x+a}=-2a.2x = - 4ax.

10.

SELF EXAMINATION

If f(x) = (x=1) (x=2 (x=3) find the values of

(i) (1) (i) f(2) (i) f(3) (vi) f(0). [Ans. 0, 0, 0, — 6]
If f(x) = | x | +x, find whether f (3) and f(- 3) are equal? [Ans. No]
Given f(x) =x, and F(x) = é is F(x) = f(x) always?2 [Ans. equal, except x =0]

(i) Iff(x) =x2+ 2x* verify f(x) = f (- x).
(i) I f(x) =x+ 2x3 verify f(x) == f (- X)
If y = 5 for every value of x, can y be regarded as a function of x2 [Ans. Yes]
f(x) =x+ | x |, are f(4) and f(- 4) equal? [Ans. No]

X—-a x—-b
+a
b-a a-b

If f(x) = x2=x, then prove that f(h+1) = f(- h)

if f(x)=b , then f(a) + f(b) = f(a + b).

x—-b X—-a

= b
I o) oo—b+ b-a

¢ (a) +¢ (b) =¢ (a+Db).

(a#b) obtain ¢ (a), ¢ (b) and ¢ (a + b) and then verify

ax +b
= f = =
If y="f(x) o _g Prove that ¢(y) = x.
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x? —6x+8
11. Show that 2

—————— is undefined for x = 2 and also find f(4). [Ans. undefined]
—-8x+12

12. For what values of x are the following functions not defined?

1 =
() =7 () ¥, (i) =1, () x=1)(x=2), (v) f(_]]

[Ans. (i) 4, (i) any negative integer, (i) x <1, (iv) 1 <x<2, (v) x=1]

13. Let f(x) =2 -1<x<0
=4 0<x<1
=2x-1, 1.£x<3
Calculate f(- 1), f(0), f(1), f(3). [Ans. 2, 4,1, 5]

14. A 3-wheeler charges Re. 1 for 1 km or less from start, and at a rate of 50 p. per km or any fraction
thereof, for additional distance. Express analytically the fare F (in %) as a function of the distance d (in

1
km). [Ans.F=1,0<d<1,F:1+§(d—1),d>l]

15. If g(x) = 2%, then show that g(a), g(b) = g(a + b).

16. If f(x) = eP*9, (p, g are constants) then show that f(a) f(b) f(c) = f(a + b + c) e?.

ax+b 1
f(x)= , = =1
17. 1f f(x) w1 g Prove that f(x). f < 1
2X +1 )
18. If f(x)= T and f (x) = 2f (2x) then find (2, 5). [Ans.22/51]
2(2x)+1
[Hints : f(x)=2. ( )2 = 8X2+2 & efc)
2.(2x)" +1  8x"+1
3.2 LIMIT

LIMIT :
Introduction :

Calculus is based, in general, on the idea of a limit. At present this idea including its related concepfs,
continuity to mention, will be discussed.

Some definitions:

()  Meaning of “x tends to a”. When the difference |x-a| (i.e., numerical difference) can be made less
than any positive quantity, however small, we say x fends to a and is written as x—a.

(i)  Meaning of “x tends to zero”. When the value of x goes on decreasing numerically and can be made
numerically less than any positive quantity, however small, we say x tends to zero and is written as
x—0.

(i) Meaning of “x tends to infinity”. When the value of x goes increasing and can be made greater than
any positive quantity, however, large, we say x tends to infinity written as x—ex.

Neighbourhood or Proximity of a point

Let c be any real number, then any open interval around c is called the neighbourhood of ¢, e.g.,
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]c—e c+e[,e>0

Is the neighbourhood of c.

Any neighbourhood from which the point c is excluded is called deleted neighbourhood of c.
Geometrically it means set of those points which are within an e distance from ¢ on either side except for
the point c.

(iv) Limit of a function f (x). A number |is said to be the limit of f(x) as x—a written as |1 f(x)=1if

a. The function is defined and single valued in the deleted neighbourhood of a.

b. For every positive number €, however small, there exists a positive number 6 (usually depending
on e), such

[f(x)-1]<e

Whenever O<|x-al<d

From the above definition it is interesting to note that |t f(x) may exist, even if the function f(x) is

X—a

not defined at x = a. Sometimes both the things may happen, i.e.,

(i) The function is defined at x=a, and

(i) Lt f(x) also exists.

X—a

Right hand and left hand limits
LEFT | RIGHT

l

X=aqa

The variable point x can approach a either from the left or from the right. These respective approaches are
indicated by writing

X—0a—

and X—a+

i Lt ) = (ieft hand limit)

X—a-

and Lt ™) = right hand limit)

X—a+

we say X|;I_ fX) =1 if and only if

L =1=1
Methods of finding limit of a function f(x) as x tends to a finite quantity say ‘a’
There are three methods for finding limit of a function f(x) as x fends to a finite quantity say ‘a’ :

()  Method of factors
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(i)  Method of substitution

(i) Method of rationalization.

g(x)
In method |, if f(x) is of the form m factorise g(x) and h(x), cancel the common factors and then put the

value of x.

3_
Example 24: Find the value of XLLi _}.
Solution:
=1 (x=N)(x*+x+])
Now. 323 (x=T)(x+])
X+ x+1
X+1
3 2
Lt x2 ]= Lt X +x+1
x-1 X< =1 x> X+ 1]
_I+141°3
o1l 20
Method lI

The following steps are involve:

()  Putx=a+ hwhere hisvery small but =0, i.,e. x— a, h—0.

(i) Simplify numerator and denominator and cancel common powers of h.
(i) Puth=0.

The result is the required limit.

Example 25: Evaluate XLJO Xx_g .

Solution:

Put x = a + h where his very small, then

n n

x"-a" (a+h)"-a"
Xx-a h
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., N h
=a" —+n(n-1)—5+-
a a

n

it X =9 _ 1t o Q+n(n—1)i2+-~-
x=a X —-Qq h—0 a a

n

Method lll. (Rationalisation)

This method is useful where radical sings are involved eitherin the numerator or denominator. The numerator
or denominator (as required) is rationalized and limit taken. The following example will make the method
clear.

VI+ X =+/1=x
X

Example 26: Evaluate XL;r0

Solution:

Rationalising the numerator, we get

I+ x =~1-x _\/]+X—\/]+Xx\/]+x+\/]—x

X X I+ x +4/1-x
B 2x
X VI+X ++/1=-X
B 2
NI+ X ++1-X
Lt VI+ X —+1-x Lt 2 1
x—0 X x—0 I'|+X_ ”—X

Infinite Limits
- - _9x) - . .
For finding the limit of f(x)= m as a—e<, we divided the numerator and denominator by highest power of

[
x occurring in f(x) (hnumerator or denominator whichever power is high) and then use X2 etc.— 0 as
X —vox,

Example 27: Evaluate

(x+1)(2x + 3)
x=e (X +2) (3x + 4)
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Solution:

(x+1)(2x+3)  2x* +5x+3
(x+2)(3x+4) 3x*+10x+8

~ . 10 8 [Dividing by x?]

(x+1)(2x+3) 2
o= (x+2)(3x+4) 3

(x+1)(2x+3)
O o x+2)(Bx+4)
]+i 2+§

oy T P 2

T p2 ga4 1303
X X

SOLVED EXAMPLES

X -4

Example 28 : leg'l2 =4,

X —
For if x =2 + h, whether h be positive or negative,
x? -4 (x=2)(x+2) h(4+h)

= = =4+h
X—2 (x-2) h *

x* -4

and by taking h numerically small, the difference of and 4 can be made as small as we like. It may

be noted here that however small h may be, as h # 0, one can cancel the factor

2

(x = 2) i.e., h between numerator and denominator here. Hence lem X = 4. But for x = 2, the function

2

—4 is undefined as we cannotf cancel the factor x — 2, which is equal to zero.

2 f—
Now writing f(x) = ); 24 Ixiirzlf(x) =4 whereas f(2) does not exist.

Example 29 : For f (x) = | x |, find, M f(x).
Solution:
x, forx=>0
f(x) = | x | means _x. for x <0
Now  limtx= i 1] fim x =0
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And lim f(x)= lim | x| = lim(-x) = 0.
|XILY(1Jf(X) =0.
Example 30 : Find analytically ELQ\/X -3, if it exists.
Jim ¥x=3 =0, put lim vx=3 does not exist. As when x — 3 - 0 is definitely less than 3, whereas x - 3 is

negative and square root of negative is never real but an imaginary.

.. the limit does not exist.

Alternatively : Putx=3+h,asx— 3, h -0
|irr31\/x—3 = Lirrg\/3+h—3 = Llrrg\/ﬁ
hlgax/ﬁ =0, but= hlm_\/ﬁ does not exist (as the h near to but less than zero corresponds no real value of || ).

Ixigg\/x -3 does not exist.

Note: Atx=3,f(x) = /x—3=/3-3=0 -~ f(3) exists.
Example 31 : Do the following limits existse If so find the values

Solution:

(x-)

X =1

0 Imsts G Imy i (o)

. . 1 . 1 -]
(i) lim =1im =lim —
xo2X4+2 ho0-24N+2 h0h

] ] e .
Now lerELH =+ve; quLrp_E = -ve. As the two values are not same, so the limit does not exist.

. . . . .
(i) lim —=+eo, lim — = —oo.The limit doesn't exist as the two values are unequal.
x—=0+ X h—0- X

(x=1) (x =

i) Br. M (OC =0+ = im {6 =)+ (-1} = s x-1) =0

x—1

= Iim (X2 +X—2) =(1+1-2)=0. On putting the limiting value of x, the value of the function exists and ifs
value is 0.

Distinction between L'LT; f(X) and f(a). By L'LT; f(X) we mean the value of f(x) when x has any arbitary value
near a but not a. The quantity f (a) is the value of f(x), when x is exactly equal to a.

Note : The following cases may arise :
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(i) f(a) does not exist, but L'EQ} f(x) exists.
(i)  f(a) exists, but L'EQ, f(x) does not exist.

(i) f(a) and L'LT]} f(x) both exist, but unequal.

Letf(x) =0, forx'0
=1, forx=0

lim f(x)=0= Jim f(x) and f(0) = 1, unequal values.

x—0+

(iv) f(a)and IMflx) both exist and equal.
(v) neither f(a) or, IMf(x) exists.
Fundamental Theorem on Limits :

If IMf(x) = and lIMé(x)=m. where | and m are finite quantities then

1. lim f(x)£0(x) =1+m

X—a

4. 1 imo(x)=b ang limf(u) = fo) then

im £ {o(<)}=f{im o(x)} = flo)

x—b

x? +3x -1

: , lim
Example 32: Evaluate M2

Solution:

As the limit of the denominator # 0, we get

x—1

lim (x2 +3x - 1) limx? +1lim3x —lim1
x—1 x—1 x—1

Expression = i, (2x +4) " lim2x+lima  (bytherom 1)
x—1 x—1 x—1
_I1+30-1_3 1
21+4 6 2
We have not applied the definition to save labour. If we substitute x = 1, we get the value of the function

1
=5 (equal to the limit the value as x —1). Practically this may not happen always, as shown below.
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x—1 X _4x+ 3

i = lim (x=1(x-2) SimX=2.1=2_1
If we put x = 1, the function becomes — which is undefined. Further limit of the denominator is zero, we

0

cannot apply theorem 2, hence cancelling the common factor (x— 1) whichis #0 as x —1, we may obtain
the above result.

Problem when variable tends of infinity :

Example 34 : Find the limit of lim (2% - 5x+2)

Solution:

Now 2x? — 5x + 2 = x?

. . 5 2 . . 5 2
I|m(2x2—5x+2)=llmx2 2-=+= =limx*xlim 2-=+=
X—> o0 X—>o0 X X X—> 00 X—>o0 X X

5 .2
Now I|mx =o0; IM2=2;lm==0;Iim—=0
X —>o0 X—y00 X X—>o0 X

© lim(2x7 = 5x + 2) = cox2 = oo,

X—>o0

4x° 4+ 2x° —

I|m—
Example 35 : Find S w10

Solution:

Here the highest power of x in the denominator is 8. We now divide both the numberator and the

denominator by x® to avoid the undefined form Z sowe get

42
XX
1
7+ +

(on

. B . 40 +20° — 58
lim =lim . 5
0 74+U*+2U (pu’r;=u, SOAsX — e, U—0)

X —>o0

oo"\)xm

X X

lim (4u3 +20° - 5u8)
— u—0

lim (7 +U* +20°) (as denominator # 0)
u—0

H 3 H 5 H 8
4|U|Lr(1)u +2|U|Lr(1)u _SL'LYSU _0+0-0_0

7+|irr3u“+2|irr3u8 74040 7
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Example 36 Find lim —— 2
xample 36 : Find lim 5l
Solution:
5
—IimXT_Q—Iim Su” -2 1
Expression = x5~ 3 . T U-0 3U+5 i U, asX—,U—0

u—0

H 2
Slimu —2_0_2__2

- 3|irr3u+5 T 0+5 5

Problems regarding rationalisation :

h

Example 37 : Find the value of : Ihlrrg

|‘ \/m_\/;_‘ (M—&)(M+\&)_ X+h-x
im————=1|im =lim

h-0 h n=0 h(MM/;) “*%(MM&)

S N— 1

1 1
PO h(Vrhax) OVxEh e 1200 T EET IR T O

Problem regarding both sides limits :

Example 38 : A function is defined as

flx) =x2, for x> 1
=4.1, for x=1
= 2X, for x<T.

Does IM f(x) existe
Solution:

Let us find IM f(x) ang lim f{x).

Now lim f(x)=lim x* =1 =1, asf(x) =x2 forx>1

X—1+

Again lIm f(x)=lim 2x=2.1=2, qgsf(x) =2x forx <1

X—1-

Since the two limiting values are not equal, so |le f(X) doesn’t exist.
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+ x| [x—2]|

|‘ . .
400 3xt [ X| (i) i

Example 39 : Evaluate (i)

X—2 X_2
Solution:
. 4x+x . 5x 5
lim =lim—=—, =
(i) A e I T 4 asx#=0and also forx>0, | x | =x
. 4x-x . 3x 3
lim =lim —=—=asx#0,andforx<0, | x | =-x

x=0- 33X —X T x50- 2X 2

.. the given limit doesn't exist, as the above two limiting values are unequal.

iy ==

for | x—2 | >0ie., forx>2, | x=2 | =x-2

kol 2
lim = =
x=2- X =12 X—2- (X_Q)

for | x—=2 | <0ie. forx<2, | x=2 | ==(x-2)

As the two limiting values are unequal, so the given expression does not exist.

Some Useful Limits :

. /% . 1

(A)  lim(1+x)" =e (B)  lim—log, (1+x)=1
. e’ -1 . a* —

(C) l'i‘@ < =1 (D) l'DE} v log, a
X" —a" 1+ x)" =1

(E) Im X =an" -1 (F) lim % =n.
x=»a X—0q x—0 X

3>(_'|

Example 40 : IXILr(\) =3.Put3x=u,asx—-0u—0.

e¥* 1 e’ -1 e’ -1

lim =lim—— = 3xlim .=3x1(by C)=3.
x—0 X v-0y/3 U0 U ( Y )

log(1+ 6éx
Example 41 : IimL)z .

x—0 X
Solution:
Putéx=u,asx—>u,u—0
‘ . log(1+v) ._log(1+v)

Expression = LILT(IJ /e <S><|U|Lr(1)T =6x 1 (byB) = 6.
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.ot =b*
Example 42 : lim
x—0
Solution:
. L oadf=1=-b*+1 . a*=-1 . b*-1
Expression = lim ——  =1im —lim
x—0 X x—0 X x—0 X

a
=log a-log b [by (D) above] = log —.

b
ax _ A bx
Example 43 : lim
x—0 X
Solution:
. (e 1) (e™ =) em g e
Expression =lim =lim —lim
x—0 X x—0 X x—0 X
¢ =1 e’ -1

SELF EXAMINATION QUESTION
Show that :
2

. X" =
1. i lim
() x->1 X —1]

1 o X' -4 X -4
=2 (i) L'an x—2_4 (iii) J'K‘Q x+2__4

X—2

2. () Iim% [Ans. 2] (i) Im(x+1)(x+2) [Ans. 20]

2
i) Im (X +3x=7) [Ans—7]  (v)  lim 2= Ak 2
X0 x50 2h
o 3xP—4Ax+7 (2x —1)?
im2X =27 1ans. i i .
(v) im 3Ix_5 [Ans. 11] (vi) |x|in2 v [Ans. 3]
— — 2 —
3. ) GmMEXEVIEX e ) im XX (ans. o)
x—0 X x—0 X
RV 1 T 2x == 5
) m% Ans. Z1(v)  lim ”QXX 1=3x [Ans. 2]

Do the following limits exists2 If so find the values.
4. (i) L'LQf(X) when f (x) =2x+3,x>3

=3x+1,x £3.
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(i) imf(x) when f(x) =1,%x20.

=-1,x<0
[Ans. doesn’t exist, in graph (0, — 1) will be excluded]

5. A function f(x) is defined as follow :

f(x) = x?, forx<1.
=2.5, forx=1
=x2+2, forx>1.
Does Lirﬂf(x) exist? [Ans. noJ
6. Givenf(x) =x? forx>1
=2.1 forx=1
=X, forx<1.
Find Ixir;qf(x). [Ans. 1]
Verify the following limits :
; C i 4C+5x-1_2 o lim 6-5¢ _ 1
- x> +7x%+4 3 (i) 4x+15x* 3
(i) lim 4X° —x+7 (v) lim 2x” —5x% +2
- @@ @ = \V -_ =
W Ee X 13+ 2 Mo v 2x 112
e . logx
. | . . lim .
8. i) im x [Ans. O] (ii) (Lt [Ans. 1]

3.3 CONTINUITY

Introduction :

A function is said to be continuous if its graph is a confinuous curve without any break. If, however, there is
any break in the graph, then function is not continuous at that point.

If for a value of k, the limit of f(x) does not exist i.e., if on the curve of f(x) a point is absent, the graph will be
discontfinuous i.e., not continuous.

A function f(x) is said fo be continuous at x = a, M f(x) if exists in finite and is equal to f(a)

ie. lim f(x)= lim f(x)=f(a)

X—=>a+ X—>a-

ie. f(a+0)=f(a-0)=f(a) briefly or Imfla+h)=fla)
Thus we are to find following three values :

(i) limf(x),

el (i i i)

(i) f(a)
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If however all these values are equal, then f (x) is confinuous at x = a, otherwise it is discontinuous.
Example 44 : Show that f(x) = 3x2— x + 2 is continuous at x = 1.

Solution:
Now,  limf(x)=lim (3x* —x+2)=lim { 3(1+h)* - (1+h)+ 2]
[Puttingx=1+hasx —1,h—0]

= lim(3n* +5n+4)=3.0+50+4=4

and fimf(x)=lim (3x* - x+2) =lim { 3(1-h)* ~(1-h)+2}

X—1-

(x=1-h,h—=0asx—1)
lim (3n? —=5h+4)=3.0-50+4=4
h—0

Againf(1)=3.12-1+2=4
Thus we find that all the values are equal.
f (x) is confinuous atx=1;
€ - & Definition :
Again corresponding to definition of limit, we may define the continuity of a function as follows :

The functions f(x) is confinuous at x = 1, if f (a) exists and for any pre-assigned positive quantity €, however
small we can determine a positive quantity §, such that |f (x) = f (a) |< e, for all values of x satisfying
[x-a | <.

Some Properties :

1. The sum or difference of two continuous functions is a continuous function
fie.) lm {f(x)£o(x) } = imf(x)£limo(x).

2. Product of two continuous functions is a continuous function.

3. Ratio of two continuous functions is a contfinuous function, provided the denominator is not zero.

Continuity in an Interval, at the End Points :

A functionis said to be continuous over the interval (open or closed) including the end pointsif it is continuous
at every point of the same interval.

Let c be any point in the interval (a, b) and if x“fcl f(x) = x“jp_ f(x) =f(c). then f(x) is continuous in the interval
(a. b)

A function f(x) is said to continuous at the left end of aninterval a<x<b lIm f(x) = f(O): if and at the right

X—a+

end b if X“jp_f(x) = f(b).

Discontinuity at a Point : If af any point x = a in its domain, at least one of values leT+ f(x), x'LrQ_f(X) and f(a)
be different from the others, then f(x) fails to be continuous at that point, i.e., at x = a.
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Example 45: Discuss the confinuity of f (x) af x = 4, where

fx)=2x+1, x=4
=8 X=4.

Here lim f(x), im (2x+1)=2.4+1=9

X—4+

lim f(x) = lim (2x+1)=2.4+1=9

X—4- X—4-

f (4) = 8, which is different from the previous value.

f (x) is not confinuous at x = 4.

Solution :

lim f(x) = lim (2x+3) = 2.1+ 3= 5.

X—1+ X—1+

||mf(X)= ||m(2x+3)=2]+3=5 and at x = ],f(]) =21+3=5

X—1- X—1-
x|mf(x) = x“m_f(x) =f(1)=5: . f(x) is continuous at x = 1.
Example 47: Discuss the confinuity of f (x) = | x | atx=0.
F(x) = | x | means f(x) =x for x>0
=0 for x=0
=-X for x<0.

Solution : lim f(x) = lim x =0

x—0+

lim f(x) = im (-x) =0 and at x =0, f(0) = 0

x—0- x—0-

lim f(x)= lim f(x)=f(0)=0; . f(x) is contfinous at x = 0.

x—0+ x—0 -

Example 48: Show that f(x)= # is discontinuous af x = 1.
Solution :

f(1) = % = % undefined.

Now I )= I = =i = +=

And lim f(x) = lim

x—1- h-0 1—h—=1 ho0-N

We find right hand limit is not equal to left hand limit.

-~ atx=1,f(x)is discontinuous.
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SOLVED EXAMPLES
Example 46: Show that f(X) = 2x + 3 is continuous at X = 1.

(Puttingx=1-h,asx—1,h—0)

(Puttingx=1+h,asx—1,h—0)



Calculus

Example 49: Discuss the continuity af x =2 where
flx)] =4x+8, x=2

=12 X=2
Now Jim f(x)=1lim 4(2+h)+8=16 (Puttingx=2+h asx—2,h —0)
And lmf(x)=lim 4(2-h)+8=16.  [forx=2-hh—0, asx > 2]

Again at x =2, f(x) =f(2) = 12.

Three values are not equal. Hence f(x) is discontinuous af x = 2.

SELF EXAMINATION QUESTIONS

f (x) =x%+ 1.Is the function confinuous at x = 22 [Ans. Yes]
2. A functionsis defined as follows f(x) =x2 x =2
=2, x=2
Is f(x) continuous atf x = 22 [Ans. No]
3.  Where are the following function discontinuous :
2
(i) % (ii) ﬁ (iii) )(2:(2 (iv) m [Ans. (i) O, (ii) 1, (iii) 2, (iv) 1, 3]
4. Discuss the confinuity of f(x) af x = c, where
f(x)= Sl
X—C
=2c,x=cC [Ans. Continuous]

2
5. (i) Thefunction f(x)= );_

continuous at x = 2 2 Give reasons for your answer.

[Ans. f(x)= X' -4

(ii) f(x) =X 3 when x # 3. State the value of f(3) so that f(x) is confinuous at x = 3.

3

6. Isthe function f(x)= X

continuous at x = 2.
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> is undefined at x = 2. What value must be assigned to f(x), if f(x) is to be

X #E2=4,x=2]
2

[Ans. 6]

continuous at x = 22 If not what value must be assigned to f(2) to make f(x)

[Ans. 12]



(i) A function f(x) is defined as follows :
flx} =x+1, whenx<I.

=3-ax? whenx>1.

For what value of a will f(x) be continuous? With this value of a draw the graph of f(x). [Ans.1]

1
(i)  Show that f(x)= —2 is discontinuous at x = 2.

Show that f(x) is continuous at x =0 and x = 1, where
flx) =x2, x<0
=X, O<x<1
=2-%x, x21.
A function f(x) is defined as follows :
flx)=1, x>0
=0, x=0
=-1, x<0

Show that it is discontinuous at x = 0.

OBJECTIVE QUESTIONS :

1.

10.

11.

IFf(x) = (x= 1) (x=2) (x=3), find f(0)

Iff(x) =x+ | x |, find f(- 2)

2
£ F(x) = X°—6x+8

X2+ 8x+12 find f(0)

Given f(x) = x, F(X) =X7 is F(x) = f(x) always?

Iff(x)=2+x,x<3 [Ans. 4]
=7-x,x>3, find f(3)

Iff(x)= (x—2) (x—3) (x + 4) find (3)

Given f(x) =/x, for what value of x, f(x) is undefined?

X—=2
Find the range of the function f(x) = Sy X#2

If f(x) = x + 2x3, find — f(— x)

f(x)= % x#0and is a real number, find |f(c)-f(-c)|.

If f(x) = e>*4, find f(1) + f(2) + f(5)

[Ans. — 6]
[Ans. O]

[Ans. % %]

[Ans. equal for x # 0]

[Ans. O]

[Ans. — 1]

[Ans. — 1]

[ANns. x + 2x7]

[Ans. 2]

[Ans. e¥]
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12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

~
”

it find  f(x)= :—i

Iff(x) =x+ | x | are f(2) and f(- 2) equal?

2

oo 1
Evaluate : (i) lim X+
x=>1 X+ 1
- Z45x-6 .
Evaluate : (i) lim 2272 (i) fim
x—1 X =1 x—0
x> +4x+3
Evaluate : lim

x>-1x2 _7x -8

Find the value of 'x'i‘% %

If f(x) = x2, evaluate : lhlma

Is the function f(x) = | x | continuous at x =0

VANaIe e Ax 115

A functions is defined as follows :

flx) =2x-1, x<3
=k, x=3
=8-x, x> 3.

For what value of k, f(x) is continuous af x = 32

A function is defined as follows :
flx) =1, x>0
=0, x=0

=-1 x < 0. Is the function is continuous at x =0

.oxe=1
i lim-——
() x-1 X —1]

f(x+h)—f(x)

[Ans.% ]

[Ans. no]

[Ans. (i) T (ii) 2 (ii) no exisstance]
[Ans. (i) 7 (i) 1]

Ans, =2

[Ans. 5 ]

Ans.

[Ans. 2]

[Ans. 2X]

[Ans. Yes]

[Ans. %]

[Ans. 2]

[Ans. no]
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3.4 DERIVATIVE

Introduction :

The idea of limit as discussed previously will now be extended at present in determining the derivative of a
function f(x) with respect to x (the independent variable). For this let us know at first what the term ‘increment’
means.

Increment : By increment of a variable we mean the difference of initial value from the final value.
i.e., Increment = final value —initial value.

Let x change its value from 1 to 4, increment of x =4 -1 = 3.

Again if x changes from 1 fo - 2, increment=-2-1=-3.

(i.e., increment may be positive or negative).

Symbols : Increment of x will be denoted by h or, 6x (delta x) or Ax (delta x) and that of y will be represented
by k or, 8y or, Ay.

If in y = f(x), the independent variable x changes to x + &x, then increment of x = x + 8x — x = 8x (# 0).
So y = f(x) changes to y = f(x + 8x).
increment of y = f(x + dx) — f(x) [asy = f(x)]
sy  f(x+8x)-f(x) f(x+h)-f(x)

Now the increment ratio ™ = o = h [assuming &x = h]

)
If the ratio S—Z’rends to a limit, as 8x — 0 from either side, then this limit is known as the derivative of

y [ = f(x)] with respect to x.
Example : If y = 2x?, theny + 8y = 2 (x + 8x)?, 8y = 2 (X + &x)? — 2x?

By 2(x+8x)2 —2x?
Toex dx

1 1

T sy= -
. - Y =
Again for NEX (x N 8x)5 NE

)
Definition : A function y = f(x) is said fo be derivable at x if Slirpo %

or lim f(x +8x) - f(x) o lim f(x+h)—f(x)

x—0 8)( h—0

exists and equal to I. Now this limit [ that exists is known as derivative (or differential co-efficient) of y [or f(x)]
with respect to x.

Symbols : Derivative of y [ = f(x)] w.r.t.x (with respect to x) is denoted by

dy , d
o O f’(x), or ~ f(x)

or, Dy or, DIf(x)] or v,
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f(x +0x)—f(x f(x +h)—f(x
Now ﬂ= lim Qz lim ( ) ( )= lim ( )l ) provided this limit exists.
d)( 3x—0 8)( 3x—0 8)( h -0 h
dy d . d
Note : ™ does not mean the product of awﬁh y. The notation &s’ronds as a symbol to denote the

d
operation of differentiation only. Read d_i as ‘deey by dee x'.

SUMMARY :
. dy . ,
The whole process for calculating f* (x) or ™ may be summed up in the following stages :

1. Let the independent variable x has an increment h and then find the new value of the function
f (x +h).

2. Find f(x + h) = f(x).

. . _fix+h)=f(x)
3. Divide the above value by hi.e., find —
_ f(x+h)-fx)
4, Calculate Im————=1'(x)
h—0 h
SOME USEFUL DERIVATIVES :
d n _ n-1 ii__ n
oo T™ 2 X X
3 iex e* 4 ic:x—c:x log. a
ax ax ¢
d d
—log, x=— —(log, x)=—log_e
5. glog. 6. g (09.x)=-log,
dc
—=O =
7. dx (c = constant)
d du , dv
= (utv)=—"+2"
8. dx L£v) dx ~ dx
dv du
9 d—(uv)—u&+v&
du_ dv
dx v v2
b 9y _dy du
" dx du dx
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d 4 3 d 1-1
¢ — =4 R — =] = 0 = =

ExampIeSO.dx(X) X X=X IxX’=1.1=1

a1 =ix“——].x Moz =)

dx x  dx x?

d d yn 1 _p 1

—AX=——X2 ==X =——;

dx\/_ dx 2 2Jx

d 1 d -4 [ -1 . d d 3. 3

——==—X"2=—=X""" = — XX ] = = x¥? =Zx2 = x

ax Jx  dx 2 2x2 ax ) xX =gt

SELF EXAMINATION QUESTIONS

d 3 2 d 3 d 2 2
— (X + X )= —X"+—Xx" =3x" =2x.
Examples 51 dx( ) ~ ~

d 2 X 2 d X X d 2 2 X X 2 X X

—(xt.et)=x"—e +ef—Xx" =xe* +e*.2x = xe" + 2xe*.
Example 52 dx( ) i v

d dx*
E le 53: —(2x*) = 2—— = 2.4x°> = 8x°.
xample dx( ) ™

x? u du d., -

: =—. =— =x2, —=—|X")=2X" =2X

Example 54 : If y ] Let y thereu X oI dx( )

And v=(x+1),%=%(x+])=ix+d—i.l=1+O=1

dx
du dv
Now Y _d Y _Vax Pax (D) 2x-xBT x4 2x-x? X+ 2x
dx dx v v? (x+1)° (x+1)° (x+1)°

d
Example 55: Find &Y of the following functions :

dx
(i)  x*+4x, (i) 3x3=5x+ 110, (i) =2+ (4/5) x> (7/8) x&.
Solution:
(i) Lety=x*+4x.

9y _ i(x4 +4x) = ix“ +i(4x) = 4.x*" +4i.x =4x° + 4.
dx dx ax dx dx

(i) Lety=3x3-5x3+110
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d d d

9y _ i(3x5 —-5x% +1 ]O) = —(st)——(5x3)+—.1 10
dx dx ax dx adx
d d , .
= 3&X —S&X +0, (os 110is a constant number)
=3.5x5- 1+ 5.3x3 1= 15x* + 15x2.
4 7
=-2+—x"—=x°
(i) Lety 5 )
ﬂ:i _2+£X5_Zx8 =i(_2)+i ixs _i Zxa
dx dx 5 8 dx dx 5 dx 8
4 d 7 d
=0 +3&X5 —gaxs, (as — 2 is a constant number)
= +%.5x5“ —g.8x8“ =4x* - 7x’.
[ ds
Example 56: |If s = ut +§f’r ,find ar when t = 2.
gs_d il =i(u’r)+i Jhe _ydf, 19
dt dt 2 dt dt 2 dat 2 dt

1
(here u, f, 5 are constants & tis a variable, since we are to differentiate w.r.t. 1)

=u.l +lf.2’r2“ = u+l.2f’r =uU+ft
2 2

ds
1=2 —=u+2f.
For m

REGARDING PRODUCT :
Example 57: Differentiate (x + 1) (2x® — 21) with respect to x.

Lety=(x+1)(2x3=21)=u.nwhereu=x+1,n=2x3-21

9=, 9 o002y

dx dx dx dx

@_i 3 _ _ i 3_1 _ 31 _n— 2
OIX_dx(zx 21)_2dx.x 5, (21)=23¢"-0=6¢.
Now %=U%+v%=(x+]).6x2+(2x3—2]).1

=6x3+ 6x2+ 2x3—21 =8x3 + 6x? - 21.
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dy

Example 58: y=x (x2-1) (x*+ 2), find i
Lety=uvw,whereu=x,v=x?-1,w=x3+2
du dv dw

—=1—=2x — =3’

ax ax and dx

dy d du dv dw

L =— (UVW) = VW—+UW——+ UV —

dx dx dx ax dx
=(x2=1) (x®+2).1 +x (x3+2). 2x+ x (x2-1). 3x?

= 6x°— 4x3 + 6x% (on simplification).

dy

Example 59: Ify=10*x'9, find ax’ Let y=u.nwhereu=10cand v =x°
du d
—=—10"=10"log_10;
Now dx dx %
. dv _d 10-1 9
—=—_x"=10.x"=10x".
Again dx _ dx

dy d dv du
=L = (uVv.)=u— — =10 9 10 X = 10x 9 10
dx dx(UV) de+vdx 10x7 + x'°. 10*log,_ 10 = 10* (10x? + x'° log_ 10)

REGARDING DIVISION :

Example 60: If y=>"" fing &
xample 60: y_x+]' in dx
U du d dx d
==, =x-1, ——=—(x-1)=-"-—.1=1-0=
Let vy Y where u = x ]'dx dx(x ) dx  dx
v=x+1,ﬂ=i(x+1)=%+i]=]+O=1
dx d dx dx
du d
dy  Vax Vax (kD) I=(x=D0 0 x+1-x41 2
dx v? (x+1)° (x+1)7  (x+1)
(x+1)(2x2—1) ~dy
Example 61: |f y—T, find e
Let Y=%, whereu = (x+1) (2 -1) =23+ 2x2—x - 1.
%=6X2+4X—10nd v=x2+1;ﬂ=2x
X dx
du dv , , ,
ﬂzva_uaz(x +1) (6x +4x =1) = (x +1)(2x —])-2X=2x4+3x3+2x—]
ax v? (Xz +])2 (xz +1)2
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SELF EXAMINATION QUESTIONS

Part A-regarding sum and difference of functions :

Differentiate the following functions with respect to x (orindependent variable) : (a, b, c,

m, n, are constants):

[Ans. (i) 7x¢, (i) 49¢]

[Ans. (i) a (i) 2ax — b (i) ax® + bx (iv) 5x* +3bx? — C]

1. ()x+7 (i) 7 + 7

. . a4 b, .
2. (ijax+b+c (i)jaxz-—bx (i) Z'X +§X +C  (iv) x*+ bx®-cx.
3. (i) x™+ mx (i) xm + xm-1

[Ans. (i) mx™=T"+m ({ii)

4. (i) Jx+a (i) 2Jx+3x (i) (&H)2 (iv) 4(vx+x2)

mx™ 1+ (m—1) xm-2

[Ans. (i) 2\/— (ii) \/—+3 (i) ]+\/— (iv) \/—+8X]
2 17 1 7
Vo r 2 xg Y LI VL
5 (i) 2x°+ » (ii) ” (iii) X (iv) N
. 2 2 ] L 1
[Ans. (i) 4X_x_2 (ii) 2X—x—3 (iii) 2" (iv) 1—X—2]
X434 X +2X -] . 8
6. i) — ez (ii) —\/x_ [Ans.(i) 2_x_3 (||) +3\/;+2 57 |
., dy
7. Ify=4x5+2x3+ x- 1000, find ax whenx=-1. [Ans. =17]
. ., dy 1
8. Ify=4x3-15x2+ 12x + 3 = 0; find the value of x for which X =0. [Ans. o 2]
. dy - 1 9y ’
9. Ify=x. (i) prove that x ax 3y, (i) find the value of I+ dx [Ans. 10]

6x° =3x%(logx+2)+5 . .d
10. Given (39 ! find <Y
X dx
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Part B Regarding product functions :

Differentiate the following with respect to x

1. (i) x(x+1) (i) x2 (x-1) [Ans. (i) 2x + 1 (i) 3x? - 2X]
12, (i) (x+1) (x+2) (i) (x2+1)x? [Ans. (i) 2x + 3 (i) 4x® + 2X]
14, (i) (x-1)%(x+2) (i) (x2+1) (x-2)° [Ans. (i) 3x2- 3 (i) (x-2)? ( 5%%- 4x + 3)]

15. (i) x.e* (i) x%* (i) e logx [(iv) 2e* (logx + 4).

1 1
[Ans. (i) x.e* + e (ii)x%*+ IOxV ({iii) ex.; + elogx (iv) 2ex.; + 2e* (logx + 4)]

16. (i) (xtI)(x+2)(x+4) (i) (x>+ 1) (x+2?) (x2-2) [Ans. (i) 3x2 + 14x + 14 (ii) 5x* + 16x3 - 3x% - 8x - 2]
Part C Regarding division of functions :

Differentiate the following with respect to x.

2 1 4
1-x2 2% + X2 1 —(x2+8x—2)
[Ans. (i) (1 x) M) qexy (0 (a2 (V) —(x2+2)2
R N o . x4 1
18. (i) v (ii) NER (iii) (X3_]) (iv) NI
x? —2x -1 —(2x3 +3x? +1)
[Ans. (i) - (ii) TS
—25x* + 40x® —12x? — 50x + 20 8x*
(i) (- (iv) (X4+])2]
2 | X 2
19. 1) ongx (i) OX%X (i) 67 (iv] Z—
o Zxlogx=x - x-2xlogx e (x-1) = xe(2-x)
[Ans. (i) (logx)’ (i) ——a i) — (iv) e

3.4.1 DERIVATIVE OF FUNCTION OF A FUNCTION

A variable y may be a function of a second variable z, which again may be a function of a third variable
X.

ie,y=z?+3,andz=2x+1

Here vy is a function of z and z again a function of x. Ultimately y is seen to depend on x, so y is called the
function of another function.

Symbolically, ify =f (z),z= ¢ (x) theny =f{o (x)}
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Th ify=f dz= th dy _dy dz fi t sh t t
eorem. Ify =f(z) and z = ¢ (x) then O~ a7 dx (proof is not shown at present)

du du dv dw
Corr. If u=f(v), v=20¢ (W), w=vy (x) then OV aw dx

d
Example 62 : To find d_i fory=2z22+1,z=4x-2

Solution:
dy dz
Now = and oI
YN A2 4167216 (4x—2) = 64x—32.
dx dz dx

d
Rule1.|fy=0x+b,’rofindd—i. lety=2z andz=ax + b.

So y=f(z) andz =" (x)

dy dy dz
—=——=] =
o dr o (a.1+0)=a

d
Rule. 2. If y = (ax + b)", to find Sl

= 7N = +
dx lety=z"andz=ax+Db
Now ﬂ—nz”'1 d %—O
© az 09N gk T
dy _dy az_

— . — n-1 — n-1
dx dz dx nz" a=nafax+bj

Example 63 : If {y = (2x + 5)4] Lety =2z wherez=2x + 5.

dy 5 dz
— =47, —=2
Now dz dx
d dy d
Now dy _dy dz

== =47°.2=42(2x+5)" = 8(2x+5)’
dx dz dx

] | | g Q. Oy _dy du
Rule 3.1f y = log u (u is a function of x), then to find dx’ dx _ du dx
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d
Example 64 : y = log (4x), find d_;/

. du
Solution: Let y = log u, where u = 4x, O 4

ﬂ=ﬂ%=i(logu).4 1oy
dx dudx du u

L

1
4x X

d
Example 65 : y = log (]+\/;), find d—i

Solution: Lety =log u, where U = 1+/x

1 ]
2&_(1+&).2&

u_y, 1 _ 1 .dy_dydu_ 1
dx 2Jdx  2Ux Tdx dudx U’

d
Example 66: Find d_i ify=(2x-5)s.

. dz
Solution: Lety =z¢ where z=2x -5, - 2
dy_dydz_d

: (z°).2=62°.2=122° =12 (2x - 5
dx dz dx dz

d
Example 67: If y = {/x? +7, find d_i

dz
Solution: Lety = /z, where z= x2+7, o 2x.

dy _dy dz_d _x

P
dx dz dx dz’ SN = NN

gy

Example 68: Ify = (x> +2x + 5x)_3, find .

Solution: Lety =u-3 where u = x3 + 2x? + 5%,
%=3x2+4x+5 ﬂ=—3U'4
ax du

dy_dy du_d

==L = U3 (3x2 + 4x +5)
dx du dx du

=-3.U % (BX2+4x+5)=-3(3x2+4x +5). (x>+ 2x>+ 5x)~*
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2x+1 dy
+2° find dx’

Example 69: Given y =

Solution:

d d
o] %=(X+2)&(2X+])_(2X+])&(X+2)
x+2 " dx (x+2)°

Let y=+Ju, where u=

du _ (x+2).2-(2x+1).]

dx (x+2)° - (x+2)°

dy 1 1 [x+2

du_Q\/GZE' 2% +1

dy dydu 1 [x+2 3 3
dx dudx  2V2x+1 (x+2)°  2y2x+1. (x+2)"

d
Example 70: If y = log log log x?, find d_i

Solution :

Lety =log u where u =log v and v = log x? = 2 logx.

dy _1_ 1 1

du U logv loglogx?’

du 1 1 1

dv v logx®  2logx’

dv 2

ax  x

dy_dydudv 11 2 !
X

dx du'dv dx loglogx? 2logx’ - xlogxlog logx?

Example 71: Differentiate x> w.r.t.x?
Solution:

Lety=x5%z=x?

dy ,dz d , ax 1
—=5x",—=—Xx"=2X, — =
dx dx dx so that dz 2x
dy dy dx s 155
— =1 —=5x*—==x".
Now oy Taxaz = 2x 2%
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Example 72: y = log, (X+\/X2 +02), find ——.

dx
Solution:
Lety =logu where u=x+ /x2 + o2
du d d,, %—H 1 ox
—=—X+—(X"+0a =t —7
dx  dx dx( )" o dx 202 +a?
N dy _dydu_1 X _ 1 X+Nx*+a? 1
oW dx dudx u U +a? x+0C+a? X2+l Ix2+a?

SELF EXAMINATION QUESTIONS

Differentiate the following functions w.r.t.x :

1.
2.

10.

11.

(x2 + 5)2,

(i) (ax+b)% [Ans. 5a (ax + b)4]

(il (3 - 5x)3~.

(x® + 3x)*

V32 +7

(2x2+ 5x = 7)°2

x3V1=x2.

(|) e3x2+4x—7

(||) e3><2 -6x+2

log (x% + 2x + 5).

Iog(x/mﬂ/m).

[Ans. 4x (x% + 5)]
[Ans. =30 (1 = 5x)7]

15
[Ans. —?\/3 —-5x]

[Ans. 12 (X2 + 1) (x3 + 3x)%]

(i) (1 = 5x)%.

3%
ARS: a7 |

[Ans. —2 (4x + 5) (2x% + 5x =7)79]

32 1-x? -2
[Ans. m]

4

2X
[Ans. \/(XZ _]) (x2+])3/2 ]

[Ans. 4e%]

[ANs. (6X + 4) g3 +4x-7 |
[AnS. 6 (X— '|) e3><276x+2]

2(x+1)

Ans, ———
[ X2 +2x+5

-
A e )
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1 1 2
[Ans. Ioglogxz'logxz';]

12. log log log x2

d
13. If y=41+x?, prove that yd_2</= X.
. : 3,
14. Differentiate x¢ w.r.f.x% [Ans. EX ]
. : 5 5
15. Differentiate x> w.r.t.x? [Ans. % ]

3.4.2 DERIVATIVE OF IMPLICIT FUNCTION

If f(x, y) = 0 defines y as a derivable function of x, then differentiate each term w.r.t.x. The idea will be clear
from the given example.

d
Example 73 : Find d—Z if 3x*—x2y +2y3=0

Solution:
dy

Differentiating each term of the functions w.r.t.x we geft, 3.4x3 - X a

—Z +2xy +6y2ﬂ=0
X dx

or, 12x° —xzﬂ—QxyﬂSyZﬂ:O
dx dx

dy _ 2xy-12¢°
dx  éy?—x?

d
or, (6Y2 - Xz) d_:: =2xy-12x*  or,

3.4.3 DERIVATIVE OF PARAMETRIC FUNCTION

Each of variable x and y can be expressed in terms of a third variable (known as parametric function). For

B _ . dy . dy dx dy _dy dt _dy/dt dx
example. X=f, (t),y=f, (t). Now fo find dx we are to find af and ot so that ax d’r'dx_dx/d’r'd’r?&
., dy

Example 74 : Find awhenx=4’r,y=2’r2
Solution:

ox_,dy_,dy_dy/dt_4t_,

dt dt dx dx/dt 4
Example 75 : Find &, when x = 22F, =39
xample 75 : Fin dx'W en T y_1+’r3

Solution:
ax _(1+1°).3a-3af(3t?) 3a(1-2t)
dt (1) ()
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dy (1+1°)6at-3at*(3t’) 3at(2-t°)
dt (]+ 13)2 (1 +1° )2

dy (1+1)6at-3at*(3t?) 3at(2-1°)
dx (141 (1+r)

SELF EXAMINATION QUESTIONS

Find derivative of the following functions w.r.t. x

—(4x+5y) _x2
2 2 = —_— 3 3 =~3 N
1. 2x2+5xy +3y?=1 [Ans. (5x+6y) ] 2. xX+y*=a [Ans. ¥ ]
3. X+y’=3 ans, =X 4. x=ab, y=2at Ans. ©
. X3+ y3=3axy [Ans. Y2 — ax . x=af?, y=2a [ns.,r]
a 1
5. x=at, y= T [Ans. —T—Q] 6. 2x=12, 3y =13 [Ans. 1]
7. x=5t-1, y=12+4, att=1 [Ans. 1]
1

8. X=¥,y=4’r, att=-2 [Ans. - 16]
9. x=2at,y=at? [Ans. 1]

. 3
10. 2x%+ 3xy + y2 =4 at the point (0, 2) [Ans. _E]

3.4.4 SECOND ORDER DERIVATIVE
Introduction :

We have seen that the first order derivative of a function of x, say f(x), may also be a function of x. This new
function of x also may have a derivative w.r.t.x which is known as second order derivative of f(x) i.e. second
order derivative is the derivative of first order.

Similarly the derivative of the second order derivative is known as third order derivative and so on up to nth
order.

Symbols :
d
For the function y = f(x), is first order derivative w.r.t.x denoted by d_i or " (x) ory, as discussed before.
2 d2y
Now the second order derivative of y = f(x) is expressed as v orf” (x) ory,. The notation el isread as

“dee two y by dee x squared”.
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Example 76 Ify = x¢. find 2.
xample 76 : If y = x4, fin L
Solution:
2
y=x“,ﬂ=4x3,ogoind—Z=i dy =i4x3 =4.3x%" =12x%
dx dx dx dx dx

d’y dy d d? d ) d ,
. oy =1 =— =—(12x°)=12.—x
Note : To find O A dx dx? ax ( ) dx

=12.2x?"1 = 24x i.e., third order derivative is 24x.

. dy logx
Example 77 : Find g if y= v
Solution:
! | 1
ﬂ—y B x.;— OgX. 1-logx |
dx ' x2 X2

1
2 _—— = —
d’y _d dy _ d I-logx - (1-logx). 2x

dx*> dx dx dx @ x? x°

x3 NG x2

_ —x—=2x(1-logx) -1-2 (1-logx) _2logx -3

2

dx?

Example 78 : If y = 5%, find

y =5x or,logy =xlog 5

1 dy dy dy
—,——=10g5 or =L =vy.log5 or == = 5x.log5 i
or, v dx or dx y.logo or I g e (i)
. d dy d d’y d d
— — =—(5x.log5 =5 — — 5
Again dx( gd) or e 5 i log 5+log 5 i 5
Y _ N .
or, W=5.O+Iog§.log§.5 [from (i)]
= (log5)2.5¢
Example 79 :
., dPy
Ify=xl find —
y = xlog x fin ~
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Solution: Y = x log x

D.w.r. to x
dy 1
dx =X X% » + log x.1
dy
— = +
dx 1 +log x
D.w.r. to x
2
d_Z = O + l
X X
1
X
Example 80 :
d?y
= 2 4+ + i 7
Ify =0ax?+ bx+ C find o
Solution: y=ax?+ bx+ C
D.w.r. to x
dy
— = +
dx 20x + b
D.w.r. to x
dy
o 20
Example 81 :

d?y

If y =x%e*, Prove —5 = (x* + 4x + 2)e*
dx

Solution:

y = X2 ex

D.w.r. to x

dy )
—7 = X4 a2
dx x2.e*+ e?.2x

= (x2 + 2x)e*

D.w.r. to x

dy _ .,

ke (X2 + 2x) e+ e (2x + 2)

= (X2 + 2x + 2x + 2)ex

= (X2 + 4x +2)e*
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FOR IMPLICIT FUNCTION AND PARAMETRIC FORMS :

=0 or

2 2 : d2y
. _+—: , 1
Example 82 : For . find X
Solution:
. . 2x_ 2vy,
Diff. Both sides w.r.t. x we get ?+ o2
Y+ X b—z X
d_Zy_ _b_2 y.1-xy, _b_2 o’y
x> Y o y?
b2 (02y2 +b2x2) b? a’b?
- oy d Y
b4
= a?y? :
Example 83 : If y = log x
Solution:
dy_1o_dr_ 1
yW_dX_X yz_dxz_ 2
Example 84:
2

Ify=1+1 x=1-1 find Ol

Solution:

Y _opear, Xy
dt dt

dy _dy dt _dy /ox _2t+3f

dx dt'dx dt

dy_d dy _d dy dt_d dy

dt  dt

dt — 1-4t°

dx? dx dx dt dx ‘dx dt dx

dx d 2t+3

2x 2
g+b_Z-Y1 =0 or Y,=

/(1—4’r3)

1 4t

(1-41°) (2+61) = (20 +317) (<1217) 124 416 + 61+ 2

(1-4)" . (1-41)

(1-48)’

b? x

a’'y
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SELF EXAMINATION QUESTIONS

2
Find &y in the following cases :

dx?
[ (ify=2x. [(iijy=2x% (i) y=5x3-3x2 (iv) y=(2+ 3x)“
[Ans. (i) O (i) 24x? (iii) 30x - 6 (iv) 108 (2 + 3x)?]
2. (ijy=xte® [(i)jy=x(1-x)? (i) y=x*log x.
[Ans. (i) 4x%2 e (x2 + 4x + 3) (i) 6x - 4 (iii) 7x2 + 12x3.logx]
(iii) 7x2 + 12x3 .locX)
— 4
3 y="2 ) y=1=2 (ans. i) 225> (i) 5=
. . t? t 1-1 2t
4. (i) x=af?, y=2at, (||)x=m,y=m (iii) szy_m
_ =2+
[Ans. (i) 2a T3 (ii) (12 + 21) (i) O]
o dy
5 Ify=x3-9x2+9find ——= forx=1,x=3. [Ans.— 12, Q]

dx?

3.4.5 PARTIAL DERIVATIVE

We know that area of a rectangle is the product of its length and breadth, i.e., area = [ x b. Now if the
length increases (when breadth is constant), area increases. If again breadth decreases (taking length as
constant), area decreases. So here area is a function of two independent variables, (i.e., length and breadth).

1
Again we know that area of a triangle is 5 base x altitude, i.e., area is a function of base and altitude,

(i.e., two variables).
If uis a function of two independent variables x and y, then we may write u = f(x, y).

The result obtained in differentiating u = f(x, y) w.r.t.x, freating y as a constant, is called the partial derivative

ou of
of u w.r.t.x and is denoted by any one of P f, (X, Y), u,.f where
f(x+0x,y)—f(x,
o or f, —I ( y) ( y), if it exists
oX it oX

Similarly, the partial derivative of u = f(x, y), w.r.t. y (freating x as a constant) is the result in differentiating u

f(x, y +ay)—f(x, y)
ayao ay

U d
=f(x, y), wrt.y and is denoted by 5=.5= or f where == dy or f, = provided the limit

dy "9y
exists.

Note : The curl is used for partial derivative in order to make different form of symbol d of ordinary derivative.
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ou ou
Example 85: U = (x +y)? =x2+2xy +y?, 5 = 2X+2Y:$= 2X+2y.
Function of three variables : A function may be of three variables also, i.e., u = f(x, y, z). Now the partial
derivative of u w.r.t. x is the derivative of u w.r.t.x (treating y and z as constant).

) = w2 2 z-a—U=2x @=2ya_U=22
Example 86 :u=x*+y +7 5 "oy 3z .

Partial derivative of higher order
Partial derivative of higher order is obtained by usual method of derivative.

For the function u = f(x, y), we have following four partial derivative of second order :

Cvu_o w . au_a
(% Tox ax = () 373y ay

U 9 du % 9 du

-2 %Y _; ) ——=— — =f_.
(i) oxdy oX 9y v (iv) oyox a9y oX *

Example 87 : u = 2x? — 4xy + 3y? find o2 dyox’ oxdy

U U 9 odu 0
VN tx—ay, 22 =% Y _ % (4x—dy)=4,
ax X ox2  ox ox ax( X = 4y)

U 9 du d
; —=— — =—(4x-4y)=-4.
Again dyox dy ox  dy ( X y)

ou Ju 9 oJu 0
— = — 4x+ 6y, =— — =—(-4x+6y)=-4
oy XTey oxdy ox ady ax( X+ y)

2

dyox

ou
means partial derivative of — w.r.t.y.

Note: (i) ™

2 ou
(ii) W means partial derivative of g w.r.t.x.

2 2

(i) We get W = m

(from the above result) i.e., u, =u, .

Example 88: Find partial derivative of first order of the function x? + 4xy + y?
Solution:

Letu="f(x, y) =x2+ 4xy + y2
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Now differentiating u w.r.t.x (tfreating y as a constant) we find

ou

v %(x2 +4xy+3y2)=%(x2)+%(4xy)+;—x(y2) =2X +4y +0 = 2x + 4y.

Again (freating x as a constant)

ou o 0 0 0
fy@ = g(x2 +4xy +3y?) = $+(x2)+$(4xw+g(y2)

=0+ 4x + 2y = 4x + 2y.

00U duU Ju
Example 89: If u =x*y* 7%+ 4x + 3y + 2z find Xy oz
Solution:
ou
g—i =424, = 3y’x'z*+3, 3—;’ = 22x*y° + 2.
E le90: Ifu=I 2+2'f'd&az—U
xample 90: If u =log (x? +y?): fin X Iy
ou 1 5 U (X2 +y?).2-2x(2x) 2(y* -x?)
Lk 32T 2, 22 T Ue? 22
X XT+y oX (x*+y?) (x*+y?)

u 2y u (+v?)2-2y(2y) 2(xX-v?)

(x2 + yz)2 B (x2 + yz)2

Wy Xy’ 3y

Example 91:
For f(x, y) = 3x*=2x + 5, find f, and f,
Solution:
f,=6x-2 and f =0.
Example 92 :
Xy .

If f(x, y) = ?_F' find f, and f,
Solution:

1 3y 3x 1
fx = ? +)(_4 fy - y4 _)(_3
Example 93:
Find the first partial derivatives of f(x, y, z) = xy?z3
Solution:
f=2-u f, =z +2uy f =3xy?z?
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Example 94 :

Find the first partial derivatives of f(x, vy, z, u, v) = 2x + yz — vX + vy2,
Solution:

F=2-u f,=z+2vy f=y f,=-x

Example 95:

If (X, y) = 3x?y - 2x* + 5y?, find f (1, 2) and f (1, 2).

Solution:

F = éxy — 6x%.

Hence, f (1,2) =12-6=6.
Hence, f (1, 2) =3 +20 = 23.

F,=3x?+10y.

Example 96 :
For f(x, y) = 3x?y — 2xy + 5y?, verify that f_=f .

Solution:
f =6x-2.

xy

f =6éxy-2y, F,=3x?=2x+ 10y, f

yX
Example 97 :

If f(x, y) = 3x%2—2xy + 5y?, verify that f, =f

yx*

Solution:

f =éx-2y f,=-2 f,=-2x+15y? e
Example 98:

For f(x, y) = 3x* = 2x3y? + 7y, find f . f,. f,.andf .
Solution:

F =12x3-6x%2, f,=-4xy +7, f = 36X = 12xy?,

Example 99 :
Iff(x,y,z) =X +y2z—-2xz, findf_,f ,f f

xy’ yx! xz Czx! yz! Czyt
Solution:

fo=2xy-2x, f =x*+2yz

6x — 2.

f,=-4C 1, =-12xy, f =-12¢y.

fz =y? - 2x. fxy =2, fy>< =2x fxz =-2, fZX =2 fyx =2 fzy =2
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SELF EXAMINATION QUESTION
1. f,f forthe following f(x, y) :

1
(i) (x=y)? (i) 2+ 3xy +y* (i) x*+y? (V) JEry?

Xty Xy’ o
(v) (x—y) (vi) X+y (vii) exy (viii) log (xy).

[Ans. (i) 2 (x=Y) ;=2 (x=Yy) (i) 3x? + 3y : 3x + 3y?

X . Y . 2 2\3/2 9 o
(iii) \/x2+y2 \/x2+y2 (iv)  —x. (x +y) ,—y(x +y)

-3/2

2y  2x ‘ 2x3 +3xy? —y* 2y +3xy? = x*
M-y -yl M ey (k)

11
(vii) ye, xe (viii) X ]
2. For the following functions, find f_, f . f . f
(i) X2+ 2xy +y2, (i) x3 + 3x?y + 3xy? + y?, (iii) exe*v? (iv)x2y2.
[Ans. (i) 2 (every case) (ii) 6 (x +y) in every case
(iii) 2&°2(1 + 2x2);4xyeX2y3;4xyexetv2 1 2722 (1 + 2y?) (iv) 2y% 4xy ; 4xy ; 2X?]

of of
3. Iff(x, y)=e Y then Ev f(X:Y):& = f(x,y).

X—y f o of
4. Iff(xy) = m:’rhen . —g, atx=y=1.

5. Iff(x,y,z)=x*+y*+ 7% thenf =f =f

yy 27
y2 x2

6. Ifu= x2+y? Vx*y? fihdex,UW [Ans. (2 +y° 2 ;(x2 Ve ]
7. If=1 2+y?)sh ’rh’raz—u+az—u—

. =log (x* + y? ) show at 52 3y?
8. If(xy)= Y log show thatf =f

‘ ’ X Xy y X
9. Ifu=x*+y"+z, find the value of xu +yu +zu,. [Ans. 2]
10. Ifu=x% +y?+ 2%, find the value of u + U, +uU, [Ans. (x +y +2)7]
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LAGRANGES METHOD MULTIPLIERS :

To find the extreme of a differentiable function f(x, y) of two variables subject to the condition of independent
and differentiable equation g (x, y) =0

Here f(x, y) depends in reality on only two independent variables x and y. For symmetry multiply
f(x, y) by 1 and equ. (i) by | (a constant) and add them together so that we get,

L=1.f(x y)+Ig(xy)
oL dL

For maximum or minimum . g =0 ... (ii)
Now solving equ. (i) and (i) we may find the values of z and y, and hence the extremes.
Example 100 : Find the extreme value of the function

f(x,y) =x2-y2+xy + 5x. Subjecttox+y+3=0
let g(x, y)=x+y+3
L=1.f(x,y)+Ig(x y)=x2—y2+xy +5x+|(x+y+3).

oL dL
For max. or min., &=$=0
e, 2Xx+y+5+1=0 .. (i)) —-2y+x+1=0 ... (i)
Againx+y+3=0 (given) ...(ii) Solving (i) (ii) (iii)
Wegetx=-2,y=-1,1=0soaft (-2,-1)

The given function has extreme value and the value is
f(-2, -1)=4-1+2-52=6-11=-5.
Example 101: Find the extreme values of the function.
f(x, y) =x2-y2+xy + 5x subjecttox—-2y=0
LetL=1f(x,y) +Ig (X, y), where g (x, y) =x—=2y; L=x2-y?+ xy + 5x +| (x = 2y).

ALk oL |
From max. or min. X dy SO ThoT&—2x+y+5+l—0 ... (i)

%=—2y+x—2k=0 ... (i)
In equ. (i), puttingx =2y asx—-2y =0we find4y +y+5+lor, 1=0
From (i), 5y + 5=0or,y==1asl=0 .. x=2y=2(-1)=-2
At (-2,-1), extremevalue=4-1+2+5(-2) =-5.

Example 102: Find the minimum value of f(x, y) = x? + y? subject fox + y = 10

letg (x) =x+y=10.L=1.f(x) +Ig (x) =x2+y?+ | (x +y—10).

oL .
For minimum value &=$= Ole. 2x+1=0....() 2y+1=0 ... (i)
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Again x +y — 10 = 0 .... (iii) solving (i), (ii), (ii) we get x =5,y =5,1=-10. At x =5,y =5, the given
function f(x, y) has minimum value and the value is 52 + 52 = 50.

3.4.6 MAXIMUM AND MINIMUM

A function f(x) is said fo be maximum at x = a if f(a) is greater than every other value of f(x) in the immediate
neighbourhood of x = a (i.e., f(x) ceases to increase but begins fo increase at x = a. Similarly the minimum
value of f(x) will be that value at x = b which is less than other values in the immediate neighbourhood of x
= b. [i.e., f(x) ceases to decrease but begins to increase at x = b]

The above figure represents graphically a continuous function f(x). The function has a maximum values at
P, P, P,and also minimum values at Q,, Q,. For P,, abscissa is OL,, ordinate is P, L,. Similarly OR, and R,Q, are
the respective abscissa and ordinate to Q,. In the immediate neighbourhood of L, we may get a range of
M, L, M, (on either side of L,) such that for every value of x within that range (expect at L)), the value f(x) is
less than P, L, (i.e., the value af L), . Hence we can now show that f(x) is maximum atf x = OL,. In the same
way we may find a neighbourhood N, R, N, or R, so that for every value of x within the range (expect at R,
the value of f(x) is greater than at R,. So the function is minimum at R,.

The ordinate P, L, should not necessarily be bigger than the ordinate R R,.

Features regarding Maximum and Minimum : (i) Function may have several maximum and minimum
values in an interval (as shown in Fig. Above).

(i)  Maximum and minimum values of a function occur alternatively (for clear idea see Fig above).
(i) At some point the maximum value may be less than the minimum value (i.e., Fig., P, L, < Q, R).
(iv) Inthe graph of the function maxima are like mountain tops while minima are like valley bottoms.

(v) The points at which a function has maximum or minimum value are called turning points and the
maximum and minimum values are known as exireme values, or extremum or furning values.

(vi) The values of x for which f(x) = 0 are often called critical values.
Criteria for Maximum and Minimum : (a) If a confinuous function y = f(x) is maximum at a point x = a (say),
then by definition, it is an increasing function for values of x just before x = a and a decreasing function for

d
values of x just afterx = g, i.e., its derivative d_;/ is positive before x = a and negative after x = a. This means

d
atx=a, d_;/ changes sign from + ve to — ve.
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d
Since d_i is confinuous function of x it can change sign only after passing through zero value.

dy
Thus dx =0.

Hence for a function y = f(x) fo attain maximum value at x = 1.
2

dZ<O.
dx

d d
(i) d_i =0, (i) d_i changes sign from + ve to—ve at x = q, i.e., is a decreasing function of x and so
(b) If again a continuous function y = f(x) is minimum at x = a, then by definition it is decreasing just before

d
X = a and then increasing just after x = a, i.e., ifs derivative d_;/ is — ve just before x = a and

d d
+ ve just after x = a. This means d_;/ changes sign from — ve fo + ve values. A continuous function d_;/ can

d
change sign only after passing through zero value, so d_;/ =0.

Hence for a contfinuous function y = f(x) to attain a minimum value at x = q,

d d d
(i) & 0, (ii) Sl changes sign from-ve at + ve atx=aq, i.e., Sl is an increasing function of x hence
dx dx dx
2
d Z > 0.
dx
Summary :

For a function y = f(x) to aftain a maximum point at x = @,

. dy o dy
=0, 0,
(i) dx (ii) e <0U,and
for a minimum point
n Lo @ o
dx dx?”

Conditions for Maximum and Minimum : Necessary Condition. If a function f(x) is maximum or minimum at
a point x = b and if f'(b) exists then " (b) = 0.

Sufficient Condition : If b is a point in an interval where f(x) is defined and if f* (b) =0 and f” (b) =0, then f(b)
is maximum if f” (b) <0 and is minimum if f 7 (b) > 0. (The proof is not shown at present).

Definition :

If in a function y = f(x), for confinuous increasing value of x, y increases upto a certain value and then
decreases, then this value of y is said to be the maximum value. If again y decreases upto a certain value
and then increases for continuous increasing value of x, then this value vy is said to be minimum value. The
points on the curve y = f(x). which separate the function from itsincreasing state to decreasing state or vice
versa are known as turning points on the curve. From these turning points the curve may attain the extreme
values. (i.e., maximum or minimum).
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Analytical Expression : Let a—h, a, a + h be the three values of x (his very small) : then the corresponding
values of y will be f(a—h), f(a) and f(a + h). If however, f(a) be greater than f(a—h) and f(a + h), then f(x)
is said to be maximum at x = a. Again if f(a) be less than both f(a — h) and f(a + h), the f(x) is said to be
minimum atf x = a.

Working Rule : by First Derivative Method :

Steps to find the maximum or minimum point of a curve y = f(x).

Find f” (x) and equate it to zero. From the equation f” (x) = 0, find the value of x, say a and p.
Here the number of roofs of f 7 (x) = 0 will be equal to the number of degree of f” (x) =0.
Then find f” (o —h) and f 7 (o + h), then note the change of sign if any (here his very small).

If the change is from positive fo negative, f(x) will be maximum at x = a. If again the change of sign is from
negative to positive, f(x) will be maximum at x = a.

Similar freatment for x = .

d
Note : We have seen that d_i changes sign (positive to negative or vice versa) is passing through the value

d
zero. It may also happen that d_i changes sign in passing through an infinite value (the detail is not shown

as present).

Example 103: Examine for maximum and minimum for the function f(x) = x* - 27x + 10.

Solution:

Now f’ (x) = 3x2 - 27. For maximum and minimum f” (x) =0 or 3x?-27 =0

or, x? = %=9.-. X=%3,

Now let us enquire whether f(x) is maximum or minimum at these values of x.

For x = 3, let us assign to x, the values of 3—h and 3 + h (his very small) and put these values at f(x).
Now f” (3-h) =3 (3 -h)?-27 which is negative for h is very smaill.

And f” (3 +h) =3(3 + h)2-27 which is positive.

. dy
Thus f” (x) '-e-'a changes sign from negative to positive as it passes throug x = 3. Therefore f(x) is minimum

at x = 3. The minimum value is
f(x) =3%-27.3+10=27-81+10=-44.

Similarly f” (-3-h) =3 (=3-h)?-27, it is positive and f" (-3 + h) =3 (-3 +h )2 - 27, it is negative, and
consequently the change of sign of f(x) being positive to negative, f(x) is maximum
atx=-3.

The maximum value is f(-3) = (- 3)*=27 (-3) + 10=-27 + 81 + 10 = é4.
Working Rule :
By second Derivative Method :

d d
For the functiony = f(x), find d_i and make it zero. From the equation d_i =0, find the values of x say a and
b.
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2 2 2

. dy _ . dy dYy
Find dxz.Pu’rx—oln dxz'lf v

f(a).

at x=ais - ve, the function is maximum at x = a and maximum value is

2

Y
ax?’

If again by pufting x = ain the result is +ve, then the function is minimum and minimum value is f(a).
Similarly for the value x = b.

Example 104 : Examine maximum value of the function

y =x3=27x+ 10 (the same example given above)

Solution:

dy

9y _ 3x? = 27. Taking—= =
dx dx

Oie., 3x*—27=0, we get x = + 3.

d’y d’y o . .
Now v =6X. Af x = 3, N 6. 3 =18, + ve, so the function is minimum at x = 3 and min. value is
3-27.3+10=-44,

. d’y o .
Again at x :_SIdXZ =6.(-3)=-18,-ve, so the function is max. at x = — 3 and max. value is
(-3)2-27 (-3) + 10 = 4.

. o ) - x> —7x+6
Example 105 :For what value of x the following function is maximum or minimum, -0
(Use of Second Derivative Method)
x> —7x+6
Llety = ————
ety x-=10

dy (x-10) (2x—7)—(x2—7x+6) _ X2 —20x+64
dx (x-10)’ (x-10Y’

d
making d—Z = 0we findx2-20x + 64=0
or, (x—4)(x=16)=0 .. x=4, 16.

gty (x=10)" (2x-20)—(x* - 20x + 64).2(x - 10)
Now ax? (X—]O)3

2{(x-10)"~(x-4) (x-16)}

) (x-10)’

Py 2(4-107 2 ]
At x=4, 32" (4_10)3 =g~ 37 Ve . functionis max. at x = 4.

oy 2(16-10 2
At x=16, g2 (]6—]0)3

1
s 3tVve - function is min. at x = 16.
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Application :

Few terms : The term marginal cost indicates the changes in the total cost for each additional unit of
production.

dc
If total cost = ¢, output = g, then ¢ = f(qg) and d_q = marginal cost.

c f(a)

Now, average cost = a_ q

For example, let ¢ = g® - 29 + 49 + 15, to find average cost and marginal cost. Here c is a function
of q.

Total costc = g®*-2g°+4g+ 15

c g -29°+49+15 _

Average cost= — =
g a a

g —2q+4+E
a

dc d ,
i = —=—(a*-20°+40+15) =30 -4+ 4
Marginal cost dq dq(q q q ) q q

Note : The total cost is represented by the constant 15, for even if the quantity produced is zero., the cost
equal fo 15 will have to be incurred by the firm.

Again since this constant 15 drops out during the process of deriving marginal cost, obviously the magnitude
of fixed cost does not affect the marginal cost.

Minimum Average Cost : The minimum average cost can be determined by applying first and second
derivatives, which will be clear from the following example.

Example 106 :If the total cost function is ¢ = 3g® — 4g? + 2q, find at what level of output, average cost be
minimum and what level will it be?

Solution:
Total cost ( =TC) = 3g® - 49? + 2q.

c
Average cost (= AC) = Pl 3q° -4q+2,
d(1C) ,

Marginal cost (MC) = a9 99° -8g+2

GAC)_, ., dad)_, )
Now aq d-4. making dq we get 6g-4=0, = 3

2 2

At this level average cost function will be minimum if (AC)>0. Now (AC)=6>0 which shows

dg? do?

2
average cost is minimum. Hence average cost will be minimum at an output level of 3 and its value will
2% 2 2
3= -4 = +2==.
be < 3 3 3
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Marginal Revenue : For any demand function p = f (qg), the total revenue (TR) is the product of quantity
demand (q), and the price (p) per unit of output.

TR=agxp=qxf(q) (asp=f(q))
Now the marginal revenue represents the change in TR for each additional unit of sale, so

d(TR)
dag

Marginal revenue (MR) = i.e., derivative of TR w.r.t. quantity demanded.

Pg
Here TR = Revenue = pqg, AR (average revenue) = F

d(TR)
dq
w.r.t. output equal to zero) and hence we can estimate the price (p) and finally the maximum revenue.

For TR maximum we may also have to find the output (g), making MR =0 i.e., =0 (i.e., first derivative

Note : For profit maximisation, MR = MC.

X2
Example 107 : A radio manufacturer produces ‘x’ sets per week at a total cost of Rs. g* 3x+100 . He s

monopolist and the demand for his market is x =75 - 3p ; where p is the price in rupees per set. Show that
the maximum net revenue is obtained when about 30 sets are produced per week. What is the monopoly
price?

Solution:

Netf revenue (NR) = Sale —total cost =x x p - TC

_ 2
=X 75X - X—+3x+100
3 25
R 2x 2%
For max. net revenue, we have )=O or, 25_?— §+3 =0

—2X l+i
Or, 3 25 =3_25=_22

28 11x75
or, X 7¢ or, X 8 30 (app.)

75-x _75-30 45 _
3 3 3

. monopoly price =% 15 per set.

15

Now, p =

Example 108 : A manufacturer can sell x items per month at a price p = 300 - 2x rupees. Produced items cost
the manufacturer y rupees y = 2x + 1000. How much profit will yield maximum profits?2
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Solution:
Profit (P) = Sale —total cost=xxp -y
=X (300 — 2x) — (2x + 1000) = 298x — 2x? - 1000

dp .
For maximum profits, o 0ie., 298-4x=0

or, x=74.5=74 (asthe number cannot be fraction and also x # 75 as x »* 74.5)

2

P
Again v 4 <0. Hence the profit will be maximum for 74 items.

Alternative way :

o . d(TR) _d(TC) ~
For profit maximisation we know MR = MC i.e ——= ... (i)

dx dx
TR = px = (300 — 2x) x = 300x — 2x?
d(®) =i(300x —2x?) =300 - 4x
dx  dx
) d(1C) .
Again TC = 2x + 1000, o = 2. Now by (i), we get

300-4x=2 or, 4x=298 or, x=745=74.

(as the number cannoft be fraction and also x # 75 as x * 74. 5)

Example 109 : The demand function for a particular commodity is y = 15>/ for 0 < x <8 where y is the price
per unit and x is the number of units demanted. Determine the price and the quantity for which the revenue
is maximum.

Revenue (R) =xy =x. 153 =15x. e*/?

-x/3 -x/3 -x/3

s +e = -5xe™? +15e

; —R =15 xe
For maximum ax .

dR
For o 0, we get — 5xe™*? + 15e > =0

or, 5e>*(3-x)=0, eithere->**=0, or,3-x=0

i.e., Xx= o (absurd) orx=3

-x/3 -x/3  _

— +e +15e

For x=3, e <0, itis maximum.
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Hence the maximum profit is obtained by putting x = 3 in the revenue equation R = 15xe*/3
45
= -1==—-=16.54.
15.3.e 575

Example 110 :For a certain establishment, the total revenue function R and the total cost function C are
given by

R=83x-4x?-21 and c =x3-12x? + 48x + 11 where x = output.

Obtain the out put for which profit is maximum.

Solution:

Profit (p) = Revenue — Cost

=83x—4x2—21 — (3= 12x°+ 48x + 11) == x3 + 8x% + 35x — 32
dp . d 3 9
— =0.ie.,— (- 8 35x-32)=0
For max. —- ie dx(x+ x? + 35x )
or, -3x2+16x+35=0 or, 3x?-16x-35=0
or, (x=7) (3x+5)=0 o, x=7,-5/3
dp d
i =—(-3x® +16x+35)=-6x+16
Again NG dx( )

2

For x =7, j P =—6.7+]6=—42+]6=—26<0,quimum
X

2

. the profit is maximum at x = 7.

Example 111 :Find two positive numbers whose product is 64 having minimum sum.

64
Let the two positive numbers be x and y. By question xy = é4 ory = =

Let s be the sum of numbers of thats=x+y

64 . ds 64 . ds

or, s =X+ —. Now diff. w.rtx, we get, —=1-—. For maximum — =0
X dx X dx

) 64

ie., 1—X—2= 0 or,x2=640rx, =8,-8

d25_0+2.64 Afx—8d25—2'64>0 -

O v & , minimum

. 64 64
. S is minimum for x = 8, the other number vy = ~ = B =8

.. reqd. positive numbersare 8 and 8.
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Example 112 :The sum of two numbers is 12. Find the maximum value of their product.
Solution:

Let the two numbers be x and y, so that x + y = 12.

Product (P) =xy =x (12=x) = 12x — x?

9P _1oox
dx

For product max.

dp ) . dp

=~ _0 — 9% = = = -2 < 0,max.
dx i.e., 12-2x=0or, x= 6. Agian e

- reqd. product =x (12-x) =6 (12-6) = 6.6 =36

Example 113 : A wire of length 16cm is fo form a rectanglle. Find the dimensions of a rectangle so that it has
maximum area.

Solution:

Let length be x, breadth be y so that
2x+2y=16or,x+y=8or,y=8-x

Area (A) = length x breadth = xy = x (8 - X)

dA

v 8 — 2x . For max. area we have

dA d?
——=0,0r8-2x=0o0rx=4; Z=—2<O,mox.
dx dx

Forx=4,y=8-4=4.

So the area is maximum for length = breadth is 4 cm i.e., rectangle is a square.

SELF EXAMINATION QUESTION

1. Find the which values of x the following functions are maximum and minimum:

(i) x(12-2x)? (i) x3*=3x2-9x+5

i) x3-6x2+9x-8 i M

(i) x3—6x X = (iv) NCREVIE

(V) x3—9x2+24x—12. [Ans. (i) 2, 6; (ii) =1, 3; (i) 1, 3; (iv) 1, =1 (v) 2, 4]

2. Find the maximum and minimum values of the above example.

]
[Ans. (i) 128, 0 (ii) 10, =22, (iii) -4, -8, (iv) 35, (v) 8, 4]
1
3.  Show that the maximum value of X+; is less than its minimum value
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4.

5.

~
”

Show that f(x) = x® — 3x? + éx + 3 has neither maximum nor a minimum.
Show that the function y = x2 — 3x? + 5 has a maximum value at x = 0 and a minimum value af x = 2.
Show that the fuction x3— 6éx? + 12x + 50 is either a maximum nor a minimum at x = 2.

Find for what values of x, following expression is maximum and minimum respectively
2x3 = 21x2 + 36x — 20. Find also the maximum and minimum values.

[Ans. minimum at x = é; maximum af x = 1; minimum value = -128; maximum value = -3]

1 1

Show that the function x (1-x?) attains the maximum value at x =£ and minimum value at X = N

show that y = x3 - 8 has neither a maximum nor a minimum value. Has the curve a point of inflexion.
[Ans. Yes at O, -8]

250
Show that the function f(x) = x* +T minimum value at x = 5.

Show that the function f(x) = x3 — 6x? + 9x — 8 has a maximum value at x = 1T and a minimum value at
x=3.

(i) A steel plant produces x tons of steel per week at s total cost of

4 %x3—7x2+]]x+50 )

Find the output level at which the marginal cost attains its minimum (using the concept of derivative
as used in finding extreme values). [Ans. 7]

(i) A firm produces x tons valuable metal per month ata a total cost ¢ given by

c=% %x3—5x2+75x+10 )

Find at what level of output the marginal cost attains its minimum. [Ans. 5]
. 35
The total cost of output x given by C = Ex +7

Find: (i) cost when output is 4 units. (i) average cost of output of 10 units.

. . . 1.5 2
(i) marginal cost when output is 3 units. [Ans. QOZ'QE;E

The demand function faced by a afim is p = 500 — 0.2x and its cost function is ¢ = 25x + 10000
(o = price, x = output and c = cost). Find the output at which the profits of the firm are maximum.

1
Also find the price it will charge. [Ans. 1 1875; %262.50]
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18.
19.

20.

21.

22.

1
A firm produces x units of output per week ata a total cost of §X3 ~x*+5%x+3 . Find the output

levels at which the marginal cost and the average cost attains their respective minima. [Ans. 1, 3/2]

X
A radio manufacture finds that he can sell x radios per week ar Rs. p each, where P -2 100—2 .

X2
His cost of productiono of x radios per week is Rs. 120x+? .

show that his profit is maximum when the production is 40 radios per week. Find also his maximum
profit per week. [Ans. % 1600]

1
The total cost function of a firmis C;x3 —3x? +10x +10. Where c is the rotal cost and x is output.

A tax at the rate of Rs. 2 per unit of output is imposed and the producer adds it to his ost. If the market
demand function is given by p = 2512 - 3x, where p is the price per unit of output, find the profit

maximumsing output and hence the price. [Ans. 50 ; rs. 2362]

Find two positive numbers whose product is 16 having minimum sum [Ans. 4,4]

The sum of two numbers is 18. Find the maximum value of their product. [Ans. 81]
15 15

Find two positive numbers whose sum is 15 and the sum of whose square is minimum.  [Ans. ?,?]

Of all the rectangles, each of which has perimeter 40cm., find the one having maximum area.
[Ans. Square of side 10cm ; 100 sg. cm.]

A farmer can afford to buy 800 meftres of wire fencing. He wishes to enclose a rectangular field of
largest possible area. What should the dimensions of the field be? [Ans. 200m; 200m]

OBJECTIVE QUESTION

Ify=(2-x)?find d%x [Ans. x — 4]
oy ”

Ify =x*find +1, whenx =1 [Ans. 10]

Differentiate xé w.r.t.x? [Ans. 3x4]

_ -y dy 1
If y =log (4x) find dx [Ans. » ]

2 1
If y=(x/;+]) find d%x [Ans. Hﬁ]
=X+ find find 2x X 4y [ARS. 2 ]
\/; dx - 24X
Ify = logx find dQV Ans. ——
y = logx fin i [Ans. =271
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18.
19.
20.

21.

22.

23.

24,
25.

26.

27.

V

. d?
If y = 5 find %XQ [Ans. 5 (log 5)?]
If f(x) =2x3 + 3x2 — 12x for what value of x will f'(x) =0 [Ans. 1,-2)
%y
If y = x3, evaluate 1+ A’ when x =—1 [Ans. =5]
. dy o s
Find ™ for2x=12and 3y =t [Ans. 1]
a, ,d%y 2
= = —find— —
Ifx=at,y ; v [Ans. e ]
. dQV -
= 2 =
If x = at?, y = 2at find e [Ans. oap ]
) 1-logx
Ify= % find d%x [Ans. XK.T]
If y = x°9x find dV [Ans. X% M]
Y dx )
If @3¢+52 find d%x [Ans. €352 (6x +5)]
Giveny =2x2 - x + 1 find whether y is increasing, decreasing or staftionary at x = 1
1
[Ans. Stationary at x = 7
For what value of x, y = x3 = 3x2 — 9x + 5 is minimum. [Ans. 3]
In the above example, for what value of x the functions is maximum?2 [Ans.—1]
If the total cost functionis ¢ = g? - 2g + 59 find MC [Ans. 392 — 4 +5]
. . - 50 .
The average cost function (AC) for certain commodity is AC = 2% —1+7 in terms of output x.
Find the MC [Ans. 4x —1]
In the above example, find the slope of MC [Ans. 4]
. . - X 21
The average cost function (AC) for certain commodity is AC = 5 4+; find the slope of MC.
[Ans. x—4]
Examine f(x) = x3 - éx2 + 9x — 18 for maximum or minimum values. [Ans. max. at x = 1, min. at x =— 3]
If y = Ae® + be™ evaluate y? — k?y [Ans. O]
3
1
If the cost functionsis ¢ = q?—Qq +12 find average variable cost. [Ans. qu -2]
The cost function (c) of a firm is as follows:
2 3 |
Cc= §q3 —qu +49+ 2. Is the slope of AC = 3 (MC - AC). [Ans. Yes)
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3.5 INTEGRATION

Definition:

d
For differential caculus we know. &(Xz) = 2X Here for a certain given function x?, we have calculated its

differential co-efficient w.r.t.x. The reverse process is known as intfegration, i.e. a certain function is given to
us and we are required to find another function of the same variable whose differential co-eficient (w.r. 1.
the same variable) is the given function. For example, let the given function be 2x, we are to find another
function (of the same variable x) whose differential co-efficient: (w.r. t. x) is 2x. Now the function will be x?
and we shall say that the infegration of 2x w. r. f. xis X2. Sign. Let f(x) and ¢ (x) be two functions of x so that
derivative of ¢ (x) w.r. t.x. isf(x), i.e.,

d
&¢(x) = f(x) then the integral of f(x) is ¢(x), which is expressed by attaching the sign of integration before f(x)

and attaching dx after f(x), indicating that x is the variable of integration.

. d _ 3
So if &q)(x) =f(x) then f(x)dx = ¢(x).

The function f(x) which is to be integrated is called the integrand.
Here f(x)dx indicates in the indefinite integral of (fx) w.r. t. x.

Nofe. (i) We find integration is the inverse process of differention.

d
(ii) ™ ()and () dx, the symbols are reverse to each other.

Constant of Integration

We know %xz = QX;%(X2 +5)= %(x2)+%(5) =2x+0= 2x<:md%(x2 +C)=2x

e _ da _
In general, if &¢(X) = f(x).then i [0(x)+c] = f(x)

f(x) dx = ¢ (x) + c, where c is a constant. (c is also known as constant of integration)

General Theorems concerning Integration : (A) The integral of the algebraic sum of a finite
Number of functions is equal to the algebraic sum of their integrals. In

(U,tu,xu,.......kU Jdx= u-dx* udx+..... +u dx

Where u,,u, ,u_ are all functions of x or constants.

FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS | 3.57 <



Calculus

Example 114: [ (x*+x) dx= x*dx * xdx
(B) A constant factor may be taken out from under the sign of integration and written before it. In

symbols, Audx=A udx
Example 115: | (x*£x) dx= [ x*dx=* [xdx

(C) (AU AU -+ ... tA U )AX=A U dxtA-, u,dxt ... EA le dx

Where A, A, A, are constants and ul, u ..u, are all functions of x.

2

Example 116: (x+3x?) dx=xdx+ 3 x2. dx.

Table of some fundamental integrals. The knowledge of differentiation will be employed now to find the
indefinite integral of number of function. The constant integration will be understood in all cases.

Farmulae :
n+1 d xn+l
x"dx = n#-1)as— =x"
1. n+1( ) dx n+1
2. dx=x+c;
x___ 1 (x=1)
3. " -1’ +c (corr. of formula 1)
dx
4. —=logx+c
X
mx emx X X
5. e™ dx = (m #0) corr, e*dx = e
a*dx =
6. log. a +c(a>0), axl)
a™dx = —
7. mlogecj+c,(<:l>0),c1J_r1)

Standard Methods of Integration. The different methods of infegration aim to reduce the given integral to
one of the above fundamental of known integral, Mainly there are two principle processes: (i) The method
of substitution, i.e , change of independent variable.

(i) Integration by parts

If the integram is a rational fraction, it may be broken into partial fractions by algebra and then to
apply the previous method for integration.

Example 117: Integrate the following w.r.t.x.

(i) x* (i) x'© (iii)) x (iv) 1 (v) -7 (Vi) x4/ (vii) g/x_4
Solution:

) . B x4+l ~ l s

(i) x*'dx= 4+]+c (by Formulae 1) = 5X +C
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100+1 101 T+1 2

(i) xdx=——=24c (i) xdx=2—-=% ¢
100+1 101 T+1
(iv) l.dx=x+cC
7d x—7+1 x—é
X'ax = = =———4C
(V) o T (see formula 3)
x°dx = S 5" +c
(vi) A !
5 5

(vii)  Ix‘dx= x“3dx = gxm ‘e
Nofte. (i) The arbitrary constant of infegration (c) may be given in the final step.

. d ] _ _ 5 4 O_
(i) Check: ax gx +C —g&x +ac—§- X' +U=X (See Ex. 1)

1 d 1
: ‘dx ==x*+c,and— —x*+c =x*
(i) So we find X GX 5X ax 5X X

Example 118 : (Integrate)

(i) 2x4dx (ii) (2x2 + x?)dx
1
(i) VXA (i) (a+x)dx
Solution:
X4+l 2
(i) 2x*dx =2 x*dx (byB) =2.-—==x"+c
4+1 5

(ii) 2x° +x%)dx = 2x°dx+ x’dx(byA)

X—3+1 X2+1 5 -| 5
+ =-X"+=X"+C

=2 x%dx+ x%dx (byB)=2.
=3+1 2+1 3

(i) 3x° +\/§—l dx =3 x*dx+ x"’dx-— % (oy A and B)
X

3X4 XVZH
=—+ —log x
4 l+1
2
= gx“ +gx3/2 —logx +c.
4 3
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(iv) (a+xPdx= (@®+20x+x’)dx=0a’ dx+2a xdx+ x°dx

x2 X3 1
=a’x+200—+—=a*x+ax* +=x*+c.
2 3 3

Example 119: Find the value of:

(i) X&—4&+% ax i) x2(x/;—x+l)dx
Solution:

. 5 dx
(i) (Xx/;—4x/;+ﬁ)dx— xyxdx —4 /xdx +5 =

= x¥2dx -4 x"?dx+5 x"2dx

A5
o B e 1

2

2 2

= gxf’/? —4.Zx32 £ 59x? = %xf’/? —%xm +10Vx + ¢

(ii) x2(x/;—x+1)dx= (x5/2—x3+x2)dx= x¥? — x%dx+ x*dx

5241 w4 3 o o N
——t+—==x""-—+—+cC.
4 3 7 4 3

X

é+1
2

Problem of algebraic functions:

To integrate a fraction algebraic expression of which the numerator is a polynomial function and the
denominator is a monomial (or binomial) function, simplify the expression first to partial fraction.

Example 120: (integrate)

0 2x2+3x3+4dx (i (X+2)2 dx (i) 2x2—]4x+24dx
X Ix x—3
Solution:
2 3 2 3
(i1 sameas 23X HA o0 Xaxe3 Xaxe 4 X o2 xax+3 ax+4 X
X X X X X

x2 x° 2 3
= 27+ 3.?+4Iogx = X" +Xx” +4logx+c.
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)
3

= o

TUTE

W osiures:
s

o (xw2) X2 +4x+ 4 x? X dx
=gx5/2 +4.Zx3/2 +8x"? =gx5/2 +§x3/2 +8x"?+c
5 3 5 3
x—3)(2x -8
(i) ¢ —14x+24 (x=3)(2x-8) (2x—8)dx =2 xdx—8 dx =2.2——8x
x-3 (x-3) 2
=x?-8x+cC
(4x-3)’

Example 121: Evaluate 5
X

_q)\ 3 _ 2 —
(4x 3) _ 64x> —144x° +108x — 27 dx = 64x—]44+]08l—27i dx
2 X2 X x?

2
= 64%—]44x+]08logx—27.%= 32x? —]44x+]08|ogx+27%+c

Example 122: Finid e*dx

4x

e’ dx = 64 +c.  (byformula 5)

Example 123: Evaluate e%°%*dx

3
2 X
e?o9dx. = e°9“dx = x3*dx= ?+ c.

eSx + eSx
Example 124: Evaluate de
5x 3x
H e X -X
Expression = ot —r dx= (e +e )dx
e™ e%

=X

X X

- e -
e’dx+ edx=¢e" +—]=e -e*+c.
) eSx +eSx
Example 125: Find the value of ————-dXx
e’ +e
e (e‘x + ex) e¥ (ex + e'x) o
. 4x
Expression = dx = dx = e¥dx=—-——+c.
X =X X -X
(e +e ) (e +e ) 4
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d
Example 126: If d—z =x*-3x*+1landy=2whenx=1, find y.

x* X
or, y= x’dx-3 x*dx+ dx =—-=3+x+cC

1 1 1
2=—-1+1+cC 2=—+cC c=2-—=7/4
or, y) or, L reon y) /

X4
y=—-x>+x+=
SELF EXMINATION QUESTIONS
L)X 0 (i) x (iv)xe (Vo  (vi)2
12 411 2 a
Ans() 2 @i @S v w)ax (vi) 2ctc in all the case
12 411 X a+1
2 Gkl M W s
. (i) x ii) x i) =& (V) 3 < i) x
-10 X—n+1 X—n+1 -]
Ans. (i) (ii) (iii) (iv)J— (v)and (vi) logx
-10 -N+1 -N+1 X
2
30 ()2 (i) & Ans.(i)%xf’/2 (ii)x3+%x5/2+%
Integrate :
L2 . 4 x?
4 () xlxdx (i) (xx) o Ans. i) X (i) X+ 2X 4T
2
5. x“+2x2+1dx - (x—3)2dx - Q(x/;H) .
o) ——— i i) ———2 dx
x? Jx xa/x
Ans. (i) X—2+ 2|ogx—L (ii) gxf’/2 —4x¥2 118x  {iii) 4\/;+4|ogx—i
2 2x? 5 Jx
x? -1 x® -1 x> +3x+2 x?—x-6
. ax (i dx (i dx | ox.
6. i) 7 & (ii) 7 & (iii) el (iv) g X

2 3 2 2 2

Ans. (i) %+x (il %+% (i) X?+ 2 (iv) %—Sx
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(IV) eZIogx (V) em\ogx dX

(i)  x¥dx (i)  e*dx (i) e™dx
Ler e e™ X x™!
Ans. (i ii iii iv) — (v
() 5 (i) = fi) = (v) - (V) ~—
Y . 2
() 5dx (i) 5*dx Ans- 17565 W Siog. 5
e +e* e +e*+1 e +e
9. () —Z & (i) ————dx (i) K
e e +e
2x 4x 2x 3x
v T ) Ans. (i) & —e™ (i) e +x—e™ (i) <— (iv) e* (v) e
e +e e’ +e™”
Evaluate:
2
10. (i) 3\/;"'5"'; dx Ans.2x%? + 5x + 2logx + C
3 3
(i) (1-x) dx Ans.logx —3x + 2 x% -2 4 ¢
X 2 3
dy . .
11. If&=x3+x +x+ 1 andify =2when x =1, find the value only.
4 3 2
Ans.x—+x—+x—+x—i
4 3 2 12
4%
Ans.e
4

3x 5x

e’ + T .
12. Iff'(x) mond f(0) = 1 find f(x).

=l+c,c=0&e’rc.

4x X -X
Hintsf/(x) = S & +8" _ gax o)=L
e’ +e™ 4 4

x-=1 e-1 1
13, %dx Ans.—log(e* +x®
e’ +X e
) 1 ee ™ +ex®’ 1 e +ex®’! 1 du
Hintl=— X = — —edx=— —,u=¢e"+x°® &etc.
e e’ +¢e* e e‘+e e u

3.5.1 METHOD OF SUBSTITUTION
dl

Let I= (x)dx then — = f(x)
ax
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dx
Agianletx=¢ (z), Then P =0’ (z)., (change of variable)

dl d d
Now, —=—-=2=1(x).0" (2} =T [ (2)].0" (2

~bydef.l= f[o(z)]0" (z) dzifx= ¢ (z).

The idea will be clear from the following example :

Integrate. (2 + 3 x)" dx. let 2+3x=z ..3dx = dz
ax 1 . Loy ax 1
or, % 3 (i,e. here ¢’ (z) = e 3)
1
Now, |= 27" gdz, asfl[o(z) =2
'l ] ~ l Zn+1 B - . )
3 z dz—3-n+]—3(n+”(2+3x) + C. (putting z =2 + 3x)

Nofe. It may be noted that there is no fixed rule for substitution in solving these types of problems.

Important Rules

f(x) 1 p+l
d = | f . P g = — —_
1. ) x = log, f(x) 2 f(x) ©.f(x)dx ST f(x) "~ L(x==1).
3. e* f(x)+f(x) dx = e*f(x).
dx
Example 127: Tx log(2+Xx). Let 2+x =z, dx = dz.

= %=Iogz=Log(2+x)os %=Iogx.

Example 128: (2 +x%)*.2xdx

Llet2+x2=z
2x dx =dz
14

l= Zdz=-z2
4

1
=—(2+x?)*
4( )

Example 129: e*(x+1)dx
Let,ex.x=12
(ex+ex.x)dx=dz

or, e (x+1) dx =dz

= dz=z=€"-x
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Example 130:

(2x +5)” dx

Let, 2x +5=u
2.dx=du

_1 (2x + 5)*
8

Example 131:

%

5x
Let, 5x =u
or,5dx=du

1
= —du
or, dx 5

1
=—logbx+c
5 g

Example 132:

_dx
3-X
Let,3—-x=u
—dx=du
dx =-du

du
= - —=-logu
U

=-log(3-x)+cC
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Example 133:
dx
2+ 5x
Let2+5x=u
5.dx=du
d —ld
X = 5 U
1 au
"5 U
—llogu
5

=%Iog(2+5x)+c

20x +b

dz 2
— = —=logz+c, =log(ax” +bx+c)+c,
ax‘ +bx+c z

Example 134:

Let ax? + bx + c =z, (2ax + b) dx = dz.

Note: Numerator is derivative of denominator.

4x+b
x =10g(2x? + 3x + 4)+ c.
Now 2x? +3x+ 4 al )
2
33)( +24X+] x =log(x® +3x*+x-1)+c.
X°+2X° +x -1

Example 135:  x*v/1+ x*dx

Let 1 + x¥=u? (here u? is faken to avoid redical sign of square root).

2
Or, 3x?dx =2udu  or, x2dx =§ udu

I=§ uudu (os\/1+x3 =\/U_2=U)

=g U2du=§‘%=%(m)3 =§(]+X3)3/2+C.

3
xax 1
N 2 =2 - = —
Example 136: m Let 3x? +1 = u% éxdx = 2udu, xdx 3udu.
1 udu 1 1 1
l=— ——=— du=—-u=—-+3x’+1+cC.
3 u 3 3 3
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X =X

Example 137: dx Letex+e>*=u, (e*-e*)dx=du

e’ +e™

dU X -X
= T=Iogu=|og(e +e)+c

] X+1/x ] ]
Example 138: 1-— € dx  Letx+ —=u, 1-— dx=du
X X X
= e'du=e"=e“""* +c

Example 139: e*ve* +1dx

Let e+ 1 = U? e*dx = 2udu

=2 U2dU=§U3 =§(ex+])3/2+c‘

R, a dx_OI
Example 140: x(logx)? Le’rlogx—z,T— z
Now 1= 22 =77 Zjogx
4x+7
: dx
Example 141 13
2(2X+3)+] X +3 dx
= — 7 dx=2 dx +
2x+3 2x+3 2x+3
dx
=2 dx+ ——=1 +lI = =
13 » Wherel, =2 dx=2x
1 du 1
and |, =— —=—logu. Let 2x + 3 =u, 2dx = du
2 U 2
—llog(2x+3)
2

= 2x+%log(2x+3)+c.
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X

Example 142: e7(1+ xlogx) dx,x > 0.

= e |ogx+l dx

X Letexlogx = v

X ] X
= du=u e .;+e Jogx dx=du
o ]

=e*log x + C. or. € ;+|ng dx =du

3x

Example 143: 2x—1dx Let 2x—=1=u? 2 dx =2 udu, dx = udu

Again 2x =1+ U? x = %(]+U2), 3x=g(l+u2)

2
I=% Wdu=% du+% u2du=%u+%%
3
=%+%=%\/2x—]+%(2x—])3/2+c.
Example 144: Evaluate :  3x*véx°+11dx
Let 6x3 + 11 = u? so that 18x2dx = 2udu
3

=3 gU.udu=l uzdu=l v =l(6x3+11)3/2+c.

18 3 3 3 9

X+2
Example 145: Evaluate : mdx Let x—2 =% dx=2udu. Again x + 2 = 4 +u2

4+0°

2udu=2 (4+u2)du

=8 du+?2 uzdu=8u+§u3 =8m+§(x—2)3/2+c.

e~“dx
l+e™

Example 14é4: Evaluate:

Let 1 +e*=u, —e*dx =du

e “dx du x
— =—- —=-logu=-log(l+e™)
T+e™ u
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1 +1 « «
=-log 1+— =-log — =loge —Iog(e +1)+c.
e e

Example 147: Evaluate : e* (ex + ])]/2 dx
Let (ex+ 1)"2 =y, e + 1 = U? e*dx = 2udu

=2 uv’du= §u3 = %(ex + 1)3/2 +C

2x

X.e
Example 148: Evaluate : ———ax
(2x+1)
2x
Let —(2x+1) =U 5o that on differentiation
X _ a2 . 2x
2(2x +1)e 2e 2 4y = qu.Pxe _x=du
(2x+1) (2x+1)
|—l dU—lu—l e™ ic
Now =4 =774 T a(2x+)
le 149: Evaluat 23
Example 149: Evaluate . M

1 1
let 4x — 1= u?, 4dx = 2 udu, again 2x = §(1+U2),2X—3 = E(Uz —5)

- 5u

3
1 ! (u2—5)du=l v
2 22U 4 4 3
3/2

=% %—S\MJ—] =é(4x—])3/2 —3\/4x—]+c

Example 150:  x*+/3x® — 4 dx
Let 3x3 — 4 = u?, 9x2dx = 2 udu

3
-2 u2du=2.u—=£(3x3 —4)3/2+c
9 9 3 27
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3.5.2 INTEGRATION BY RATIONALISATION

In some cases rationalisation is required to avoid the surd in the numerator or denominator before integration.
The idea will be clear from the following example.

dx
Example 151: Integrate: Iel-Jdx=1

1 ><\/x+1+\/x—1

1
Now =
x+T=Ux=1 x+T1=vx=1 x+T++/x-1

_M_l(m+m)

Cox+)=(x=1) 2
| = %(\/x+1+\/x—l)dx=% \/x+1dx+% A/x =1dx

] (X " ])1/2+1 ] . (X _ ])1/2+1 ]

=— _ _ 3/2 l )32
=5 l+] + l_,_] —3(x+1) +3(x )" +c
2 2
SELF EXAMINATION QUSTIONS
1. (2X+ 3)4DX %(2X+ 3)5, c is to be added in all answers
-] 1
2. (2 _ 3X)6DX Ans.a(zx - 3)7 3. 2X + 5dx An5.§(2x + 5)3/2
s 1 4/3 5/3 1 8/3

4. Y3x+ 4dx Ans.-(3x+9) 5. (3x+4) Ans. = (3x +4)

6. xVx®+1dx Ans.%(xQ + ])3/2

2 xax
7. (2x+5)Vx® +5xdx A”S-g(XQ + 5X)3/2 8. Nl AnsA/x* —a’

x? —a
x3dx 1 3/2 6xdx 1
Ans.—(x2 +1 —xZ2+1 Al
9. N nss(x +) X2+ 0. (4—x2)2 s

(3x* - 5x+ 7)m+1
1. (3% —5x+7)m (6x—5)dx Ans. 3
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20.

21.

23.

1
(3¢ +7) ox Ans. = (3x +7)° 1B Gead

(i)

(i

(i)

Ix* —4x+5

(1)

(i

(i

(i)

(i

(2x+3),/(x* +3x —1)dx Aﬂs-%(XQ +3x-1)

X—2

) V2x —8x+5

t*dt

X—2

dx

dx

dx
xlogx

(x+1)(x +logx)” dx
X

dx
) x{12+7logx+(logF}

dx

Ans.g(’r4 + 3)

Ans.g(x2 —4Xx+5
4

i) x(logx)? + 4xlogx —12x

2x -1
3x+7

dx

2X+3
3X+2

dx

)

o+bxdx

C+dx

xdx

3/2

Ans.%\/Qx2 -8+45

3

2/3

)2/3

2
[Ans. logx] 17. Iog\/; Ans.(log\/;)

3x

Ans.%(x +log)?

[Ans. log (log x + 3) — log(log x + 4)

Ans.élog(log— 2)- %Iog(logx + 6)

Ans%x —%Iog(Sx +7)

Ans.%x +§Iog(3x +2)

Ans.%+(od+bclog(c+dx)
e’ dx e*
Ans.— X(x —2)— Ans.—
< 2. ekx-2)7 =
. |
[Ans. log(e*—e™] (i) ——5zdx [Ans. —2(e/2+ 1)]

1+e
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24,

25.

26.

27.

29.

30.

31.

[Hint. | =

-x/2

x-1 e-1

+X

(i) eex—dx

e

+ X

e2

V) oo

2+e

e'dx
2+X

Hint.l =

dx
Ix+1-+x

dx

VX+2 -+Xx+3

dx
X+ T+ X+ 2

udu

mdx, pute®? +1 =u & etc]

Ans.llog(ex +x%)
e

[Ans. x* =2 log (2 + €]

,e* =u&eftc.
2+U

3

1 3/2
Ans. —z(2x +3) - (2x+3)

3/2

Ans%(x+ 3" —4(x+3)

2

(i)

Ans.=(x + 2)5/2 - %(x +2)*2 +8(x +2)"*

5

Ans%(Qx ~1)** 4 5V2x -1
Ans.4yx —1— %(1 + x)3/2
Ans.2log(1+ \/;)
Ans 2{(x +1P7 + x*7}
3
Ans _—2{(x +2P7 + (x + 37}
"3

Ans. — %(x +1*% - (x +2)*2

3.5.3 STANDARD INTEGRALS

(A)

dx 1

x?-a? 2a

X
=—Iog
X

a
(x> aq)
+a

(i)

28.

3X+2 3/2
dx ANS2(X + 1) = 24x +1
VX +1 ( )
]]_—xdx Ans.4/x — 1+ %(x - ])3/2
+X

dx 2
—————dx  Ans.={(1+x)*"* —=x*?
Ix + 1+ x 3{ }
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) dx —Llogo-"x
a?-x* 2a ~a-x'

(c) %ﬂog(“m)

X“*xa

(x<aq)

3dx
Example 152: NI

_8x 3
X2l (x+1)(x=))

xdx
Example 153: o Let x2 = u, then 2xdx = du

-1

o1 du 11 u-1 1 x? -1
T2 o1 229901 299

Example 154:

4-x°
ax 1 1 1 1 dx 1 dx
= ——————=— — ax =— +—=
2+x)(2-x) 4 2+x 2-X 4 24+4x 4 2-X
1 1 1 2+ X
=—log(2+x)-—log(2-x)=—log——
y g(2+x) y g(2-x) 11995
. ax 1 2+X
Alternative way. =—log

22_x2 4 T2-x

X
. — - dx 2 = =
Example 155: o —3x2 2 Let x?2=u, 2xdx = du

I—l du 1 du
T2 WP-3u-2 2 (U-2)(2u+))
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1 2

B du 1 2du
u-2 2u+l

u-2 10 2u+1

11 _
2°5 10

= %Iog(u -2 —%Iog (2u+1)= %Iog(x2 -2) —% log(2x? +1)+c¢

3

X
Vx8 1

Example 156:

x3dx
(x“)2 +1 Let x* = u or, 4x3dx = du.

1 =l|og (u+\/u2i1) (oy C)
4 Juper 4
=—|og(x4 ++/x8 i]).
SELF EXAMINATION QUESTIONS
Evaluate :
x2dx 1, x*=1 1 dx 1, logx—1
Ans.—log—— — Ans.—log———
I N 6 gx +1 2 (logx)t =9 x 6 g|ogx+1
3 o ax Ans.——lo 4x+3-17
’ 2x? +3x -1 N7 T 4x+3+17
d
4. o)i -:(x“ Ans.%log(x%\/o“ +x“)
dx 1
Ans.—log|4x +v16x? =9
> 16x% -9 4 g( X X )
dx 1 X+1-~/2
; - Ans. lo
6 i x* +2x -1 22 gX+1+x/§
1 2(x-1)-3
2x? —4x -7 62 2(x-1)+3
x? = 3x+1 V5 T 2x-3++/5
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INTEGRATION BY PARTS

Integration of a Product:

Let u and v, be differential functions of x.

dv
Then %(uvw) = %v] +ud—x1 (from diff. calculus)

Now integrating both sides w.r.t. x

du dv
= —v, d —1 d
We gef UV] dx V] X+ U dU X

dv
or, u—= dx=uv

U .
™~ T g dx (transposing)

Takin v, =v then v,= vdx
9 dx 1
The above result may be written as

(uv)dx =u vdx - du vdx dx
dx

It states integral of product of two functions = 1st function (unchanged) x int. of 2nd — integral of
(diff. st x int. of 2nd.).

Note : Care should be taken to choose properly the first function, i.e., the function not to be integrated.

Example 157: Evaluate xe*dx

xe*dx (here eis taken as second function)
X dx X X X X X
=x e*dx- I e*dx. dx=x.e" - le*dx=xe*-e*+c
X

Note : If e be taken as first function, infegral becomes e*xdx

2 2
=e* xdx- iex. xdx dx=ex.x—— ex.x—dx
dx 2 2

2

Now to find the value of ex.% dx becomes complicated. So xis taken as first function for easy solution.
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Example 158: [log x dx =  logx.1.dx

=logx dx-— iIogx dx dx
dx

=|logXx.x — %.x dx = xlogx - dx =xlogx—-x+c.
Example 159: Evaluate : [ logx? dx

l= logx2.1.dx =logx® 1.dx— dilogx2. Tdx dx
X

=logx?.x — 2—)2(.x dx = xlogx? —2 dx = xlogx? -2x+cC
X

Example 160: Evaluate : [ e* (1 + x) log (xe*)dx.

Let xex=u, (eX+ xeX)dx =du or, e (1 + x) dx = du.

Integral (i) = flog u du =ulog u—-u =xe* log (xe*)-xe* +c
Example 161: Evaluate : [(x? — 2x + 5)e™> dx.

| = [ x?e>*dx — 2 [ xe™ dx + 5[e™ dx

2 -X d 2 -X —X -X
=x° e*dx-— &x e*dx dx -2 xedx+5e7*(-1)
=x’e*(-1)-2 xe*.(-)dx -2 xe*dx-5e™*

=X’ +2 xe*dx—-2 xedx-5e* =—x’e*-5e* +cC

Standard Integrals :
/2 2 2
1. x? +a? dx=%+%log (x+\/x2+02)

(x*-0?) g

X
2 Vx? - a? dx=T—%log (x+\/x2—02).
Example 162: Find the value of v25x% +16 dx

I= (5x)"+4% dx.  Left5x=u, 5dx=du
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= %\/UZ + 47 du=% NU? + 47 du

1 w4 4
5 2 2 09
1 5xV25x%2+16 16
5 2 2
xv25x2+16 8

=T+§|Og

Integrate :

1. x%eX

2. xe¥

3. xe%

4. xlogx
x3 ex,
(log x)2.

7.  x(logx)2
) logx

8. i) 2
_log(1+x)
(i) (14 x)?

9. (x+1)?logx
1

10. §|09(|09X)-

(v o7+ #)

(by formula 1)

+— log (5x +4/25x% +1 6)

(5x ++/25x2 +16)+ C.

SELF EXAMINATION QUESTIONS

[Ans. x?e* + 2e* - 2xe*, c is added in every case]

1
Ans.—logx(x +1* —=x
3 gX(x+1) 5

4x

[Ans. ©

” (4x -1)+c ]

ax

[Ans. - (ax=1)+c]

x? x?
. —logx——+
[Ans 5 g y) c]
[Ans. x3 eX— 3x%e* + bxe* — 6x]
[Ans. x (log x)? — 2x log x + 2x+C]

2 2 2
[Ans. X?(Iog x)2 - X?Iogx + XT +C]

m.—@—l+c
X X
m.—@—l+c
X X
1., X2

1
——-X—-—logx+c
2 73"

[Ans. log x {log(logx)-1}+C]
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11.

12.

20.

3.5.5 DEFINITE INTEGRALS

log (x2+2x + 1)

Iog(x—m).

Iog(x —x?+0? )

e U —
x+1 (x+17

1 1
logx  (logx)?

x?+9

V4x? —4x+10.

Definition:

[Ans. x log (x2+ 2x + 1) = 2x + xlog (x + 1+C]]

Ans.xlog(x—\/x2 —1) VX% -1+c

Ans.xlog(x st J X+ +c

X

€
ANS.—+C
X

X

Ans. ©
X+1

X
logx

Ans. +C

’ 2
Ans.¥+zlog(x+\/x2 +9)+c

2

/ 2
s.(x_]) S—2x+X +2|og{(x—1)+\/5—2x+x2}+c

Ans.g'\/x2 —4-2log(x+Vx* -4)+c

2)(_]\/tiZ—4x+]0+2|og{2x—1+\/4x2—4x+10}+<:
4 4

Let a function f(x) has a fixed finite value in [a, b] for any fixed value of x in that intervali.e., fora = x = and

f(x) is confinuous in [a, b], where a and b both are finite, (b>a).

Let the interval [a, b] be divided in equal parts having a length h. Now the points of division (on x axis) will

be.

x=a+h,a+2h .., a+(n-1)h, b-a=nh.

Now IArnO h fla+h)+fla+2h)+

n

+ f(a+nh)]

ie. LILTC] h  fla+rh), (if it exists) is called definite integral of the function f(x) between the limits a and b and

r=1
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CWSTITUTE g5
Ay )
A
3
S

@%& S

is denoted symbolically by f(x)Jdx ie., f(xJdx=limh fla+rh).b>ab-a=nh
b b r=1

Note: (i) ais called as lower limit, while b is known as upper limit.
b

(i) fa=0,then f(x)dx= IArTgh f (rh) here nh=Db

a 1

1 n
(i) Ifa =0,b=1,then f(xldx= Irimh f (rh) where nh=1

0 r=1

b b
(iv) ifa>b, then f(xJdx=- f(x)dx.

a a

b
(v) Ifa=bthen fxjdx=0
b
Example 163: Evaluate the following definite integral from definition  20x.

Here, f(x) = 2 (a constant) ... fla+rh) =2, nh=b-a.

b n
Now from f(xJdx=limh  f (a+rh) we find

a =1

b n
2dx =limh 2= Ilimh.2n=Ilim 2 nh
h—0 =1 h—0 h—0

=Ihirrg2(b -a), as nh = b-a = 2(b-q)

b
Example 164: Evaluate from the first principle the value of ~ Xdx.

Here, f(x) =x .. fla+rh)=a+rh,nh=b-a

b n
Now from flxlJdx=limh  fla+rh). we get
r=1

a

b n
xdx =limh  (a+rh)=limh{na+h(1+2+3+...+n)}
h—0 . h—0

a r=

(n+1)

=|hin:)\h no+h.n M

;as1+2+...+n=

(nh)(nh +h)

=lim alnh)+
h—0 2
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lo-a)flo-a+h)
2

=limh alb-a)+
h—0

1
Example 165: By the method of summation, find the value of  (3X+ 5)dx

0
Here, f(x) = (3x+5); a=0,b =1;
fla+rh)=3(a+rh)+5=5+3rh,nh=b-a=1-0=1
1 n n
(3x+5)dx=|rirr3h f(o+rh)=Err3h (5+ 3rh)
- - - =

0 1

=limh{5n+3n(1+2+3+...+n)} =limh 5n+3h. nin+1)
h—0 h—0 2

=lim 5.nh§(nh)(nh+h) =lim 5.1+§.1.(1+h)
h—0 2 h—0 2

_5042 1025451043 13
2 2° 2 2
SELF EXAMINATION QUESTIONS
b b
1. dx [Ans. b - a] 2. 10dx.
b .| 1
3. x’dx [Ans.—[0*-a’)] 4 dx
a 4 0
1 .| 1
5. xdx [Ans. =] 6 x*dx
0 2 0
2 35 1
7. 5x’dx Ans. 5] 8 (2x+5)dx
1 0
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Definite Integral

b
In the previous part f(X) dX has been defined as a limit of a sum. There is an important theorem in

a

Integral Calculus known as Fundamental theorem of Integral Calculus which states :

b

d
If there exists a function ¢ (x) such that a(b (x)=f(x) for every xin a <x<b and if f(X)dX exists, then

b

f(x)dx = ¢(b)-6(a) .

a

b
f(x)dx, is read as ‘Intfegral from a to b of f(x) dx' where a is lower limit and b is the upper limit.

a

b
Symbol : ¢ (b)— ¢ (q) is written as ¢(x) , which isread as ¢ (x) from a to b.

Reason for the name ‘definite integral’.

Let us take f(x) dx = ¢ (x) + c instead of [f(x) dx =¢ (x).

Now bf(x) dx= ¢ x +cb = ¢(b)+c - o(a)+c =o(b)-0(a).

a a

b
Here the arbitrary constant ‘c’ is absent and f(x)dx =0 (b) -0 (0) and hence itis known as definite intfegral

a

or in other words definite intfegral is unique.

b
Rule to Evaluate : f(X)dX- (i) Find the value of f(x) dx, leaving the arbitary constant.

a

(i) Inthe value obtained, put x = b (upper limit) and x = a (lower limit).
(i) Deduct the second value from the first value (after putting the values of x).
(iv) The result thus obtained will be the required value of the definite integral.

A Few Results :

b b

1. kf(x) dx =k f(x) dX, kis constant

a a
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Example 166: ; 2xdx =2 ; xdX.

i.e., inferchange of limits indicate the change of sign.
2 1
Example 168:  (x+1)dx=~_ (x+1)dx.

C

4. f(x)dx = f(x)dx+ :f(x) dx where a<c <b.

a

2 1 2
Example 169: o xdx = Oxdx+ : xdx, as0<1<2.

SOLVED EXAMPLES
2 1 9 d
Example 170: (i) : x dx (ii) 0)(4 dax (i) A&dx (iv) 357)( (v)
2 2 2 2
() d 2 1 4 1 5 1 3
2] 2 2 2 2 2 2
s 1
i xtax=% 21 9.1 45 1
0 5 o 5 5 5
9
141
7 RS 2 %262 2 4
(|||) 4\/;dx— 1 —5 X 4—5.9 —54
—+1
2
=2(32.3/2_22.3/2)=2(33_23)=2(27_8)=2-]9=§‘
3 3 3 3 3

d 5
(iv) z 7X= logx z =|ogS—|og3=|og§.

2 e 1
e?*dx = =—
v}, 5 5
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( STITUTE

x’” & ‘“’oo
A

K\ 3

NS 23

18 i s i

[ v

2 X*+2x+5
Example 171: Evaluate : : %dx.

5 x? ’
= X+2+— dx= —+2x+ Slogx
! X 2 .
2

= 2?+2.2+5|092 - %+2+5logl

=(6+5log2)-

N | o

(as Iog]=0)=%+5|og 2.

1 1-x
Example 172: Evaluate : — dx

0 1+X

1-x 2 dx

——dx= ——-1 dx=2 ——— dx 2log(l x) x
T+ X T+ X T+ X

~1= 2log (1+x)-x _ =(2l0g2-1)-2log1=2log2-1

2 2
Example 173: Evaluate : | 1+—=+3x dx

Jx

1
]+£+3x dx= dx 2 x2dx 3 xdx
Jx

x1/2 3X2

—x+2—+——x+4x/;+£
T2 2 2

2

2
| = x+4\/;+3% = 2+4\/§+%4 - 1+4+§ 3+8Y2

2 2

1

1
Example 174: Evaluate : x? e* dx

x?e* dx x%e* 2xe* dx x’e” 2(xex ex)
=e* (xX2-2x+2), (integrating by parts)

— X 2 _ 1_ _ _ a0 _ —Aa_
1= e*(x 2x+2)0—e(1 2.1+2)-€e” (0-0+2)=e-2.
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SELF EXAMINATION QUESTIONS

Evaluate :

1 1
2 2
X

L PR} N () X2 +4x (i) Xg+2x [Ans. (i) % (i) 7, (m)g]

2. () Lok (i) Lxdx (i) L2x‘ok (v) .xPdx  (v) oo

5 2 64 35
[Ans. (i) 1, (i) 2. (i) S (V) 5 (V) 351

3. ) ;(2x+3)dx (il _11(x+1)2 dx (i) _22(x+2)3 dx

(iv) ;(xz—x+1)dx. [Ans. (i) 4, (i) % (ili) 64, (iv) %]

1

7 dx 1
0 (2x+1)2

. .8 dx L2 dxo ax.
4.0 ¢ Xx—4 () 2 2x+3 (i) 1 ax+b (iv

—

[Ans. (i) Iogg, (i) %Iogg (iii) é log (2a+b)-log (a+b) (iv) %]

5. () . &—% olx (i) :&(_Ti)(”dx [Ans. (i) 12, (i) 76]
2 2 5 1

(i) 1 % X*;‘de [Ans.g(58—42\/§)]

6. () ,e'dx (i) _e™dx (i) .edx [Ans. (i) €21, (i %(emb—em) (i) 1-e2]

1
2 2
7. () | logxdx (i)  xlogxdx. (i) Oxlog(1+QX)dx.

[Ans. (i) 2log 2 -1, (ii) 2 log 2—% (iii) %Iog 3]

L. L] et 1 3 3
8. (i) , xlogxdx (i), xlog(x+2)dx. [Ans. (i) -+ (i) 2log 2-7l0g3+ 7]
2 1
9. (i) | xe'dx (i) ,xe*dx
(i) | x%e*dx (v) | xerdx. (v) |x’e¥dx.

[Ans. (i) €2 (i) 1, (i) e—2. (iv)2e?—e (v 2—]7(5e3—2)]
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3.5.6 METHOD OF SUBSTITUTION

Rule of evaluate :f(x) dx by the substitution x = f (u) :

1. Intheintegral putx=¢ (u) and dx = ¢’ (U) and dx = ¢" (u) du.

2. From the relation x = f (u),
For x = a, find the corresponding value of u say a.
For x = b, find the corresponding value of u, say B.

3. Evaluate the new integrand with the new limits the value thus obtained will be the required value of
the original integrand.

Note : In a definite integral substitution is reflected in three places :

(i) inthe integrand, (i) in the differential, and ({iii) in the limits.

This idea will be clear from the following examples.

1 xdx
Example 175: Evaluate : Nx?

Let 1+x2=12 whenx=1,u2=1+1=2o0r,u= fo
or, 2xdx=2udu whenx=0,u=1+0=1 or,u=1

or, xdx=udu

V2 V2 V2
L= 2@= 2UO|—U= 2du=u\/§=\/§—]
1 \/U_2 1 U 1 1

7

1 X
Example 176: ——.let 1 +x8=u, 8’ dx=du
01+Xx
When x=1,u=1+1=2; x=0, u=1+0=1
1 2du 1 2 1 1
lI=— —=—logu_ =—(log2-logl)=—log2.
g o —g |09V =glloa2-logl=glog

b ax dx
Example 177: . logx " Letlog x=u, 7= du, forx=b,u=logb

X=a,uU=loga

2 logb

| = udu = v = 1
loga 2 2

loga

(log b)2 —(log <:1)2

(logb +loga) (log b - loga) =%Iog (ab)log % )
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2

2 X -1 x+1/x

Example 178: , —5 © dx.

1 1 x? -1
let X+—=uor, 1-— dx=duor,—;—dx=du

X X X

1 5

Forx=2,u=2+§=§ x=1,u=1+1=2
o= :/Qe“du= e’ z/2=e5/2—e2.

1
dx
Example 179: Evaluate : NN~

dx  dx(Wx+1-vx) T
x+1+4x (VX +1+x) = (eri s

— E(X + ])3/2 _gx3/2
3 3

== (x+1)3/2—x3/2 1 =§ (22’3—1)—1 =§(23/2—2)=%(\/§—]),

0

SELF EXAMINATION QUESTIONS
Find the value of :

2 x%dx

4 2
: = x4 — x> dx.
1. 0 m [Ans. 3] 2. 0

2 bx+5 \
3 +5x+1 1dx.
0 3x2 4 5x +1 [Ans. log 23] 4. . I~ X
5. \io3xax (Ans. %1 o ediadox
7. 12 XX +8.dx. [Ans. %]
N L2 dx
8. (i) x (1+logx) [Ans. log 3] M« Xogx'
M )
T X (1+logx)’ [Ans. =1
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[Ans. 3]
Ans. 2
[Ans. 3
Ans. -
[Ans. 18
[Ans. log (log 2)]



1 dx a
10. (i) o [Ans. 2log 2] (i) o :
Show that :
" log2€”* dX —Iogé
o0 ey 2

2
12, x(x=1)(x-2)dx=0.

d
PR RN B}

0 J3-2x
1 dx 4
i —F=—V2
1. o T+ x —/x 3\/_
Loe__ xox 14
(i) O x+1+/5x+1 15
e x 1
e
e ] '| 2
16 ———-—— dx=e- .
© 2 logx (logx) log 2
Evaluate :
1 xe* dx
17. 0 (x+.|)2'
3 x°dx
18. s 1
. 2 1 uvdu 1 ] 1 1
[Hints : X* =45 .1 2 ]+u2—] dU=§U+Zlog

Summation of a Series by Definite Integral :

From the definition of definite integral, we know

n

b .
f(x)dx = limh f(a+rh). where nh=b - a.

a r=1

]
Fora=0andb =1, wefindnh=1-0=1orh =ﬁ
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e
S
5
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If nowh —= 0+, thenn — o.

1 T r

f(x)dx = lim — -
0 nAwnr:] n
o 14294394 40"
Example 180: Evaluate : lim o
n—o n
‘ . 1 1942°943% 4 .4+n"°
Given expression :yg;; o
) .l .l 10 2 10 3 10 n 10
=lm- - + = + = +..+ —
noen N n n n
o Y X' 1
= lim — = x%dx= ¥~ =—-0=—.
nsen._, N 0 1,1 11
. I? 2° 3° n’
. . =lim + + +.o+
Example 181: Evaluate : = 110 5 3" 98 . 07 ' 3% 43 N +n
. . im 1t Fn N 2°n - n’n
Given expression noen Pam  2an TR
l 2 2 2 D 2
—I|ml n P T
S 1 3 9 3 n 3
1+ — 1+ = I+ —
n n n
[dividing each term of numertator and denominator by n?]
2
I
. n n ox?
= ||m — 3 = 3 dX
noen T 0 1+x [Put T +x®=u. 3x? dx = du and efc.]
+ —
n
1 b ]
= —log(1+x®) == (og2-logl)=—log2.
5log(1+x°) == (log2-logi) = Zlog

0
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1 1 1

Example 182: Evaluate : LT T T aron Tt oo

. L 1/n N 1/n N 1/n
Expression == /n+2n/n 2/n+2n/n 7 n/n+2n/n
n 1
l ] + ! +...+ ! =hLT l r] - d_XQ
Thoen 1/n+2 2/n+2 7 n/n+2 Nra ﬁ+2 o X¥
1 3
= log(x-2) . =|oge3—|0962=loge§.
SELF EXAMINATION QUESTIONS
Evaluate :

P+2°+3 +...+n’

i 1
E rlwm n° [Ans. 5]
. 1 1 1
2. " o [Ans. log 2]

o= N+l N+2  n+n

1 1 1

i 1
lim + ot 1
3 Sl n¥m ne2m n+nm [Ans. m|09(1+m)]

. m4+2" 4+ 3" ... 4+n" :
4. Jim e - [Ans. ——

T " m+1
lim l+ " + " + +l 3
5. noe N (n+ .|)3 (n N 2)3 8n [Ans. g ] .
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3.5.7 GEOMETRICAL INTERPRETATION OF A DEFINITE INTEGRAL

b
. f(x) dx. Let f(x) be a function continuous in [a, b], where a and b are fixed finite numbers, (b > ). Let us

assume for the present f(x) is positive for a < x <b. As x increases from a to b, values of f(x) also increases.

Y

A

~

A

=

[N
N o

O A B

In the figure the curve CD represents the function f(x), OA =a, OB =b, Ac = f(a) and BD = f(b).

Let Srepresent the area bounded by the curve y = f(x), the x-axis and the ordinates corresponding fox=a
and x = b.

Divide [q, b], i.e., part AB into n finite intervals each of length h so thatnh=b -a ora + nh = b.

Let S, = sum of rectangles standing on AB and whose upper sides lie every where below the curve
y = f(x). and §, = sum of rectangles, whose upper sides lie above the curve y = f (x).

Now S =hf(a) +hf (a+h)+....+ hf(a+nh)

=h ' f(a+rh)+hf(a)-hf(a+nh)

r=1

n

=h  f(a+rh)+hf(a)-hf(b)....(1). asa+nh=b

1
and S, =hf(a+h)+h(a+2h)+...+hf(a+nh)

=h ’ f(a+rh)

r=1

From the figure, it is now clear that §, <§ <S§,. ...(2)

b-a
Fromnh=b-a, we get h= ,50asN -, h—0

Since f(a) and f(b) are finite numbers,
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So hf (a) - 0, and hf (b) - 0ash — 0.
From Eq. (1) we get
lim $;=limh  f(a+rh)+ lim hf(a)- limhf(b)

r=1

. n b
=h||m)h fla+rh)+0-0= Of(x)dx

r=1

Similarly, From Eq. (2),

. . b
lim s, =limh  f(a+rh)="_f(x)dx. when h -0,

b b
s, > _ f(x)dx ands, » _ f(x)dx. Buts <s<s,:

b
So the definite integral f(X)dX geometrically represents the area enclosed by the curve y = f(x), the x-axis
and the ordinates the x = a and x = b.
Observation :

1. Ifthe values of f(x) decrease gradually corresponding to the increasing values of x, then also it may be

b
shown similarly that S = f(x)dx.

2. If f(x) be continuous and positive in [a, b] and f(x) is increasing in [a, c], and f(x) is decreasing in [c, b],
where a < c <b, then

z f(x) dx + )
Steps to set up a proper definite integral corresponding to a disired area :
1. Make a sketch of the graph of the given function.
2. Shade the region whose area is fo be calculate.

3. In choosing the limits of infegration, the smaller value of x at ordinate is drawn will be taken as lower
limit and the greater as upper Iimit (i.e., we are to move from left to right on x-axis) and then to
evaluate the definite integral.

4. Only the numerical value (and not the algebraic value) of the area will be considered, i.e., we will
discard the —ve sign, if some area comes out to be —ve (after calculation).

5. Ifthe curveis symmetrical, then we will find, area of one symmetrical portion and then multiply it by n,
if there are n symmetrical portions.

Area between two given curves and two given ordinates :

Let the area be bounded by the given curvesy =f, (x) and y = f,(x) and also by two given or dinates x = a
and x = b, and is indicated by p,q,q,p,p, (refer the figure). Here OR, = a and OR, = b.
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y:ﬂ(x)

y=1H(x)

P
Q
\

0 R,

Now area P, Q, Q,P,P, =areaP, R R,P,—area Q, R, R, Q,

L (x)ax-

a

b

= (yw _yz)dx'

where y, and y, are the ordinates of the two curves P, P, and Q, Q, corresponding to the same abscissa x.

Some Well-known Curves :

It is expected that students are already acquinted with the following well-known curves :

1. Straight line : ax+by+c=0
2. Circle: x?+y?2=qa?
3. Parabola : y?2 = 4ax
X2 2
4. Ellipse : ?+§ =1
X2 y2
5. Hyperbola: o 1.
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Study Note - 4

STATISTICAL REPRESENTATION OF DATA _ﬁ—

This Study Note includes

4.1 Diagramatic Representation of Data

4.2 Frequency Distribution

4.3 Graphical Representation of Frequency Distribution

— Histogram

- Frequency Polygon
- Ogive

- Pie-chart

4.1 DIAGRAMATIC REPRESENTATION OF DATA

4.1.1. Data :

A stafistician begins the work with the collection of data i.e. numerical facts. The data so collected are
called raw materials (orraw data). It is from these raw materials, a statistician analysis after proper classification
and tabulation, for the final decision or conclusion. Therefore it is undoubtedly important that the raw data
collected should be clear, accurate and reliable.

Before the collection of data, every enquiry must have a definite object and certain scope, that is to say,
what information will be collected for whom it will be collected, how often or at what periodically it will be
collected and so on. If the object and the scope of enqiry are not clearly determined before hand, difficulties
may arise at the time of collection which will be simply a wastage of time and money.

4.1.2. Statistical Units :

The unit of measurement applied to the data in any particular problem is the statistical unit.

Physical units of the measurement like quintal, kilogramme, metre, hour and year, etc. do not need any
explanation or definition. But in some cases stafistician has to give some proper definition regarding the
unit. Forexamples, the wholesale price of commodity. Now what does the form ‘wholesale price’ signify 2
Does it stand for the price at which the producer sells the goods concrened to the stockist, or the price at
which the stockist sells to a wholesaler 2 Is it the price at which the market opened at the day of enquiry 2
Many such problems may arise as stated. It is thus essential that a statistician should define the units of data
before he starts the work of collection.

4.1.3. Types of Methods of Collection of Data :
Statistical data are usually of two types :

(i) Primary, (i) Secondary
Data which are collected for the first fime, for a specific purpose are known as primary data, while those
used in an investigation, which have been originally collected by some one else, are known as secondary
data.

For example, data relating to national income collected by government are primary data, but the same
data will be secondary while those will be used by a different concern.

Let us take another example, known to everyone. In our country after every ten years counting of population
is done, which is commonly known as Census. For this data are collected by the Government of India. The
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data collected are known as primary data. Now in the data, except population information about age of
persons, education, income etc. are available. Now a separate department of the government or any
other private concern use these related data for any purpose, then the data will be known as secondary
data to them.

Data are primary to the collector, but secondary to the user.
Example.
For primary data :
()  Reserve Bank of India Bulletin (monthly)
(i) Jute Bulletin (monthly), (published by Govt. of India).
(i) Indian Textile Bulletin (monthly).
(vi) Statement of Railway Board (yearly), (published by Ministry of Railway, Govt. of India).
For secondary data :
(i)  Statistical Abstract of the Indian Union
(i)  Monthly Abstract of Statictics.
(i)  Monthly Statistical Digest.

(iv) International Labour Bulletin (monthly).

4.1.3.1. Primary Method :
The following methods are common in use :

(i Direct Personal Observation : Under this method, the investigator collects the data personally. He has
to go to the spot for conducting enquiry has to meet the persons concerned. It is essential that the
investigator should be polite, tactful and have a sense of observation.

This method is applicable when the field of enquiry is small and there is an intention of greater accuracy.
This method however, gives satisfactory result provided the investigator is fully dependable.

(i) Indirect Oral Investigation : In this method data are collected through indirect sources. Persons having
some knowledge regarding the enquiry are cross-examined and the desired information is collected.
Evidence of one person should bot be relied, but a number of views should be taken to find out real
position. This method is usually adopted by enquiry committees or commissions appointed by
governments or semi-government or private institutions.

(i) Schedules and Questionnaires : A list of questions regarding the enquiry is prepared and printed. Data
are collected in any of the following ways :

(a) By sending the questionnaire to the persons concerned with a request to answer the questions
and return the questionnaire.

(b) By sending the questionnaire through enumerators for helping the informants.

(iv) Local Reports: This method does not imply a formal collection of data. Only local agents or
correspondents are requested to supply the estimate required. This method gives only approximate
results, of course at a low cost.

4.1.3.2. Secondary Method :
The main sources from which secondary data are collected are given below-

(i)  Official publications by the Central and State Government, District Boards,
(i) Reports of Committees, Commissions.
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(i) Publications by Research Institutions, Universities,

(iv) Economic and Commercial Journals.

(v) Publications of Trade Associations, Chambers of Commerce, etc.
(vi) Market reports, individual research works of Stafisticians.

Secondary data are also available from unpublished records of government offices, chambers of commerce,
labour bureaus, etfc.

4.1.3.2.1. Editing and Scrutiny :

Secondary data should be used only after careful enquiry and with due criticism. It is advisable not to take
them at their face value. Scrutiny is essential because the data might be inaccurate, unsuitable and
inadequate. According to Bowley, "It is never safe to take published statistics at their face value without
knowing their meanings and limitations ...."”

4.1.3.2.2. Universe or Population :

Statistics is faken in relation to a large data. Single and unconnected datais not statistics. In the field of any
statistical enquiry there may be persons, items or any other similar units. The aggregate of all such similar
units under consideration is called Universe or Population.

Thatis, for collecting the data regarding height, weight or age of the male candidates who appeared in
the last H.S. Examination, the aggregate of such candidates is universe. Universe may be aggregate of
items or any other similar things other than persons. The books in your college library or produced goods in
a factory may be taken as Universe.

Population may be finite or infinite according to finite or infinite number of members. In the field of enquiry
if the number of units is finite, then Population or Universe is finite. For Example, first class cricket or football
players in India is finite. But the temperature in any day at Calcutta is infinite, although temperature lies
between two finite limits. Within these two finite limits it fakes up an infinity of values.

4.1.3.2.3. Sample :

If a part is selected out of the Universe then the selected part (or portion) is sample. It means sample is a
part of the Universe.

So, suppose the screws or bulbs produced in a factory are to be tested. The aggregate of all such items is
universe but it is not possible to test every item. So in such case, a part of the whole i.e., universe is taken
and then tested. Now this part is known as sample.

Note. While collecting primary data (discussed before) it should be decided at first whether the purpose will
be solved if collection is made from universe or sample.

4.1.4. Clasification and Tabulation

4.1.4.1. Classification :

Itis the process of arranging data into different classes or group according to resemblance and similaritfies.
An ideal classification should be unambiguous, stable and flexible.

Type of Classification :

There are two types of classification depending upon the nature of data.

(i)  Classification according to attribute —if the datais of a descriptive nature having several qualifications
i.e. males, female, illiterate, etc.

(i) Classification according to class-interval if the data are expressed in numerical quantitiesi.e... ages of
person vary and so do their heights and weights.
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Classification according to Atiributes :

(i)  Simple classification is that when one attribute is present i.e. classification of persons according to sex
—males or female.

(i)  Manifold classification is that when more than one attributes are present simultaneously two attributes
—deafness and sex. A person may be either deaf or not deaf, further a person may be a male or a
female. The data, thus are to be divided info four classes :-

(a) males who are dedaf,
(b) males who are not deaf,
(c) females who are deaf,
(d) females who are not deaf.
The study can be further continued, if we find another attribute, say religion.

Classification according to Class-intervals :

The type arises when direct measurements of data is possible. Data relating to height, weight, production
etc. comes under this category. For instance persons having weight, say 100-110 Lbs, can form one group,
110-120 lbs. another group and so on. In this way data are divided into different classes ; each of which is
known as class interval. Number of items which fall in any class-interval is known as class frequency. In the
class-intervals mentioned above, the first figures in each of them are the lower limits, while the second
figure are the upper limits. The difference between the limits of a class interval is known as magnitude of
the class interval. If for each class intervals the frequencies given are aggregates of the preceding
frequencies, they are known as cumulative frequencies. The frequencies may be cumulated either from
top or from below.

DISCRETE AND CONTINUOUS SERIES :

Statistical series may be either discrete or continuous. A discrete series is formed from items which are
exactly measurable, Every unit of data is separate, complete and not capable of divisions. For instance,
the number of students obtaining marks exactly 10, 14, 18, 29, can easily be counted. But phenomenon like
height or weight cannot be measured exactly or with absolute accuracy. So the number of students (or
individuals) having height exactly 5’ 2" cannot be counted. Exact height may be either 5’2" by a hundredth
part of aninch. In such cases, we are fo count the number of students whose heights lie between 5’ 0" to
5" 2". Such series are known as ‘continuous’ series.

Example 1:
Discrete Series Continuous Series
Marks No. of Students Height (inch) No. of students
10 12 58 - 60 6
14 16 60— 62 10
18 15 62— 64 13
20 7 64— 66 11

4.1.4.2. TABULATION :
Tabulationis a systematic and scientific presentation of data in a suitable form for analysis and interpretation.

After the data have been collected, they are tabulated i.e. put in a tabular form of columns and rows. The
function of tabulation is to arrange the classified data in an orderly manner suitable for analysis and
interpretation. Tabulation is the last stage in collection and compilation of data, and is a kind of stepping-
stone to the analysis and interpretation.
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A table broadly consists of five parts —

()  Number and Title indicating the serial number of the table and subject mater of the table.
(i) stubi.e. the column indicating the headings or rows.

(i) Captioni.e. the headings of the column (other than stub)

(iv) Body i.e. figures to be entered in the table

(v) Foot-note is source from which the data have been obtained.

Thus table should be arranged as follows :-

Table
Title
Stub Caption Total
Body
Total

Footnote :-

Types of Tabulation :

Mainly there are two types of tables — Simple and Complex. Simple tabulation reveals information regarding
one or more groups of independent question, while complex table gives information about one or more

interrelated questions.

4.2 FREQUENCY DISTRIBUTION

Frequency of a value of a variable is the number of fimes it occurs in a given series of observations. A tally-
sheet may be used to calculate the frequencies from the raw data (primary data not arranged in the
Tabular form). A tally-mark (/) is put against the value when it occurs in the raw data. The following example

shows how raw-data can be represented by a tally-sheet :

Example 2 : Raw data Marks in Mathematics of 50 students.

37
21
50
37
44
30
47
40
38

38
40
48
41

47

5KLE&E& &

26
39
38
41
52
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41
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50
52
33
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Table
Tally-sheet of the given raw data
Marks Tally-Marks Frequencies Marks Tally-Marks Frequencies
() (f) (x) (f)
16 / 1 40 /117 4
21 / 1 4] THL 5
26 // 2 43 / 1
30 / 1 44 / 1
31 / 1 45 /11 3
32 /11 3 46 // 2
33 / 1 47 /11 3
36 // 2 48 // 2
37 /117 4 50 /117 4
38 THL 5 51 / 1
39 / 1 52 // 2
Total 22 Total 28
Total Frequency 50

Such a representation of the data is known as the Frequency Distribution.

The number of classes should neither be too large nor too small. It should not exceed 20 but should not be
less than 5, normally, depending on the number of observations in the raw data.

4.2.1. Group Frequency Distribution :

When large masses of raw data are to be summarised and the identity of the individual observation or the
order in which observations arise are not relevant for the analysis, we distribute the data into classes or
categories and determine the number of individuals belonging to each class, called the class-frequency.

A tabular arrangement of raw data by classes where the corresponding class-frequencies are indicated is

known as Grouped Frequency distribution.

Grouped Frequency Distribution of Marks of 50 students in Mathematics

Serial No. Marks No. of Students

1 16-20 1
2 21-25 1
3 26-30 3
4 31-35 5
5 36-40 16
6 41-45 10
7 46-50 11
8 51-55 3

Total 50
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4.2.2. Few Terms (associated with grouped frequency distribution) :

(a)
(b)
(c)
(d)
(e)
(f)

(9)
(h)

Class-interval

Class-frequency, total frequency

Class-limits (upper and lower)

Class boundaries (upper and lower)

Mid-value of class interval (or class mark)

Width of class interval

Frequency denisty

Percentage Frequency.

(a)

(0)

(d)

(e)

()

Class-interval : In the above table, class intervals are 16-20, 21-25 .... etc. In all there are eight
class-intervals.

If, however, one end of class-interval is not given then it is known as open-end class. For example,
less than 10, 10-20, 20-30, 30 and above. The class-interval having zero frequency is know as
empty class.

Class frequency : The number of observations (frequency) in a particular class-interval is known as
class-frequency. In the table, for the class-interval 26-30, class frequency is 3 and so on. The sum
of all frequencies is total frequency. Here in the table total frequency is 50.

Class limits : The two ends of a class-interval are called class-limits.

Class boundaries : The class boundaries may be obtained from the class limits as follows :
Lower class-boundary = lower class limit — 2 d

Upper class-boundary = upper class limit + /2 d

Where d = common difference between upper class of any class-interval with the lower class of
the next class-interval. In the table d = 1.

1
Lower class boundary =16 _EX 1=16-0.5=15.5

1
Upper class boundary = 20 + 2 x1=20+0.5=20.5
Again, for the next class-interval, lower class-boundary = 20.5, upper class boundary =25.5 and so
on.
Mid value : (or class mark). It is calculated by adding the two class limits divided by 2.
In the above table : for the first class-interval

16+20 36 _
2 2

Mid-value = 18

21+ 25
2

Width : The width (or size) of a class interval is the difference between the class-boundaries (not
class limits)

For the next one, mid value = =23 andso on.

Width = Upper class boundary — lower class boundary
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For the first class, width =20.5-15.5=5
For the second class width = 25.5 —20.5 = 5, so on.
() Frequency density : It is the ratio of the class frequency to the width of that

class frequency
width of the class

class-intervali.e. frequency density =

=0.2

]
For the first class frequency density = 5

3
For the third class frequency density = 5 0.6

(h) Percentage frequency : It is the ratio of class-frequency to total frequency expressed as percentage.

class frequency ,
width of the class

100

i.e. percentage frequency =

5,
In the table for the frequency 5, % frequency = 0 100=10 and so on.

4.2.3. Cumulative Frequency distribution :

As the name suggests, in this distribution, the frequencies are cumulated. This is prepared from a grouped
frequency distribution showing the class boundaries by adding each frequency to the total of the previous
one, or those following it. The former is termed as Cumulative frequency of less than type and the latter, the
cumulative frequency of greater than type.

Example 3 : The following is an array of 65 marks obtained by students in a certain examination : —

26 45 27 50 45
32 36 41 31 41
48 27 46 47 31
34 42 45 31 28
27 49 48 47 32
33 35 37 47 28
46 26 46 31 35
33 42 31 41 45
42 44 41 36 37
39 51 54 53 38
55 39 52 38 54
36 37 38 56 59
61 65 64 72 64
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Draw up a frequency distribution table classified on the basis of marks with class-intervals of 5.

Class-intervals Tally marks Frequency

Of marks

2529 T T 7
30-34 THL TR 10
35-39 THL TR 11T 13
40-44 TR 1] 8
45-49 THL TR T 13
50-54 THL ] 6
55-59 /11 3
60-64 /11 3
65-69 / 1
70-74 / 1
Total 65

Now the required frequency distribution is shown below :

Frequency distribution of marks obtained by 65 students

Marks Frequency
25-29 7
30-34 10
35-39 13
40-44 8
45-49 13
50-54 6
55-59 3
60-64 3
65-69 1
70-74 1
Total 65
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Statistical Representation of Data

4.3 GRAPHICAL REPRESENTATION OF FREQUENCY DISTRIBUTION

4.3.1. HISTOGRAM (when C.I. are equal)

Frequency distribution can be presented in the graphical form. Such graphs are easily perceived by the
mind and gives a birds eye view and they are more appealing than the tabulated data. The graph also
helps in comparative study of two or more frequency distributions with regards to their shapes and patterns.
The most commonly used graphs for charting a frequency distribution are as follows —

Histogram

This graphical method is most widely used in practice. Histogram is a series of adjacent vertical bars whose
height is equal to the frequencies of the respective classes & width is equal to the class inferval.

Construction of Histogram — While constructing Histogram the variable taken on X-axis & frequency of Y-
axis.

()  Histogram with equal classes — When class intervals are equal, take the frequency on Y-axis and the
variable on X-axis and adjacent rectangles are constructed. The height of these rectangles would be
exactly equal (or proportional) to the frequency of the given class.

(i) Histogram with unequal classes — If the classes are not uniform, then frequencies have to be adjusted
by the adjustment factor.

First find the class having the lowest class interval. This is taken as the starting point.

Width / magnitude of the class
Lowest width of class in the series

Adjustment factor =

Given frequency
Adjustment factor

Adjusted frequency of a class =

For e.g. the class interval in 70 — 90 its width is 20. If the lowest width in the series is 5, then the adjustment
factor is 20/5 = 4 & the comrresponding frequency would be divided by 4 to get the required adjusted
frequency needed for the graph.

If only midpoints are given then upper & lower limits of various classes have to be calculated & then only
histogram would be constructed.

Frequency Polygon

Frequency polygon could be drawn by first drawing histogram & then joining all the midpoints of the tops
(upper side) of the adjacent rectangle of the histogram by straight line graphs. The figure so obtained is
called a frequency polygon. It should be noted that it is necessary to close the polygon at both ends by
extending them fo the base line so that it meets the X-axis at the mid points of the two hypothetical classes
i.e. the class before the first class & the class after the last class having the zero frequency.

Frequency polygon could alternatively be drawn without first drawing the histogram. This could be done
by plotting the frequencies of different classes (along Y-axis) against the mid values of corresponding classes
(along X axis). These points are joined by straight line to get a frequency polygon. Here also this polygon
would be closed at both ends by extending them to meet the X-axis.
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OGIVE

Ogive of cumulative frequency polygon: If the cumulative frequencies are plofted against the class-
boundaries and successive points are joined by straight lines, we get what is known as Ogive (or cumulative
frequency polygon). There are two types of Ogive.

(a) Lessthan type —Cumulative Frequency from below are plotted against the upper class-boundaries.

(b) Greater than type — Cumulative frequencies from above are plotted corresponding lower

boundaries.

The former is known as less than type, because the ordinate of any point on the curve (obtained) indicates
the frequency of all values less than or equal to the corresponding value of the variable reprpresented by

the abscissa of the point.

Similarly, the latter one is known as the greater than type.

Frequency Distribution of marks obtained by 170 students.

20-5 30-5 40-5 50-5 &0-5 70-5 80-5
MARKS ———»

Ogives

Cumulative Frequency
Class-intervals Class Frequency from below from above
(less than (greater than
30.5,40.5 efc 20.5, 30.5 etc)
21-30 20.5-30.5 15 15 170
31-40 30.5-40.5 25 40 155
41-50 40.5-50.5 40 80 130
51-60 50.5-60.5 40 140 90
61-70 60.5-70.5 20 160 30
71-80 70.5-80.5 10 170 10
Total 170 - -
y
180}
180 “

& 140 BY

% T N

=2

EJ 120 N

E 100+ fs 7

0

-

2

2 60

o

40 m\
20 y.4 o
v | .

Note. From the above figure, it is noted that the ogives cut at a point whose ordinate is 85, i.e. half the
total frequency corresponding and the abscissa is 51.33 which is the median of the above frequency
distribution (see the sum on median in the chapter of Average). Even if one ogive is drawn, the median

FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS | 4.11

<



Statistical Representation of Data

can be determined by locating the abscissa of the point on the curve, whose cumulative frequency is N/2.
Similarly, the abscissa of the points on the less than type corresponding to the cumulative frequencies N/4
and 3N/4 give the Q, (first quartile) and Q, (third quartile) respectively, (Q1, Q3 will be discussed after
median in the chapter of Average).

Ogive (less than type) of given data :

AY
1007

90+
807
70+
60

501
40

Frequency—mm———

301

20;
Q, = 53 (approx)
101

! ! ! ! ! } } > X
95 195 295 39.5 495 59.5 69.5 79.5

Class Boundaries —»
Less than ogive

From the above graph we find that Q, = 53 (approx).

Circular Diagram (or Pie diagram) : It is a pictorial diagram in the form of circles where whole area
represents the aggregate and different sectors of the circle, when divided into several parts, represent the
different components.

For drawing a circular diagram, different components are first expressed as percentage of the whole. Now
since 100% of the centre of a circle is 360 degrees. 1% corresponds to 3.6 degrees. If p be the percentage
of a certain component to the aggregate, then (p x 3.6) degrees will be the angle, which the corresponding
sector subtends at the centre.

Note : A pie diagram is drawn with the help of a compass and a diagonal scale or a protractor. Different
sectors of the circle representing different components are to be marked by different shades or signs.

Example 10: The expenditure during Second Five-year Plan in West Bengal is shown as below :

(X in Crores)

On Industries 127.00
" lrrigation 92.50
" Agriculture 100.00
" Transports & Roads 92.50
" Miscellaneous 68.00
480.00
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—To represent the data by circular diagram.

First we express each item as percentage of the aggregate.

127.00
Industries =180.00 x100 =26.4
Irrigation =19.3
Agriculture =20.8
Transports & Roads =19.3
Miscellaneous =142

Now 1% corresponds to 3.6 degrees. So the angles at the centre of the corresponding sectros are (in
degrees) :

Industries =26.4x3.6=950
Irrigation =19.3x3.6=69.5
Agriculture =20.8x3.6=74.9
Transp. & Roads =19.3x3.6=69.5
Miscellaneous =14.2x3.6=151.1

Now with the help of compass and protfractor (or diagonal scale) the diagram is drawn.

IND. 26.4%

FIRR 19,3042

Traiegn

Fald gt e
Z:Transport
-rviiRoadsi:
$H319.3%:
i

i

Pie Chart

Note: Additions of all percentages of the items should be equal fo 100 and also the addition of all the
angles should be equal to 360° (approx).

It two aggregates with their components are to be compared, then two circles are required to be drawn
having areas proportionate to the ratio of the two aggregates.
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Study Note - 5
MEASURES OF CENTRALTENDENCY AND MEASURES OF DISPERSION _ﬁ_

This Study Note includes

5.1 Measures of Centiral Tendency or Average
5.2 Quartile Deviation

5.3 Measures of Dispersion

5.4 Coefficient Quartile & Coefficient variation

5.1 MEASURES OF CENTRAL TENDENCY OR AVERAGE

INTRODUCTION :

A given raw stafistical data can be condensed to a large extent by the methods of classification and
tabulation. But this is not enough. For interpreting a given data we are to depend on some mathematical
measures. Such a type of measure is the measure of Central Tendency.

By the term of ‘Central Tendency of a given statistical data’ we mean that cenfral value of the data
about which the observations are concentrated . A central value which ‘enables us fo comprehend in a
single effort the significance of the whole is known as Statistical Average or simply average.

The three common measures of Central Tendency are :

(i)  Mean

(i)  Median

(i) Mode
The most common and useful measure is the mean. As we proceed, we shall discuss the methods of
computation of the various measures.

In all such discussions, we need some very useful notations, which we propose to explain before proceeding
any further.
(i) Index or Subscript Notation :

Let X be a variable assuming n values x, X, .....X,, We use the symbol X, (read “x sub |") to denote any of
the above mentioned n numbers. The letter |, which can stand for any of the numbers x, , x, , ....x is called
a subscript notation of index. Obviously, any letter other than j, as |, k, p, g and s could be used.’

(ii) Summation Notation :

The symbol Z:Xj is used to denote the sum X' fromj=11to = n. By definition.
=

n

DX =X X, X

=

Example 1: — XJ. YJ.=X1 Y+ X, Y, 4+ XY

n
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Measures of Central Tendency and Measures of Dispersion

Some important result :

(i ;(Xj+vj)=ZXj+Zy1

j=1 j=1

(i ZA:M: nA (A is constant)
=

[N times]

(i) D AX, = AX, +AX, +...+ AX,

j=1

5.1.1. MEAN :
There are three types of mean :
(i) Arithmetic Mean (A.M.) (i) Geometric Mean (G. M.) (iii) Harmonic Mean (H.M.)

Of these the Arithmetic meanis the most commonly used. In fact, if not specifically mentioned by mean we
shall always refer to arithmetic Mean (AM) and calculate accordingly.

1. Arithmetic Mean :

(i) Simple Arithmetic mean : (Calculating mean from ungrouped data)

The simple arithmetic mean (X) of a given series of values, say, x,, X,,........ x . is defined as the sum of these

values divided by their total number : thus

n
X.
;(xbor)z X)X+t X, ; j _ D X

n n

Note. Often we do not write X, X means summation over all the observations.

Example 1 : Find the arithmetic mean of 3,6,24 and 48.

3+6+24+48 8]
Required A.M.= % = 7 =20.25

(ii) Weighted Arithmetic Mean : (Calculating the mean from grouped data)

If the number x, x,, ....... x, occur f f,.... f times respectively (i.e. occur with frequencies f,, f, ........ f)
the arithmetic mean is

oy R S S S L I b
. f N
fj f] +f2 +...+fn
j=1
Where N= f is the total frequency, i.e., total number of cases. This mean  is called the weighted
Arithmetic mean, with weights f,, f, ....... f respectively.

In particular, when the weights (or frequencies) f,, f....... f are all equal. We get the simple Arithmetic
Mean.
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a5t
Example 2 : If 5,8, 6 and 2 occur with frequency 3, 2, 4 and 1 respectively, find the Arithmetic mean.

(3x5)+(2x8)+(4x6)+(1x2) _15416+24+2 57 oo _

Arithmeti = = oy =
rithmetic mean 3104440 10 10 X

Calculation of Arithmetic Mean (or simply Mean) from a grouped frequency distribution — Continuous
Series.

()  Ordinary method (or Direct Method)

In this method the mid-values of the class-intervals are multiplied by the corresponding class-frequencies.

The sum of products thus obtained is divided by the total frequency to get the Mean. The mean y is given
by

X =

, where x = mid-value of a class and N = total frequency

[ &)
N

Example 3 : Calculate the mean of daily-wages of the following table :

Wages (3) No. of workers
4-6 6
6-8 12
8-10 17
10-12 10
12-14 5

Solution:

Table : Calculation of Mean Daily Wages

Class Mid values Frequency fx
Interval ) x f
4-6 5 6 30
6-8 7 12 84
8-10 9 17 153
10-12 11 10 110
12-14 13 5 65
Total — N =250 fx =442

.. Mean Daily Wages

j—£=?884
N 50 '
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Measures of Central Tendency and Measures of Dispersion

(i) Shortcut Method (Method of assumed Mean)

In this method, the mid-value of one class interval (preferably corresponding to the maximum frequency
lying near the middle of the distribution) is taken as the assumed mean (or the arbitrary origin) A and the
deviation from A are calculated. The mean is given by the formula :

X=A+

where, d = x - A = (mid value) — (Assumed Mean).

Step deviation method :

’

X=A+

X- A

xi, where d' = i = scale (= width of C.1.)

Example 4: Compute the Arithmetic Mean of the following frequency distribution :

Solution:

Marks No. of student
20-29 5
30-39 11
40— 49 18
50-59 22
6069 16
70-79 8

Table: Calculation of Arithmetic Mean

Class Mid values Deviation from frequency fd

Interval X 54.5 f
d=x-54.5

20-29 24.5 -30 5 -150
30-39 34.5 -20 11 -220
40-49 44.5 -10 18 -180
50-59 54.5 (=A) 0 22 0
60-69 64.5 10 16 160
70-79 74.5 20 8 160

Total — — N =80 - 550 +320

fd=-230

~. Arithmetic Mean

d -
=545+ 29
80

=54.5-2.875=151.625=51.6 (approx).

= A+
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i)

Method of Assumed mean  (by using step deviations)

Table : Calculation of Arithmetic Mean

. : _X-A
Class Mid-points d= i f fd’
19.5-29.5 24.5 -3 5 -15

29.5-39.5 34.5 -2 11 -22
39.5-49.5 44.5 -1 18 -18
49.5-59.5 54.5=A 0 22 0
59.5-69.5 64.5 1 16 16
69.5-79.5 74.5 2 8 16

Total — — N =80 fd'=-23

fd” . 23
N X =54.5—%X10 =54.5-2.88=51.6(approx) .

AM.=A+

5.1.1.1Calculation of A. M. from grouped frequency distribution with open ends

If in a grouped frequency distribution, the lower limit of the first class or the upper limit of the last class are
not known, it is difficult o find the A.M. When the closed classes (other than the first and last class) are of
equal widths, we may assume the widths of the open classes equal to the common width of closed class
and hence determine the AM. But we can find Median or Mode without assumption.

Properties of Arithmetic Mean :

1. The sum total of the values fx is equal to the product of the number of values of their A.M.
e.g. Nx=  fx.

2. The algebraic sum of the deviations of the values from their AM is zero.

IF X, Xy x  are the n values of the variable x and x their AM then X, = X, X,— X, X, = x are called
the deviation of x, , X, ........... X, respectively from from X
Algebraic sum of the deviations = (Xj ‘X)
i=1
=X =X )+ (=X)L H (X -X) = (XXX )-nNX=nX-nX =0

Similarly, the result for a weighted AM can be deduced.

3. If group of n, values has AM. X, and another group of n, values has AM X, then AM. (x) of the
composite group (i.e. the two groups combined) of n, + n, values is given by :

nX, +N,X

X = 2 |In general, for a group the AM (k) is given by
n,+n,
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- - - - n,x
NX, +N,X, +N X+ N X

- r
n+n,+..+n

X =
j=1

Example 5: The means of two samples of sizes 50 and 100 respectively are 54.1 and 50.3. Obtain the mean
of the sample size 150 obtained by combining the two sample.

Here,n,=50,n,=100, x, = 54.1, x , = 50.3

_ nx+nX, _50x54.1+4100x50.3

_ 2705+5030 _ 7735

_/735 5157 .
150 150 [@pprox.)

5.1.1.2. Finding of missing frequency :

In a frequency distribution if one (or more) frequency be missing (i.e. not known) then we can find the
missing frequency provided the average of the distribution is known. The idea will be clear from the following
example :

For one missing frequency :
Example 6 : The AM of the following frequency distribution is 67.45. Find the value of f,,

Let A = 67. Now using the formula.

Height (inch) Frequency
61 15
64 54
67 f,
70 81
73 24

Solution:
Calculation of missing frequency
Table : Calculation of Mean

Height (x) Frequency(f) d=x-A d=d/3 fd”
61 15 -6 -2 -30
64 54 -3 -1 - 54
67 f, 0 0 0
70 81 3 1 81
73 24 6 2 48
Total N=174+1f, - - Xfd =45

> 5.6 | FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS



Let A = 67. Now using the formula

- fd”
X=A+ :

135

xi, we get 67.45= 67+

45
174+,

x3

0.45=———— _
or, 174+ f, or, 7830 +0.45f, =135

or, 0.45f, = 56.70 or, f, =270 = 12¢

0.45
For two missing frequencies :

Example 7: The A.M. of the following frequency distribution is 1.46

No. of accidents No. of days
0 46
1 f
2 f,
3 25
4 10
5 5
Total 200

Find f, and f, 2

Let, x = No. of accidents, f = No. of days

Solution:
Table : Calculation of Mean
X f d=x-2 fd
0 46 -2 -92
1 f, -1 -
2 f, 0 0
3 25 1 25
4 10 2 20
5 5 3 15
Total N =200 — rfd =-32-f,
AM=A+
1.46= 2+ — " 054—_(32+f‘) 108 =32 +f f =76
or, 1.46 = 500 or, —0.54 = 00 or, = ,or f =76,

f,=200— (46 + 76 +25+ 10 + 5) = 38
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Example 8 : Arithmetic mean of the following frequency distribution is 8.8. Find the missing frequencies :

Wages ) 4-6 6-8 8-10 10-12 12-14 Total
No. workers : 6 — 16 — 5 50
Solution:

Table : Calculation of Arithmetic Mean

wages R) X f fx
4-6 5 30
6-8 7 f, 7f,
8-10 9 16 9
10-12 11 f, 111,
12-14 13 5 65
Total N =27+f +f,  191+7f +11f, = fx
o 27 +f +f, =50 or, f,+f,=23
- fx ggo 11476411, 191+7f +11(23 1)
X= or, ©° =" ¢ ¢ ,008=
f= 27+ +f, 27 +23
or, 88x50=191+253-4f or, 4f =444-440=4  or,f =1 ie.f,=23-1 =22

5.1.1.3. Wrong Observation :

After calculating A.M. (;) of n observations if it is detected that one or more observations have been taken

wrongly (or omitted), then corrected calculation of A.M. will be as follows :

Let wrong observations x,, y, being taken instead of correct values x, y then corrected X = given
X=(x; +y,) + (x+y),in this case total no. of observations will be same.

Example 9. The mean of 20 observations is found to be 40. Later on, it was discovered that a marks 53 was
misread as 83. Find the correct marks.

Wrong X=20x40=800, Correct Xx=800-83+ 53=770

- 770
. X =——=38.5
.. Correct 0

Example 10. A.M. of 5 observations is 6. After calculation it has been noted that observations 4 and 8 have
been taken in place of observations 5 and ? respectively. Find the correct A.M.

- X X
X :ZT or, 6=ZT or, > x=30, corrected ) x =30-(4+8) + (5+9) =32

32
Corrected A.M. =? =6.4

5.1.1.4. Calculation of A.M. from Cumulative Frequency Distribution

At first we are to change the given cumulative frequency distribution info a general form of frequency
distribution, then to apply the usual formula to compute A.M. the idea will be clear from the following
examples.
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Example 11 : Find A.M. of the following distributions :

3 c.f. Marks c.f.
(i) lessthan 4 2 (i)  More than 0 and above 10
less than 8 6 More than 5 and above 8
less than 12 13 More than 10 and above 5
less than 16 18 More than 15 and above 1
less than 20 20 More than 20 and above 0

(i) The difference between any two variables is 4; so the width of class-intervals will be 4.

Accordingly, we get the general group frequency distribution as follows :

Solution:
Table : Calculation of A.M.
4 f 4 X f d = (x-A) fd
0-4 2 0-4 2 2 -8 -16
4-8 4(=6-2) 4-8 6 4 -4 -16
8-12 7(=13-6) 8-12 10=(A) 7 0
12-16 5(=18-13) 12-16 14 5 20
16-20 2 (=20-18) 16-20 18 2 16
Total — 20 — 4
LetA=10
X=A+ fd=10+i=10+0~2=?10~2
f 20
Table : Calculation of A.M.
Marks f Marks. X f d d’ fd’
0-5 2 (=10-8) 0-5 2.5 2 -5 -1 -2
5-10 3(=8-9) 5-10 7.5 3 0 0
10-15 4 (=5-1) 10-15 12.5 4 +5 1
15-20 1(=1-0) 15-20 17.5 1 +10
Total — 10 — —
LetA=7.5
AM. = A+—fd, = 4 - -
M. = Zf ><|—7.5+]OXS—7.5+2—9.5mc1rks.

5.1.1.5. Advantages of Arithmetic Mean

(i) Itis easy to calculate and simple to understand.
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(i)  For counting mean, all the data are utilised. It can be determined even when only the number of
itfems and their aggregate are known.

(iii) Itis capable of further mathematical freatment.

(iv) It provides a good basis to compare two or more frequency distributions.
(v) Mean does not necessitate the arrangement of data.

5.1.1.6. Disadvantages of Arithmetic Mean

() It may give considerable weight to extfreme items. Mean of 2, 6, 301 is 103 and more of the values is
adequately represented by the mean 103.

(i) In some cases, arithmetic mean may give misleading impressions. For example, average number of
patients admitted in a hospitalis 10.7 per day, Here mean is a useful information but does not represent
the actual item.

(i) It can hardly be located by inspection.

Example 12 : Fifty students appeared in an examination. The results of passed students are given below :

Marks No. of students
40 6
30 14
40 7
70 5
80 4
90 4

The average marks for all the students is 52. Find out the average marks of students who failed in the
examination.

Table : Calculation of Arithmetic Mean

Marks (x) f fx
40 6 240
50 14 700
40 7 420
70 5 350
80 4 320
90 4 360
Total N =40 fx =2390

v > fx 2390

=S40 =5075n,=40

Let average marks of failed students = y ,, n, =10
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PEALIRAVT I 40x 59.75+10x2
n,+n, 50

or, x, =21 (onreduction) ~.required average marks = 21.

Example 13. From the following frequency table, find the value of x if mean is 23.5

Class : 50-59 40-49 30-39 20-29 10-19 0-9
frequency : X—4 X—2 X+ 3 x+5 x+ 10 X =2
Solution:
Table : Calculation of Arithmetic Mean
Class mid. pt. f d d’ fd”
(x) =x-34.5 (d/i)

50-59 54.5 X—4 20 2 2x -8

40-49 44.5 X =2 10 1 X—2

30-39 34.5 x+3 0 0 0

20-29 24.5 x+5 -10 -1 -x-5

10-19 14.5 x+ 10 —20 -2 -2x-20

0-9 4.5 X—2 -30 -3 -3x+ 6

Total N=éx+10 fd"=—3x-29

.. Here, i = width of the class = 10.

D fd _3x—29

- = A+— i = _— = i
X Zf xi, or23.5=345+ éx<10 x 10 or, x=5 (onreduction).

Example 14 : The mean salary of all employees of a company is ¥ 28,500.The mean salaries of male and
female employees are ¥ 30,000 and ¥ 25,000 respectively. Find the percentage of males and females

employed by the company.
Let number of male employees be n, and that of female be n,. We know X=

30000n, +25000n,

28500 =
or, n,+n,

g
= ion) of, ==
or, 7n,=3n, (onreduction) n, 3

7
Percentage of n, (male) = EX] 00 =70%

3
. N, (female) = EMOO =30%

nX; +NyX,
n+n,
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SELF EXAMINATION QUESTIONS :
1. The weight of é persons are as follows (in kg.) 70, 42, 85, 75, 68, 55. Find the mean weight.

[Ans. 65.83 kg.]
2. Find A.M. of the following numbers :
(i 1,23 ... upto 10th term [Ans. 5.5]
(i) The first 10 even numbers [Ans. 11]
(iii)  The first 10 odd numbers [Ans. 10]
3.  Find A.M. of the following numbers :
(i) 77,73,75,70,72,76,75,71,74,78 [Ans.74.10]
(i) 4,5 6,7,54,8,6,253 [Ans. 5]
4. Find A.M. of the given frequency distribution :
(i) Weight (kg.) Persons
50 15
55 20
40 25
65 30
70 30
Total 120
[Ans. 61.67 kg.]
(ii) Weight (kg.) Workers
20 8
21 10
22 11
23 16
24 20
25 25
26 15
27 9
28 6
[Ans. 24.05 Kg.]
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5. Find the weekly average wage from the given frequency :

Wages )

No. of Workers

30-40
40-50
50-60
60-70
70-80
80-90

80
20
40
18
10
4

6. Find A.M. from the following table :

[Ans. T 47.44]

Wages )

No. of Workers

20-25
25-30
30-35
35-40
40-45
45-50

200
700
200
800
600
400

7. Compute A.M. of the following distribution :

[Ans. ¥ 35.97]

Class Interval

Frequency

1-4
4-9

9-16

16-27

6
12
26
20

8. A.M. of the following distribution is 124 Ib.

[Ans. 8.68]

Weight (Ib)

No. of Persons

100
110
120
135

X+5

N N WO DN

Total
Find the value of x.

[Hint. Use direct method

o

[Ans. 140 ]
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9. A.M. of the following frequency distribution is 5.6. Find the missing frequency.

X f
2 4
4 2
6 J—
8
10
[Ans. 4]
10. A.M. of the distribution is ¥ 56.46. Find missing frequencies.
Daily Wages (%) Frequency
45 5
50 48
55 f,
40 30
65 f,
70 8
75
Total 150
[Ans. 41, 12]
5.1.2. GEOMETRIC MEAN (G. M.)
Definition. : The geometric mean (G) of the n positive values X, X,, X, ............. X is the n™ root of the
product of the valuesi.e. G = m It means, G = (X. X,......... X, )"
Now taking logarithms on both sides, we find
logG = % 10g (X, Xpvrvreenns X, )= %(Iogx] +.....+logx )= %Zlogx ..... )
-.G = antilog [%Zlog X}
Thus, from formula (1) we find that the logarithm of the G. M. of x, x, ....., X, = A.M. of logarithms of x, X, ,
o X
Properties :
1. The product of n values of a variate is equal to the n™ power of their G. M. i.e., X, ., X, , ......, x =G"

(it is clear from the definition)]

2. The logarithm of G. M. of n observations is equal to the A.M. of logarithms of n observations. [Formula
(1) states it]
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3.  The product of the ratios of each of the n observations to G. M. is always unity. Taking G as geometric

mean of n observations x, , x, , ......., X, the ratios of each observation to the geometric mean are
X XX
GG G

By definition, G = {/x,,X,,....., X, or, G"= (X, , X, v.uuu, x ). Now the product of the ratios.

X, X, X X Xy X, G"

GG G- GG..fontfimes G

4. If G, , G,....., are the geometric means of different groups having observations
I PO respectively, then the G. M. (G) of composite group is given by

1
G=YG/".G,¥.... where N=n, +n,+...ie logG=3" logG,+n, log G, +.....
Example 15: Find the G. M. of the number 4, 12, 18, 26.

Solution: G = 2/4.12.18.26 ; heren=4
Taking logarithm of both sides,

1
Log G = z(log4+log 12 + log 18 + log 26)

1
= 4 (0.6021 +1.0792 + 1.2553 + 1.4150)

1
=7 (4.3516) =1.0879
.. G = antilog 1.0879 =12.25.

5.1.2.1. Weighted Geometric Mean :

IfFf,f,, f. f are the respective frequencies of n variates x, , X, , X, ,....... x ., then the weighted G. M. will
be

1/n
G = (%" x%,% xx,5 xxx,") " where N=f +f,+ ..+f = >'F

Now taking logarithm.

1 1
=— = ; — > flogx
NZflogx. G = antilog (NZ el )

Steps to calculate G. M.
1. Take logarithm of all the values of variate x.

2. Multiply the values obtained by corresponding frequency.
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flogx
3. Find flogxanddivideitby f,ie. calculate 5

4. Now antilog of the quotient thus obtained is the required G. M. The idea given above will be clear
from the following example.

Example 16 : Find (weighted) G. M. of the table given below : —

X f
4 2
12 4
18 3
26 1
Solution :
Table : Calculation of G.M
X f log x flog x
4 2 0.6021 1.2032
12 4 1.0792 43168
18 3 1.2553 3.7659
26 1 1.2553 1.4150
Total 10 _— 10.7019
~logG= fl—ofgx = 10'178]9 =1.07019

.. G =antilog 1.07019 =11.75

Advantages Geometric Mean

(i) Itis notinfluenced by the extreme items to the same extent as mean.

(i) Itisrigidly defined and its value is a precise figure.

(iii) Itis based on all observations and capable of further algebraic freatment.
(iv) Itis useful in calculating index numbers.

Disadvantages of Geometric Mean :

(i)  Itis neither easy to calculate nor it is simple fo understand.

(i) If any value of a set of observations is zero, the geometric mean would be zero, and it cannot be
determined.

(i) If any value is negative, G. M. becomes imaginary.
[Use. It is used to find average of rates of changes.]

SELF EXAMINATION QUESTIONS
1. Find G.M of the following numbers :

i) 3.9 27 [Ans.9]
(i) 3.6, 24,48 [Ans. 12]
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2.  Weekly wages of é workers are 70, 42, 85, 75, 68, 53 (inX).
Find the G. M. [Ans. 64.209]
3. Calculate G. M. (upto 2 decimal places) :

. 125
(i) 90,25, 81, 3 [Ans. 69.08]
. 700
(i) 125, 3 450, 87 [Ans. 183.90]
4. Compute G. M. :
(i) 4,16, 64,256 [Ans. 32]
(i) 1,2,4,8 16 [Ans. 4]
(i) 2,79;0.375, 1000 [Ans. 10.877]
5. Monthly expenditure of 5 students are as follows :
125,130, 75,10, 45, find G.M. [Ans. X 55.97]
Calculate G.M. of 2574, 475, 75, 5, 0.8, 0.005,, 0.0009. [Ans. 2.882]
7. Find G.M. of the table given :
X f
44.5 2
7.05 3
91.72 4
[Ans. 71.38]
8. Find G.M.of 111,171,191, 212, having weight by 3, 2, 4 and 5 respectively. [Ans. 173.4]
Increase of productions for the first three years are respectively 3%, 4%and 5%. Find average production
of the three years. [Hint : Use G.M] [Ans. 3.9%)]
5.1.3. HARMONIC MEAN (H. M.) :
Definition.
The Harmonic Mean (H) for n observations, x,, X,,....... x . is the fotal number divided by the sum of the
reciprocals * of the numbers.
N N
i.e.H= ] ] = T
—t— .+ — X
X] X2 Xn
DI . .
Agomﬂ = - (i.e. reciprocal of H. M = A. M. of reciprocals of the numbers).
[ . 1 . . . o
*Forab = 1. O:B ,i.e. areciprocal of b. And fora= b, b is reciprocal of a. Reciprocal of 2 is. 5
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Example 17 : Find the H. M. of 3, 6, 12 and 15.

4 4 240
H'M'_l+l+i+i_ 20+10+5+4 39 =615
3 6 12 15 60

. 1T 1
Example 18 : Find the H.M. of 1, RS =

B N B n _ 2n
1+2+3+...+n D(2+n—1) nin+1)

H.M.

n
[Note. The denominatorisin A..P. use S = 5{2(:1+(n—1)d}

Example 19 : A motor car covered distance of 50 miles four fimes. The first time at 50 m. p. h, the second at
20 m. p. h., the third at 40 m. p. h, and the fourth at 25 m.p.h Calculate the average speed and explain the
choice of the average.

Average Speed (H.M) = = == —4><—] =29.63
V . - + + + - - .
' g 510 210 410 2]5 2 510005)5 ° ] 35

=30 (app.) m. p. h.

For the statement x units per hour, when the different values of x (i.e. distances) are given, to find average,
use H.M. If again hours (i.e., fime of journey) are given, to find average, we are to use A.M. In the above
example, miles (distances) are given, so we have used H.M.

Weighted H.M. The formula to be used is as follows :

Example 20 :

(a) A person travelled 20 k.m. at 5 k.m.p.h. and again 24 k.m. at 4 k.m.p.; tfo find average speed.
(b) A person travelled 20 hours at 5 k.m.p.h. and again 24 hours at 4.m.p.h.; fo find average speed.

(a) We are to apply H.M. (weight) in this case, since, distances are given.

Average speed (H.M.) =%=%=%=4.4 k.m.p.h.
7_'_7

5 4

(b) We are to apply A.M. (weighted), since times of journey are given.

20x5+24x4 100+96 196
Average speed (A.M.) = 0124 = 14 :H: 4.45k.m.p.h (app.)
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Example 21 : Find the harmonic mean of the following numbers :

S
'2'3'4

4
1T 1 1 1.4 4

= b+ ——+—= =10
1172 13 14 1+2+3+4 10

2
5

Example 22 : An aeroplane flies around a square and sides of which measure 100 kms. Each. The aeroplane
cover at a speed of 10 Kms per hour the first side, at200 kms per hour the second side, at 300 kms per hour
the third side and at 400 kms per hour the fourth side. Use the correct mean to find the average speed
round the square.

Here H.M. is the appropriate mean.
Let the required average speed be Hkms per hours

4
= 4x1200
thenH = | 1 1 1 12+6+4+3 - 22V 4 48 =192 kms/hr,

100 " 200 " 300 " 400 1200 25

ADVANTANGES OF HARMONIC MEAN :
(i)  Like A.M.and G. M. it is also based on all observations.
(i) Capable of further algebraic treatment.

(iii) It is extremely useful while averaging certain types of rates and rations.

DISADVANTAGES OF HARMONIC MEAN :
(i)  Itis not readily understood nor can it be calculated with ease.
(i) Itis usually a value which may not be a member of the given set of numbers.

(i) It cannot be calculated when there are both negative and positive values in a series or one of more
values in zero.

It is useful in averaging speed, if the distance travelled is equal. When it is used to give target weight to
smallest item, this average is used.

5.1.4. Relations among A.M., G.M. and H.M. :

1. The Arithmetic Meanis never less than the Geometric Mean, again Geometric Mean is never less than
the Harmonic Mean.

i.e. AM.>G. M. >2H. M.
Uses of H.M. : Harmonic mean is useful in finding averages involving rate, time, price and ratio.

Example 23 : For the numbers 2, 4, 6, 8, 10, find GM & HM and show that AM > GM > HM.
G.M.=32.4.6-810=(2-4-6-8-10)"

1
Log GM = 5 (log 2 + log4 + logé + log8 + log 10)
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1 1
=35 (0.3010 + 0.6021 +0.7782 + 0.9031 + 1.0000) = 5 x 3.5844 =0.7169

.. G.M.=antilog 0.7169 = 5.211

Hm 1o T b 0130420495412
2" 4ts e 0 10800 20+25+412)
5% 120800, 579
137 137

1 1
AQain AM. = ¢ (2+4+6+8+10) = £x 30 =6

We get AM.=6,G.M.=5211,HM. =437%i.e. AM.2G. M.2H. M

Note : In only one case the above relation is not frue. When all the variates are equal, we will find that
AM =GM =HM

Example 24 : A.M. and G.M. of two observations are respectively 30 and 18. Find the observations. Also find
H.M.

X+
Now 22X=30 or,x +y=60 ...{1 again /xy =18

Or, xy =324 or, (60-vy).y =324, from (1)
Or,y?2—60y+324=0o0r, (y-54) (y-6)=0,y=54,6
~y=584,x=6o0ry=6, x=54.

.. Required observations are 6, 54.

2 2xﬁ=10.80.

2
‘. HM= = =
] ] 9+1 10
A+£4 54

SELF EXAMINATION QESTIONS :
1. Find H.M. of the numbers :
(i) 3,6,24,48 [Ans. 7.1]
(i) 24,68 [Ans. 3.84]

2. Calculate H.M. of the following numbers

1
(i 1, 5y 0 [Ans. 0.18]
) ]l 1 A 2
(ii) o g = [Ans. n+1]
S e, |
(iii) '3 B o [Ans. n]
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3. Places A, B and C are equidistant from each other. A person walks from A to B at 5 km.p.h.; from B to
C at 5 km.p.h. and from C to A at 4 km.p.h.. Determine his average speed for the entire trip.

8
4—kmp.h.
[Ans. 13 p.N. ]
4. A personcovered adistance from X to Y at 20 km.p.h.. His average speedis 22 km.p.h.. Is the statement
correct? [Hints. Use H.M.] [Ans No.]
5.1.5. MEDIAN :
Definition
If a set of observation are arranged in order of magnitude (ascending or descending), then the middle
most or central value gives the median. Median divides the observations into two equal parts, in such a
way that the number of observations smaller than median is equal to the number greater than it. It is not

affected by extremely large or small observation. Median is, thus an average of position. In certain sense,
it is the real measure of cenfral tendency.

So Median is the middlemost value of all the observations when they are arranged in ascending order of
magnitudes.

5.1.5.1. Calculation of Median :
(A) For simple data or Series of Individual Observations :

Individual observations are those observations (or variates) having no frequencies or frequency is unit
every case.

At first, the numbers are to arranged in order of magnitude (ascending or descending). Now for n (the total
number of items) odd.

) n+1
Median = value of T th item

and for n even

g n
Median = average value 5 th item and (EHJ th item.

n+1
or, median = value of T’rh item (n = odd or even)

Nn+1
[Note : T’rh item gives the location of median, but not its magnitude]

Steps to calculate Median

1. Arrange the data in ascending or descending order. 2. Find n (odd or even). 3. Apply usual formula
and calculate.

Example 25 : To find the median of the following marks obtained by 7 students : 4, 12, 7, 9, 14, 17, 16.
(i)  Arrangement of marks:4,7,9,12, 14,16, 17.
(i) n=7=anodd number

Nn+1 7+1
(i) Median = value of —=—th item = value of ——th item = value of 4 th item = 12 (from the arranged

2 2
data
- median is 12 marks.

[Note : Unit of the result will be same as given in original variate.]
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Example 26 : To find the median of marks : 4, 12,7, 9, 14, 17, 16, 21
(i) Arrangement : 4,7, 9,12, 14,16, 17, 21. (i) n =8 = an even number.

n n
(i) Median = average value of E’rh item and (EHJ th i.e.

8
= average value of <thitem and the next item

2
= average value of 4th item and the 5th item
+14
= average value of 12 and 14 marks = 5 = 13 marks.

Alternative way

N+1 8+1 1
Median = value of T’rh item = value of N th item = value 4.5th item = 5 (value of 4th item and value

1 1
of 5th item) = 5(12+14) =5 x 26 = 13 marks.

(B) For Direct Series (or simple Frequency Distribution)
Cumulative frequency (less than type) is calculated. Now the value of the variable corresponding to the

Nn+1
cumulative frequency S gives the median, when N is the total frequency.

Example 27 : To find the median of the following

X: 1 2 3 4 5 6
y: 7 12 17 19 21 24
Solution :
Table : Calculation of Median

X f cum . freq. (c.f)

1 7 7

2 12 19

3 17 36

4 19 55

5 21 76

6 24 100 (=N)

N =100

+1

n+1
Now, median = value of ——th item = value of th item = value of 50.5th item.

2 2

From the last column, it is found 50.5 is greater than the cumulative frequency 36, but less than the next
cum. Freq. 55 corresponding to x = 4. All the 19 items (from 37, to 55) have the same variate 4. And 50.5
item is also one of those 19 item.

-. Median = 4.
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(C) For Continuous Series (Grouped Frequency Distribution)

g
We are to determine the particular class in which the value of the median lies. by using the formula 5 (and

N+1 N
not by 5 as in continuous series 5 divides the area of the curve into two equal parts). After locating

median, its magnitude is measured by applying the formula interpolation given below:

l, -1
Median = | "‘%(m—c), where m = 5

[or median=l, +¥xi,where i=l, —I]}
Where |, = lower limit of the class in which median lies,
l,= Lower limit of the class in which median lies.

f = the frequency of the class in which median falls.

N
m = middle item (i.e., item at which median is located or 5 th item).

C = cumulative frequency less than type of the class preceding the median class,

[Note : The above formula is based on the assumption that the frequencies of the class-interval in which
median lies are uniformly distributed over the entire class-intrerval]

Remember:

In calculating median for a group frequency distribution, the class-intervals must be in continuous forms. If
the class-intervals are givenin discrete forms. They are to be converted first into continuous or class-boundaries
form and hence to calculate median, apply usual formula.

Example 28 : Find the median and median-class of the data given below :—

Class-boundaries Frequency
15-25 4
25-35 11
35-45 19
45-55 14
55-65 0
65-75 2
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Solution :
Table : Calculation of Median
Class-boundaries Frequency Cumulative frequency
15-25 4 4
25-35 11 15
35-45 19 34
45-55 14 48
55-65 0 48
65-75 2 50 (=N)
th th
Median = value of — item = value of item = value of 25th item, which is greater than cum. Freq. 15.

2 2
So median lies in the class 35-45.

l, =1
Now. Median = |]+%(m —c), where | =35,1,=45,f=19, m=25c=15

45735 (95 _15) =354+10510= 35+ 5,26 = 40.26

19

=35+

required median is 40.26 and median-class is (35— 45).

Example 29: Calculate the median of the table given below :

Class interval 0-10 10-20 20-30 30-40 40-50
Frequency : 5 4 6 3 2
Solution :
Table : Calculation of Median
C.l f c.f

0-10 5 5

1020 4 9

20-30 6 15

30-40 3 18

40-50 2 20 (=N)

th 20
median = value of b3 term = value of 3 (=10)™ term, median class is (20-30).
. |2 _I1 N _

Median =1, + = (E c
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30-20
6

=20+ (10-9)

10
:20+Z:20+ 1.67 =21.67

5.1.5.2. Calculation of Median from Discrete Grouped Distribution

If the class intervals of grouped frequency distribution are in discrete form, at first they are to be converted
into class-boundaries and hence to find median by applying usual formula. The idea will be clear from the
following example.

Example 30 : Marks obtained by 62 students in English are as follows:—

Marks No. of students
10-19 5
20-29 8
30-39 14
40-49 20
50-59 11
60-69 4
Total 62

Compute median class and median.

Solution :
The class intervals are in discrete form. They are to be converted to class boundaries first, which is shown below :

Table : Calculation of Median

Class boundaries frequecy Cumulative Frequency
9.5-19.5 5 5
19.5-29.5 8 13
29.5-39.5 14 27
39.5-49.5 20 47
49.5-59.5 11 58
59.5-69.5 4 62 (N)
th th
Median = value of — term = values of term or value of 31st term

2 2
.. Medianliesin (39.5—49.5)
[, I
Now median = h +_2f : (m-c), herel =39.51,=49.5f =20, m=31,c=27

m

10 1
Median = 39.5 +% (31-27)=39.5+ 5 x 4 =39 .5+ 2=41.5marks.

FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS | 5.25 <



Measures of Central Tendency and Measures of Dispersion

Calculation of median from cumulative frequency distribution

In this case at first cumulative frequency is to be converted intfo general group frequency distribution. Then
applying usual formula median is to be calculated.

Example 31 : Compute median from the table given below :

Marks No. of students(f)
less than 10 3
less than 20 8
less than 30 17
less than 40 20
less than 50 22

Solution : The general group frequency distribution is as follows : —

Table : Calculation of Median

Marks Students(f) c.f
0-10 3 3
10-20 5(=8-3) 8
20-30 ?(=17-8) 17
30-40 3 (=20-17) 20
40-50 2 (=22-20) 22 (N)
th th
median = value of —— term = value of term = value of 11th term

2 2
-.median class is ( 20 — 30)
|2 _I1

-~.median = +_f (m-c),

m

10
=20+? (11-8), herel,=201,=30,f =9, m=11,c=8

10
= 20+? =20 + 3.33 = 23.33 marks.

Note : If the cumulative frequency distributionis given in ‘more than type’ form then also the same procedure
is to be followed.

Example 32 : Calculate the median of the frequency distributions
Marks : 1-20 21-40 41-60 61-80 81-100
No. of students : 3 5 9 3 2
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Solution : The class infervals: are in discrete forms, so they are to be made in class boundaries at first

Table : Calculation of Median

Class boundaries f c.f
0.5-20.5 3 3
20.5-40.5 5 8
40.5-60.5 % 17
60.5—-80.5 3 20
80.5-100.5 2 22 (=N)

22
Median = value of ?’rh term = values of 11th ferm .. Median class is (40.5 — 60.5)

L, =1 (N 60.5-40.5
Median=h+ 2f ] (E_CJ =4O.5+T(l 1-8)

m

20
= 40.5 + 3><3 = 40.5 + 6.67 = 47.17 marks.

Calculation of median from open ends class intervals :

Since the first and last class intervals are not required in computing median, so in case of open end class-
intervals median is calculated by usual process.

For example, in the above example it the lower-limit of first class interval (i.e.0) and upper limit of last class
(i.e. 5) are not given question, there would be no difficulty fo compute median.

In case of open end class-intervals, median is preferred than A.M. as average

Finding of missing frequency

The idea of finding missing frequency will be clear from the following example.

Example 33 : Anincomplete frequency distributions given below :

Marks No. of students(f)
10-20 3

20-30 5

30-40 —

40-50 3

50-60 1

It is given that median of the above distribution is 32.5 marks. Find the missing frequency.
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Solution :
Table : Calculation of Median
Marks f c.f
1020 3 3
20-30 5 8
30-40 f, 8 +f,
40—50 3 11 +f,
50-60 1 12+ 1,

Here Median = 32.5 (given), so median class is (30-40).

. N 12+f,
Let f, be the missing frequency, 5 = 5 T 6+f/2=m,c=81=301,=40,f =f,
From the formula, med. = h +_2f_] (m-c)
40-30 f 10( f. 20
= 6+£_8 = i_2 = —_ ==
We get, 32.5=30 + f ( 5 J or, 2.5 f (2 J or, 2.5f,=5f-200rf, =7 8.

Advantages of Median :
()  The median, unlike the mean, is unaffected by the extreme values of the variable.

(i) Itis easy to calculate and simple to understand, particularly in a series of individual observations a
discrete series.

(iii) Itis capable of further algebraic treatment. It is used in calculating mean deviation.
(iv) It can be located by inspection, after arranging the data in order of magnitude.

(v) Median can be calculated even if the items at the extreme are not known, but if we know the central
items and the total number of items.

(vi) It can be determined graphically.

Disadvantage of Median :
(i  Forcalculation, itis necessary to arrange the data; other averages do not need any such arrangement.

(i) It is amenable to algebraic treatment in a limited sense, Median cannot be used to calculate the
combined median of two or more groups, like mean.

(i) It cannot be computed precisely when it lies between two items.
(iv) Process involved to calculate median in case of contfinuous series is difficult to follow.
(v) Medianis affected more by sampling fluctuations than the mean.

SELF EXAMINATION QESTIONS :
1. Define median, Mention merits and demerits of median.

2. Find median of the following numbers :

(i) 38, 56, 31,70, 41, 62, 53, 57 [Ans. 54.5]
(i) 14,15, 30, 40, 10, 25, 20, 35 [Ans. 22.5]
(iii) 25, 1275, 748, 162, 967, 162 [Ans. 455]
3. Of the numbers 78, 82, 36, 38, 50, 72, 68, 70, 64 find median. [Ans. 68]
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4. The heights (in cm) of few students are as follows :

69.75,72,71,73, 74,76,75,70

Find second quartile. [Ans. Q, =72.5cm]

5. Find the median of the following numbers :
6,4,3,6,53,3,2,4,3,4,3,3,43,4,2,2,4,3,5,4,3,4,3,3,4,1,1,2,3. [Ans. 3]

6. Find the median of the following distribution :

X Y
1 22
2 31
3 40
4 42
5 24
6 12
[Ans.3]
7. Find the median class and median from the table given :

(i) C. Frequency
0-10 5
1020 4
20-30 6
30-40 3
40-50 2

[Ans. (20-30); 21.67]

(ii) Score Frequency
5-10 4
10-15 7
1520 10
20-25 12
25-30 8
30-35 3
Total 44

[ANns.(20-25); 24.17 score]
8. Find the following distribution find median class and median :

Score Frequency
30-39 1
40-49 4
50-59 14
60-69 20
70-79 22
80-89 12
90-99 2

[Ans. (59.5-69.5); 68.75 score]
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9. Calculate median of table given :

Marks Students Marks Students
(i) Less than10 5 (i) Less than 45 20
Less than 20 9 Less than 40 17
Less than 30 15 Less than 35 12
Less than 40 18 Less than 30 5
Less than 50 20 Less than 25 2

[Ans. (i) 21.67 marks, (i) 33.57 marks]

10. In the following frequency distribution one frequency is missing. It is given that median of the distribution
is 53.5, find the missing frequency.

Variate Frequency
20-30 8
30-40 S
40-50 f,
50-60 20
60-70 10
70-80 4

[Ans. 12]
[Note. That the class interval are unequal.]

11. The expenditure of 1000 families are as follows :

Expenditure R) No. of families
40-59 50
60-79 —
80-99 500
100-119 —
120-139 50

In the above table median is ¥ 87.50. Find the missing frequency.

5.1.6. MODE
Definition :

Mode is the value of the variate which occurs most frequently. It represents the most frequent value of a
series. In other words Mode is the value of the variable which has the highest frequency.

When one speak of the ‘average student’, we generally mean the modal wage, the modal student. If we
say that the modal wages obtained by workers in a factory are ¥ 70, we mean that the largest number of
workers get the same amount. As high as¥ 100 and as low as T 50 as wages are much less frequented and
they are non-modal.
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Calculation.

Mode cannot be determined in a series of individual observations unless it is converted to a discrete series
(or contfinuous series). In a discrete series the value of the variate having the maximum frequency is the
modal class. However, the exact location of mode is done by interpolation formula like median.

Location of modal value in case of discrete series is possible if there is concentration of items at on point.
If again there are two or more values having same maximum frequencies, (i.e. more concentration), it
becomes difficult to determine mode. Such items are known as bimodal, tri-modal or multi-modal
accordingly as the items concentrate at 2, 3 or more values.

(A) For. Individual Observations

The individual observations are to be first converted to discrete series (if possible).

Then the variate having the maximum will be the mode.

Example 34 : Calculate mode from the data (given) :
(Marks) : 10, 14, 24, 27,24,12,11,17.

Marks Frequency

10 1
11 1
12 1
14 1
17 1

2

1

24
27

(Individual observation are converted into a discrete  series)

Here marks 24 occurs maximum number of times, i.e. 2. Hence the modal marks is 24, or mode = 24 marks.
Alternatively :

Arranging the numbers : 10, 11, 12, 14, 17, (24, 24) 27.

Now 24 occurs maximum number of fimes, i.e. 2. .. Mode = 24 marks.

[Note. When there are two or more values having the same maximum frequency, then mode is ill-defined.
Such a sense is known as bimodal or multi-modal as the case may be.]

Example 35 : Compute mode from the following data.
Marks obtained : 24, 14, 20, 17, 20, 14.

Marks Frequency
14 2
17 1
20 2
24 1

[Here 14 occurs 2 times (max.) and 20 occurs 2 times (max.)

.. mode is ill-defined.]
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(B) For Simple Frequency Distribution Discrete Series.
To Find the mode from the following Table :

Height (in inches) No. of Persons

57 3
59 5
61 7
62 10
63 20
64 22
65 24
66

67

69

Frequencies given below, in column (1) are grouped by two's in column (2) and (3) and then by three’s in
columns (4), (5), and (6). The maximum frequency in each column is marked by Bold Type. We do not find
any fixed point having maximum frequency but changes with the change of grouping. In the following
table, the sizes of maximum frequency in respect of different columns are arranged.

Grouping Table

Grouping Table Height Frequency
Inches No. of (1) (2) (3) (4) (5) (6)
persons
57 3
8
59 5 15
12
61 7 22
17
62 10 37
30 52
63 20
42 66
64 22
46
65 24 51
29 31
66 5 7 9
67 2
69 2 4
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Analysis Table

Column Sizes of items having maximum frequency
1 65
2 63 64
3 64 65
4 62 63 64
5 63 64 65
6 64 65 66
No. of items 1 3 5 4 1

From the above table, we find 64 is the size of the item which is most frequented. The mode is, therefore,
located at é4.

[Note. At glance from column (1) one might think that 65 is the mode since it contains maximum frequency.
This impression is corrected by the process of grouping . So it is not advisable to locate the mode merely by
inspection.]

(C) For continuous Series.

By inspections or by preparing Grouping Table and Analysis Table, ascertain the modal class. Then to find
the exact value of mode, apply the following formula.

Mode—l+i
2f —f —f

1 0 2

X,

Where, | =lower class-boundary of modal class

f,= frequency of modal class.

f,=frequency of the class preceding modal class.

f, = frequency of the class succeeding the modal class.
i = size of the class- interval of modal class.

Note : the above formula may also be expressed as follows :

f—f
10 xi =1+ L xi. - C oA =
Mode = (ﬂ_fo)"'(f]—fQ) A, +A, Where A = f —f . A, =f —f,.

Example 36 : Compute mode of the following distribution.

Marks No. of students
10-20 5
20-30 8
30-40 12
40-50 16
50-60 10
60-70 8
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Table : Calculation of Mode

Marks No. of students
10-20 5

20-30 8

30-40 12—,
40-50 16T,
50-60 101,
60-70 8

From the table it is clear that the maximum frequency is 16th : modal class is (40-50)
Herel=40,f,=12,f =16,f,=10 (markedin table),i= 10 (= 50 -40)
f-f
= I+ 12—
Mode = 2f] _fo —f2
16-12 N
2%x16-12-10

4
32-22

=40+ x10

4
=4O+EX]O: 40 + 4 = 44 marks.

Alternatively, D, = f-f =16 -12=4,
D,=f —f, =16-10=6,i=10, | =40

4 4
— 40+ %10 =40+ 2 10
Mode =40+ 0"

=40 + 4 = 44 marks.
Calculation of Mode From discrete group frequency distribution.
In such cases af first class boundaries are to be formed for applying formula.

Example 37: Compute mode from the following frequency distribution :

Marks No. of students

50-59 5

60-69 20

70-79 40

80-89 50

?0-99 30
100-109 6

The class intervals which are in discrete form are first converted into class boundaries.
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Table : Calculation of mode

Class boundaries Frequency
49.5-59.5 5
59.5-69.5 20
69.5-79.5 40
79.5-89.5 50
89.5-99.5 30

99.5-109.5 6

Now modal class is (79.5 — 89.5), since this class has the highest frequency.
Here |=79.5, f =40,f =50,f,=30, i=10

Xi =795+ 90-40

:|+# VT
Mode =""2¢ % § 100 40— 30

= 79.5+Ex1 0 =795 +E =79.5+3.33=3%282.383.
30 3
Calculation of mode from cumulative frequency distribution :

Example 38 : From the following cumulative frequency distribution of marks of 22 students in Accountancy,
calculate mode :

Marks below 20 below 40 below 60 below 80 below 100
No. of students 3 8 17 20 22
Solution :

At first we are to transfer the above cumulative frequency distribution into a equal group frequency distribution
and hence to calculate mode.

Table : Calculation of mode

Marks students(f)
0-20 3
20-40 5(=8-3)
40-60 ?(=17-8)
60-80 3 (=20-17)
80-100 2 (=22-20)

Modal class is (40-60), as this class has highest frequency.

Here |=40,f,=5,f =9,f,=3,i=20

f-f . 9-5 4
[+ ——9 xj=40+———" %20 =40+—x20 = =48 m
Mode 2 -1, -1, 5%x9_5_3 10 40 + 8 = 48 marks.
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Calculation of missing frequency :

Example 39 : Mode of the given distribution is 44, find the missing frequency

Marks 10-20 20-30 30-40 40-50 50-60 60-70
No. of students 5 8 12 — 10 8
Solution :

Since mode is 44, so modal class is 40-50.

Table : Showing the Frequency Distribution

Marks Frequency(f)
1020 5
20-30 8
30-40 12
40-50 —
50-60 10
60-70 8

let the missing frequency be f,

=12
Now mode = 2f ~12-10

f-12
_ 40+ x10
or, 44 = 2f —22
fi—12
or, =m><]0 or, f, =16 (on reduction)
1

Miscellaneous examples :
1. If two variates x and y are related by 2x =3y — 1, and mean of y be 9 ; find the mean of x.
2x=3y-lor, 2x=3y-1or,2x=3x9-1=26 or,x=13

2. If 2u = 5xis the relation between two variables x and u and harmonic mean of x is 0.4, find the harmonic
mean of u.

5x 5
U=? or, U=§XO.4=].O - reqd.HMis 1.0

3. The relation between two variables x and y is 3y — 2x + 5 = 0 and median of y is 40, find the median of x.

3 5 o . . 3 S
From3y—-2x+5=0we get, X = EY + o As the median is located by position, so median of xis > 40 +§ =62.5

4. Mode of the following frequency distribution is 24 and total frequency is 100. Find the values
of f and f,.

Cl: 0-10 10-20 20-30 30-40 40-50
Frequency: 14 f 27 f 15

1 2
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27 -1
Mode is 24, so modal class is (20-30). From the formula of mode we find. 24:20+—54_f _f x10 oy,
1 2

_ 270-10f
54—(f+f,)

270-10f _ 270-10f,
54-44 10

or, 4= 14+f +27+f,+15=100

or, f,+f,=100-56=44 ... (1)
or, 40 =270-10f,

or, 10f =230 or, f, =23.From (1) ,f,=44-23=11 . =23 f, =11

5. The following are the monthly salaries in rupees of 20 employees of a firm :
130 125 110 100 80 76 98 103 122 66
145 151 65 71 118 140 116 85 95 151

The firm gives bonuses of % 10, 15, 20, 25 and 30 forindividuals in the respective salary group : exceeding T 60
but not excedding ¥ 80, exceeding T 80 but not exceeding X 100 and so on up to exceeding ¥ 140 but not
exceeding X 160. Find the average bonus paid per employee.

Solution:

From the monthly salaries of the employees, we find the number of employees lying in the salary groups
mentioned as follows :

Table : Calculation of average bonus

Salary (%) bonus

f X fx

Exceeding 60 but not exceeding 80 5 10 50

" 80 " 100 4 15 40

" 100 " 120 4 20 80

" 120 " 140 4 25 100

" 140 " 160 3 30 90

Total 20 380

AM. (%)= =X 380 g 1o
Zf 20

6. Marks obtained by 30 students in History of a Test Examination 2012 of some school are as
follows :

34 36 10 21 31 32 22 43 48 36
48 22 39 26 34 39 10 17 47 38
40 51 35 52 41 32 30 35 53 23

construct a frequency table with class intervals 10-19. 20-29 etc. Calculate the median and mode from the
frequency distribution.
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Solution:
Table : Construction of frequency table and hence calculation of median and mode.

Marks f cf class boundaries

10-19 3 3 9.5-19.5

20-29 5 8 19.5-29.5
30-39 13 21 29.5-39.5
40— 49 6 27 39.5-49.5
50 - 59 3 30 49.5-59.5

. N, . 30 .
Median = value of th le. - ie. 15th term

So median class is (29.5 — 39.5)

- median =29.5+M(]5—8) =29.5+EX7
13 13
=29.5+ 5.38 = 34.88 marks
Highest frequencyis 13 (=f)),f,=5,f,=6
~Mode =+ w9954 18379 g
-1, 2x13-5-6

17

= 29.5+%X] 0=29.5+5.33 =34.83 marks.

2

Advantages of mode :

(i) It can often be located by inspection.

(i) Itis not affected by extreme values. It is often a really typical value.

(iii) Itis simple and precise. It is an actual item of the series except in a continuous series.
(iv)] Mode can be determined graphically unlike Mean.

Disadvantages of mode :

(i)  Itis unsuitable for algebraic tfreatment.

(i)  When the number of observations is small, the Mode may not exist, while the Mean and Median can
be calculated.

(i) The value of Mode is not based on each and every item of series.
(iv) It does not lead to the aggregate, if the Mode and the total number of items are given.
5.1.7. Empirical Relationship among Mean, Median and Mode

A distribution in which the values of Mean, Median and Mode coincide, is known symmetrical and if the
above values are not equal, then the distribution is said asymmetrical or skewed. In a moderately skewed
distribution, there is a relation amongst Mean, Median and Mode which is as follows :

Mean - Mode = 3 (Mean — Median)
If any two values are known, we can find the other.
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Example 40 : In a moderately asymmetrical distribution the mode and mean are 32.1 and 35.4 respectively.

Calculate the Median.

From the relation, we find

3 Median =2 Mean + Mode

or 3Median =2 x 35.4 + 32.1 =70.8 + 32.1 = 102.9
- Median=34.3

SELF EXAMINATION QUESTIONS :

Define mode. Mention the advantages and disadvantages of mode.

2. Calculate the mode of the following numbers :
(i) 25,1275,748,169,876,169
(i) 4,3,2,53,45,1,7,3,2,1
(i) 69,75,57,70,71,75,76
(iv) 1,3,4,7,9,10,11,13, 14,16
3. Find the mode of the numbers :
7,4,3,56,3,3,2,4,3,3,4,4,2,3

4. Find the mode of the following frequency distribution :-

X

f

0

—

N O O AN WON

8

5
22
31
43
51
40
35
15

3

5. Compute mode from the following frequency distribution :

Marks Students
0-10 3
10-20 7
20-30 10
30-40 6
40-50 2

[Ans. 169]
[Ans. 3]
[Ans. 75]
[Ans. 11]

[Ans. 3]

[Ans. 4]

[Ans. 25 marks]
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(i)

Score Frequency

25-30 3

30-35 5

35-40 6

40-45 10

45-50 9 [Ans. X 44]

6. Calculate mode of the distribution given below :

(i) Marks No. of students
less than 10 5
less than 20 9
less than 30 15
less than 40 18
less than 50 20
(ii) Wages No. of
workers
0 and above 50
20 and above 45
40 and above 34
60 and above 16
80 and above 6
100 and above 0 [Ans. (i) 24 marks, (ii) ¥ 49.33]
7. Daily wages of 100 worker are given in the table :
Daily Wages R) No. of workers
2-3 5
4-5 8
67 12
8-9 10
10-11 7

Compute the modal value.

OBJECTIVE QUESTIONS

1.  Whatis the sum of deviations of a variates from their A.M.2 [Ans. zero]
2. Write the relation of AM. G.M. and H.M. [Ans. AM 2 G.M 3 H.M]
3. For a pair of variates, write the relation of AM. G.M and H.M [Ans. (GM)2= AM x H.M]
4. Write the emperical relation of mean, median and mode. [Ans. Mean-mode = 3 (Mean — median)]
5.

In case of open end class intervals frequency distribution to calculate average, which is most appropriate
average? [Ans. Median]
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Find AM and mode of : 7, 4,10, 15,7,3,5,2,9, 12 [Ans. 7.4 ;7]

Find G.M. of 3, 12, 48 [Ans. 12]

For a symmetry distribution mode and A.M. are respectively ¥ 12.30 and ¥ 18-48 ; find median of the
distribution. [Ans. 16.42]

9. The mean marks of 100 students was found to be 40. Later on it was discovered that marks 53 was

misread as 83. Find the corrected mean marks [Ans. 39.70]

10. AM.of7,x=2,10,x+ 3is 9 find x [Ans. 9]
11. Find G.M. of 8 observations : 2 occuring 4 times, 4 occuring twice 8 and 32 occuring once each.

[Ans. 4]

12. Find H.M. of the ob fi 1l dl A 1

. Find H.M. of the o serv0|ons2,4,5,60n 3 [ns.s]

13. If the means of two groups of m and n observations are 40 and 50 respectively and the combined

group mean is 42, find the ratio m : n. [Ans. 4 :1]
14. Find mean and mode of the 9 observations 9,2, 5,3,5,7,5,1,8 [Ans. 5, 5]
15. If two groups have number of observations 10 and 5 and means 50 and 20 respectively, find the
grouped mean. [Ans. 40]
X—5
16. Two variables x and y are related by Y = 0 and each of them has 5 observation. If mean of x is 45,
find the mean of y. [Ans. 4]
] 123 g ) . . .
17. FindHM.of .5/ =+ eees ——, occuring with frequencies 1, 2, 3, ...., n respectively [Ans. 1]
2 3 4 N+1
1+2+3+....4+Nn
n(n+1)/2 n(n+1) 2:]

[Hints :HM. 19,23/ ,34/4 = “nniN/2
* AJr gt n 243+4+..+n+1 n(n+1)/2

18. If the relation between two variables x and y be 2x + 5y = 24 and mode of y is 4, find mode of x.

[Ans. 2]

19. Find median of the 10 observations 9, 4, 6,2, 3, 4, 4, 6, 8,7 [Ans. 5]
20. The mean of 10 observations was found to be 20. Later on one observation 24 was wrongly noted
as 34. Find the corrected mean. [Ans. 19]

21. Prove that for two numbers 2 and 4, AM x HM = (G.M.)2

22. If the relation between two variables x and y is 2x + 3y = 7, and median of y is 2, find the median of x.

1

[Ans. E]

23. If two groups of 50 and 100 observations have means 4 and 2 respectively, find the mean of the
2

combined group. [Ans. 35]

24. If a variable x takes 10 values 1, 2, 3, ..., 10 with frequency as its values in each case, then find the
arithmetic mean of x. [Ans. 7]

[Hints : AM. =
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25. |If first of two groups has 100 items and mean 45 and combined group has 250 items and mean 5/, find
the mean of second group. [Ans. 55]

26. Find the median of the following distribution

Weight (kg) : 65 66 67 68 [Ans. 67]
No. of students : 5 15 17 4
27. Find G.M. of 3, 6, 24, 48 [Ans. 12]
28. A.M. of two numbers is 25 and their H.M. is 9, find their G.M. [Ans. 15]
29. The means of samples of sizes 50 and 75 are 60 and x respectively. If the mean of the combined group
is 54, find x. [Ans. 50]
30. Find the median of the given distribution :
Value (x) : 1 2 3 4 [Ans. 3]
Frequency (f) : 7 12 18 4

31. Ifeach of 3, 48 and 96 occurs once and 6 occurs twice verify that G.M. is greater than H.M.

11

32. FIndGM.of1,2,3 . What will be G.M. if ‘0’ is added to above set of velues?e

2’3
[Ans. 1; 0]
33. The G.M.ofa, 4,6isé, finda [Ans. 9]
34. A.M. of avariable x is 100, find the mean of the variable 2x — 50. [Ans. 150]
35. The variable x and y are given by y = 2x + 11. If the median of x is 3, find the median of y. [Ans. 17]

5.2 QUARTILE DEVIATION

Quairtiles are such values which divide the total number of observations into 4 equal parts. Obviously, there
are 3 quartiles—
(i) First quartile (or Lower quartile): Q,
(i) Second quartile, (or Middle quartile) : Q
(iii) Third quartile (or Upper quartile): Q,

2

The number of observations smaller than Q. is the same as the number lying between Q, and Q,, or
between Q, and Q,, or larger than Q,. For data of continuous type, one-quarter of the observations is
smaller than Q,, two-quarters are smaller than Q,, and three-quarters are smaller than Q,. This means that
Q,. Q, Q, are values of the variable corresponding to ‘less-than’ cumulative frequencies N/4, 2N/4, 3N/
4 respectively. Since, 2N/4 = N/2, itis evident that the second quartile Q, is the same as median.

Q,<Q,<Q;  Q,=Median.
Quartiles are used for measuring central tendency, dispersion and skewness. For instance, the second quartile
Q, is itself taken as a measure of central tendency, where it is known as Median.
Quartile deviation is defined as half the difference between the upper and the lower quartiles.
Qs _Q1
2
The difference Q3- Q1 being the distance between the quartiles can also be called inter quartile range;

half of this Semi- inter quartile Range. Thus the name ‘Semi - inter quartile Range’ itself gives the definition
of Quartile Deviation.

Quartile Deviation =
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Quartile Deviation (Q.D.) is dependent on the two quartiles and does not take info account the variability
of the largest 25% or the smalllest 25% of observations. It is therefore unaffected by extreme values. Since in
most cases the central 50% of observation tend to be fairly typical, Q.D. affords a convenient measure of
dispersion. It can be calculated from frequency distributions with open-end classes. Q.D. is thus superior to
Range in many ways. Its unpopularity lies in the fact that Q.D. does not depend on the magnitudes of all
observations. The calculation of Q.D. only depends on that of the two quartiles, Q1 and Q3 which can be
found from a cumulative frequency distribution using simple interpolation.

Example 41 : Calculate the quartile deviation from the following:

Class interval 10-15 15-20 20-25 25-30 30-40 40-50 50-60 60-70 Total

Frequency 4 12 16 22 10 8 6 4 82

Solution :

In order to compute Quartile Deviation, we have to find Q and Q, i.e. values of the
variable corresponding fo Cumulative frequencies N/4 and 3N/4. Here, total frequency N =82.
Therefore, N/4 =20.5 and 3N/4 = 61.5

Cumulative Frequency Distribution

Class Boundary Cumulative Frequency (less - than)

10 0
15 4
20 16

Q- «N/4=20.5
25 32
30 54

Q- «3N/4=61.5
40 64
50 72
60 78
70 82=N

Applying simple interpolation,

Q,-20 20.5-16
25-20 32-16

Q,-20 _ 45

or 5 "6
4.5

or, QW—QO =ﬁ><5=]4
or, Q =20+1.4=214
Similarly

Q,-30 _ 61.5-30

40 -30 © 64-54

Q,-30 75
or 10 =0
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7.5
or, Q, -30 :WX]O =7.5
or, Q, =30+7.5=37.5
Quartile Deviation = Q% ;Q‘ = 37'5;2]'4 =8.05
Example 42 : Calculate the appropriate measure of dispersion from the following data :
Wages in rupees per week No. of wages earners
less than 35 14
35-37 62
38-40 99
41-43 18
over 43 7

Solution: Since there are open-end classes in the frequency distribution. Quartile deviation would be the
most appropriate measure of dispersion for the data. So, we have to determine the quartiles Q and Q,
which can be done from cumulative frequency distribution using simple interpolation.

Table : Cumulative Frequency Distribution

Wages (%) per week Cumuldative frequency

34.5 14

Q— «N/4=50
37.5 76

Q— <« 3N/4=150
40.5 175
435 193
...... 200 =N

Applying Simple interpolation,

Q-345 5014 g Qs 150 -76
37.5-345 76-14 an 40.5-375 175-76
Soving @ =%36.24 Q, =¥39.74

(39.74 — 36.24)

Therefore, Quartile Deviation = =1.75

5.3 MEASURES OF DISPERSION

5.3.1. DISPERSION

A measure of dispersion is designed to state the extent to which individual observations (oritems) vary from
their average. Here we shall account only to the amount of variation (or its degree) and not the direction.

Usually, when the deviation of the observations form their average (mean, median or mode) are found out
then the average of these deviations is taken to represent a dispersion of a series. This is why measure of
dispersion are known as Average of second order. We have seen earlier that mean, median and mode,
etc. are all averages of the first order.
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Measures of dispersion are mainly of two types—

(A) Absolute measures are as follows :

(i) Range, (i) Mean deviation (or Average deviation), (i) Stfandard deviation
(B) Among the Relative measures we find the following types :

(i) Coefficient of dispersion. (ii) Coefficient of variation.

5.3.2. Absolute and Relative measures :

If we calculate dispersion of a series, say, marks obtained by students in absolute figures, then dispersion will
be also in the same unit (i.e. marks). This is absolute dispersion. If again dispersion is calculated as a ratio (or
percentage) of the average, then it is relative dispersion.

5.3.2.1. RANGE :

For a set observations, range is the difference between the extremes, i.e.
Range = Maximum value — Minimum value

lllustration 43. The marks obtained by é students were 24, 12, 16, 11, 40, 42. Find the Range. If the highest
mark is omitted, find the percentage change in the range.

Here maximum mark = 42, minimum mark = 11.
. Range =42 -11 =31 marks

If again the highest mark 42 is omitted, then amongst the remaining. Maximum mark is 40. So, range
(revised) =40 - 11 = 29 marks.

Change in range = 31 — 29 = 2 marks.
.. Reqd. percentage change =2+ 31 x 100 = 6.45%

Note : Range and other obsolute measures of dispersion are to be expressed in the same unit in which
observations are expressed.

For grouped frequency distribution :

In this case range is calculated by subfracting the lower limit of the lowest class interval from the upper
limit of the highest.

Example 44 : For the following data calculate range :

Marks Frequency
10-15 2
15-20 3
20-25 4
25-30 1

Here upper limit of the highest class interval = 30
And lower limit of the first class inferval = 10
.. Range = 30 - 10 = 20 marks

Note : Alfernative method is to subtract midpoint of the lowest class from that of the highest. In the above
case, range = 27.5-12.5 =15 marks.

In practice both the methods are used.
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Coefficient of Range :

The formulae of this relative measure is

difference of exfreme value i.e. range
sum of extreme vales

30-10 20 1 _
30+10 40 2
Advantages of Range : Range is easy to understand and is simple to compute.

In the above example, Coefficient of range =

Disadvantages of Range :

Itis very much affected by the extreme values. It does not depend on all the observations, but only on the
extreme values. Range cannot be computed in case of open-end distribution.

Uses of Range :
It is popularly used in the field of quality control. In stock-market fluctuations range is used.
5.3.2.2. Mean Deviation (or Average Deviation) :

Mean deviation and standard deviation, however, are computed by taking into account all the observations
of the series, unlike range.

Definition :

Mean deviation of a series is the arithmetic average of the deviations of the various items from the median
or mean of that series.

Median is preferred since the sum of the deviations from the median is less than from the mean. So the
values of mean deviation calculated from median is usually less than that calculated from mean.

Mode is not considered, as its value is indeterminate.
Mean deviation is known as First Moment of dispersion.
Computation of Mean Deviation :

(a) Forindividual Observation (or Simple Variates)

Sial

The formula is Mean Deviation (M.D.) =

Where | d | within two vertical lines denotes deviations from mean (or median), ignoring algebraic signs

(i.e., + and -).

Coefficient of Mean Deviation :

Mean Deviation about Mean (or Median)
Mean (or Median)

Coefficient of Mean Deviation = x 100%

Steps to find M. D.

(1)  Find mean or median

(2) Take deviation ignoring + signs

(3) Get total of deviations

(4) Divide the total by the number of items.

Example 45 : To find the mean deviation of the following data about mean and median :
)2 6,11,14,16,19, 23.
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Solution :

Table : Computation of Mean Deviation.

About Mean About Median
Serial No. R) Dev. From A.M. | Serial No. ) Dev. From Med.
X ignoring + signs X ignoring + signs
| d | | d |

1 11 1 12

2 2 8

3 11 3 11 3

4 14 1 4 14 0

5 16 5 16 2

6 19 6 19 5

7 23 10 7 23 9

Total — Total — 39

A,Mz;(2+6+1l+l4+16+l9+23)=;x91=?13

7+1
Median = size of —— th iterm = size of 4th item =3 14

2
I~ Id| 40
Mean deviation (about mean) = == =3 5.71
- : ld| 39
Mean deviation (about median) = — =7 = 3 5.57

Note : The sum of deviation (ZI d I) about median is 39, less than | d | about mean (= 40). Also M.D.

about median.(i.e.5.57) is less than that about mean, (i.e., 5.71)

Coefficient of Mean Deviation :

About Coefficient fMD—M'D' —M—OM
out mean, Coefficient of M. Mean_ 13 (app.)
About median, Coefficient of M. D. = MD. —5'57—040

out median, Coefficient of M. D. Median 14 (app.)

(b) For Discrete Series (or

Simple Frequency Distribution)

The formula for computing M.D. is

MD. = M

or

Y Hx-x| Y fld|
>t X

Where | d | = deviations from mean (or median) ignoring + signs.
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Steps of find M.D.
()  Find weighed A.M. or median.

(i)  Find deviations ignoring £ signs. i.e., | d |
(i) Get Y fldl;

(iv) Divide Y f|d|by > f

About Mean
Example 46 : To calculate mean deviation of the following series :
X (marks) f (student)
5 6
10 7
15 8
20 11
25 8
Total 40
Find also the coefficient of dispersion.
Solution :
Table : Computation of Mean Deviation (About Mean)
Marks Deviation
From from actual
Mean (16)
X f (d=x-15) d'=d/5 fd | x=X]| fx-X|
(1) (2) (3) (4) (5)=2x(4) (6) (7) = (2) x (¢)
5 6 -10 -2 -12 11 66
10 7 -5 -1 -7 6 42
15 8 0 0 0 1 8
20 11 5 1 11 4 44
25 8 10 2 16 9 72
Total 40 - - 8 - 232

fo
AM. A+ ><i=15+4%><5=15+1=16 marks

2
Zf X—=X| 232
M.D. = |Zf |= 40 =5.8 marks.
MD. 5.8
. . . H = =—=O.363
Coefficient of dispersion (about mean) Mean 16
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About Median :
Example 47 : The same example as given above.

Table : Computation of Mean deviation (About median)

Marks Cum. Freq. Dev. From median
X f c.f. (15)
| d | fldl
5 6 6 10 40
10 7 13 5 35
15 8 21 0 0
20 11 32 5 55
25 8 40 (=N) 10 80
Total 40 - - 230

1
Median = value of the th item

2

= value of 20.5th item = 15 marks.

Zf 0 - 5.75 marks

MD. 575
Median 15

Coefficient of dispersion (about median) = =0.383

(c) For Class Intervals (or Group Distribution)
Steps to compute (M.D.)

()  Find mid-value of the class intervals

(i) Compute weighted A.M. or median

(i) Find | d|andf|d |

(iv) Divide > fld|by > f
Example 48 : Find M.D. about A.M. of the following frequency distribution :

Daily wages (%) No. of workers
3.50-5.50 6
5.50-7.50 14
7.50-9.50 16
9.50-11.50 10
11.50-13.50 4
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Calculate also M.D. about median and hence find coefficient of mean dispersion.

Solution :
Table : Computation of M.D. about A.M.
Wages Mid-value d'= X_S'SO fd | d|
) X f =|x-X| fld]
3.50-5.50 4.50 6 -2 -12 3.68 22.08
5.50-7.50 6.50 14 -1 -14 1.68 23.52
7.50-9.50 8.50 16 0 0 0.32 5.12
9.50-11.50 10.50 10 1 10 2.32 23.20
11.50-13.50 12.50 4 2 8 4.32 17.28
Total - 50 - -8 - 91.20
X (AM) =A+ZZ‘,‘—f(iji = 8.50+%X2 =850-0.32=8.18
>fldl 91.20
M.D. = Zf T 5o 1824 =%182
Table : Calculation of M.D. about median
Wages f c.f. mid-value | d | fldi]
R)
3.50-5.50 6 6 4.50 3.63 21.78
5.50-7.50 14 20 6.50 1.63 22.82
7.50-9.50 16 36 8.50 0.37 5.92
9.50-11.50 10 46 10.50 2.37 23.70
11.50-13.50 4 50 (N) 12.50 4.37 17.48
Total 50 - - - 921.70

Median = value of N/2th item = value of 50/2, i.e., 25th item.
So median class is (7.50 — 9.50)

.. Median =h +ﬁ(m—c) = 7-50+w(25-20)

f

1

2
27'50+EX5 =7.50+0.625=8.125=%8.13
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_2fldl_91.70
MD. =5 oy = 1.834 =%1.83

. . MD. 1.824
Coeff. Of dispersion (about A.M.) = AM. = 818 - 0.223=0.22
MD.  1.834

Coeff. Of dispersion (about median) = =0.225=0.23

Median  8.13
Advantages of Mean Deviation :

(1) Itisbased onallthe observations. Any change in any item would change the value of mean deviation.
(2) Itisreadily understood. It is the average of the deviation from a measure of central tendency.

(3) Mean Deviation is less affected by the extreme items than the standard deviation.

(4) Itis simple to understand and easy fo compute.

Disadvantages of Mean Deviation :

(1) Mean deviation ignores the algebraic signs of deviations and as such it is not capable of further
algebraic treatment.

(2) Itis not an accurate measure, particularly when it is calculated from mode.
(3) It is not popular as standard deviation.

Uses of Mean Deviation :

Because of simplicity in computation, it has drawn the attention of economists and businessmen. It is useful
reports meant for public.

5.3.2.3. Standard Deviation :

In calculating mean deviation we ignored the algebraic signs, which is mathematically illogical. This
drawback is removed in calculating standard deviation, usually denoted by ‘6’ (read as sigmal)

Definition : Standard deviation is the square root of the arithmetic average of the squares of all the deviations
from the mean. In short, it may be defined as root-mean-square deviation from the mean.

If x is the mean of x, x,, ......., X then o is defined by

Different formulae for computing s. d.

(a) For simple observations or variates.

1 _
If be AM.of X, X, ......., x, then 6= HZ(Xi _X)2

(b) Forsimple or group frequency distribution

For the variates x,, X,, X, ......., x.. if corresponding frequencies are f, f,, f,, ... f

n
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Zfi(xi _i)2

Then © = T .... (2) Where, x =weighted A. M.

Note : If variates are all equal (say K), then ¢=0, as x =K and Z(x—i) =0

Example 49: For observations 4, 4, 4, 4, s=0as X =4 and 2(4—4) =0
Short cut method for calculating s.d.

If x (A. M.)is not an integer, in case (1), (2) ; then the calculation is lengthy and time consuming. In such
case, we shall follow the following formulae for finding s.d.

>& (XdY
(c) For simple observations, 0 = n | n .. (3)
Where, d =x - A, Ais assumed mean.

(d) Forsimple (or group) frequency distribution

\/ZZ]C:?Q L%T Where, d = x - A

(e) For group frequency distribution having equal class interval

2f Lt

(This is known as step deviation method)

fa fd’ , _
\/Z LZ J .. (5)  where, d'= X iA

S (x -x%) \/Zx LZHXJ

Observation 0= \/ a0

(The proof is not shown at present)

, X—=A
Note : Formula (3) may be written as, for step deviation where d' = —
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d? aY
G:\/Z__£Z_J Xi e (7)
g g
5.3.2.3.1. Computation for Standard Deviation :
(A) For individual observations computation may be done in two ways :
(a) by taking deviations from actual mean. Steps to follow—

(1) Find the actual mean, i.e. x.

(2) Find the deviations from the mean, i.e., d.

(3) Make squares of the deviations, and add up, i.e. > d?.

(4) Divide the addition by total number of items, i.e., find ~ d”/n and hence make square root

of it.
(b) by taking deviations from assumed mean. Steps to follow—

(1) Find the deviations of the items from an assumed mean and denote it by d find also Zd.

(2) Square the deviations, find ZdQ.
(3) Apply the following formula to find standard deviation.

S.D.@:J&_[%j

n

Example 50 : Find s.d. of ) 7, 9, 16, 24, 26. Calculation of s.d. by methods (a) Taking deviations of Sum (b)
Taking deviations from Assumed Mean

Method (a) : Taking deviation from A.M. Method (b) : Taking deviation from assumed mean
Variate Variate
] AM. (16.4) ] AM. (1)
X d d? X d d?
7 -9.4 88.36 7 -9 81
% -7.4 54.76 % -7 49
16 -0.4 0.16 16 0
24 7.6 57.76 24 64
26 9.6 92.16 26 10 100
Total — 293.20 - 294

_ 82
For method (a) : X (AM.) =z = 16.40

o (=s.d) =\/%Z(X—Y)2 - \/lZdZ - \/%x293.20 _ 5864 =%7.66

n
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Here the average or A.M. 16.40 and the variates deviate on an average from the A.M. by 7.66.

For method (b) : Let A (assumed mean) = 16

o dy
o(= S.d.)=\/ZT—£ZTJ . by using formula (3)

/294 2Y’ 2
= |52 2] =/58.8-(0.4)" =/58.8-0.16 =
5 (5) (0.4) T 7.66.

Note : If the actual mean is in fraction, then it is better to take deviations from an assumed mean, for
avoiding foo much calculations.

(B) Fordiscrete series (or Simple Frequency Distribution). There are three methods, given below for computing
Standard Deviation.

(a) ActualMean, (b) Assumed Mean, (c) Step Deviation.
For (a) the following formula are used.
This method is used rarely because if the actual mean is in fractions, calculations take much fime.

o [T
TR e

(In general, application of this formula is less)

For (b), the following steps are to be used -

()  Find the deviations (from assumed mean), denote it by d.
(i) Obtain Y fd.

(i) Find > fd?, i.e. (fd x d and then take )_, and hence use the formula.

| g fq
B f f

Example 51 : Find the Standard deviation of the following series :

X f
10 3
11 12
12 18
13 12
14 3
Total 48
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Solution :
Table : Calculation of Standard Deviation

Devn. From
Ass. Mean (12)
X f d fd a? fa?
(1) (2) (3) (4) = (5) = (6)
(2) x (3) (3) x (3) (2) x (5)
10 3 -2 -6 4 12
11 12 -1 -12 1 12
12 18 0 0 0 0
13 12 1 12 1 12
14 3 2 4 12
Total 48 0 48
2 tdY
oo |29 (MY _[48_0 _ 5,
Zf Zf 48 48
For (c) the following formula is used.
The idea will be clear from the example shown below :
far? far
Formula is, 0= P f X1 where d’ = step deviation, i = common factor.

Example 52: Find the standard deviation for the following distribution :

X f
4.5 2
14.5 3
24.5 5
34.5 17
44.5 12
54.5
64.5 4
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Solution :
Table : Calculation of Standard Deviation

X f d a=2 fdg fg?
10
4.5 2 -30 -3 -6 18
145 3 -20 -2 -6 12
24.5 5 -10 -1 -5 5
345 17 0 0 0 0
445 12 10 1 12 12
545 7 20 2 14 28
64.5 4 30 3 12 36
>f=50 - - >id' =21 >fd? =111

oo B3 (3o

=/(2.22-0.1764) x10 =1.4295 x 10=14.295.

(C) For Continuous Series (or group distribution) : Any method discussed above (for discrete series) can be
used in this case. Of course, step deviation method is convenient to use. From the following example,
procedure of calculation will be clear.

Example 53 : Find the standard deviation from the following frequency distribution.

Weight (kg.) No. of persons
44-46 3
46-48 24
48-50 27
50-52 21
52—54 5
Total 80
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Solution:

Table : Calculation of Standard deviation

Weight (kg.) mid. pt. Frequency devn.
, d

X f (d=x-49) d =5 fa’ fa2
44-46 45 3 —4 -2 ) 12
46-48 47 24 -2 -1 —24 24
48-50 49 27 0 0 0 0
50-52 51 21 2 1 21 21
52-54 53 5 4 2 10 20
Total - 80 - - 1 77

Let A (assumed mean) = 49
Sid? (S dY | [z (1)
o= - Xl = [ | x2
2 f D.f 80 |80

=] 0.9625 - ! X2
6400

=/0.9625-0.00016 x2 =+/0.96234 x2 =0.9809 x 2 =1.96 kg.

5.3.2.3.2. MATHEMATICAL PROPERTIES OF STANDARD DEVIATION :

Combined Standard Deviation.

We can also calculate the combined standard deviation for two or more groups, similar fo mean of
composite group. The required formula is as follows :

~ \/n]cs]2 +n,0,” +nd’ +n,d,?
2 n,+n,
where  ¢,,= combined standard deviation of two groups.
c, = standard deviation of Tst group.
c, = standard deviation of 2nd group.
- NX+NX,

Y % A =% _% X, =
d =X, —X,:d, =X, =X,,, where " n+n,

For Three Groups

2 2 2 2 2 2
s _\/n]c] +Nn,6," +Nn,6," +nd* +n,d,” +n.d,
123 —
n,+n, +n,
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Where d, =X, = X5 :d; =X, = X303 = X3 =X

Example 54 : Two samples of sizes 40 and 50 respectively have the same mean 53, but different standard
deviations 19 and 8 respectively. Find the Standard Deviations of the combined sample of size 90.

Solution:

Here, n, =40, X, =53,6,=19; n, =50, X, =53,6, =8

< _NX +nX, 40x53+50x53 212042650 _ 4770 _

X =
Now, “2 n, +n, 40+ 50 = %0 %0 3

Now, d, =X-%,=53-53=0, d,=%,-X,, =53-53=0,

40(19)° +50(8)* +40(0)” +50(0)*
O = 40+50

:\/(14440+3200J:\/17640 Ji98 214

90 %0

VARIANCE :
The square of the Standard Deviation is known as Variance.
COEFFICIENT OF VARIATION :

Itis the ratio of the Standard Deviation to the Mean expressed as percentage. This relative measure was first
suggested by Professor Kari Pearson. According to him, coefficient is the percentage variation in the Mean,
while Standard Deviation is the total variation in the Mean.

Symbolically,
c
Coefficient of variation (V) =§><100 = Coefficient of stand. deviation x 100.

Note : The coefficient of variation is also known as coefficient at variability. It is expressed as percentage.

Example 55 : If Mean and Standard deviation of a series are respectively 40 and 10, then the coefficient of
variations would be 10 / 40 x 100 = 25%, which means the standard deviation is 25% of the mean.

Example 56: An analysis of the monthly wages paid to workers in two firms, A and B, belonging to the same
industry gives the following results :

Firm A Firm B
No. of wage-earners 586 648
Average monthly wages 352.5 347.5
Variance of distribution of wages 100 121

(a) Which firm A and B pays out the largest amount as monthly wages?
(b) Which firm A and B has greater variability in individual wages?

(c) Find the average monthly wages and the standard deviation of the wages of all the workers in two
firms A and B together.
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Solution :
(a) Forfirm A : total wages = 586 x 52.5 =% 30,765.
For firm B : Total wages = 648 x 47.5 =% 30,780. i.e. Firm B pays largest amount.
(b) Forfirm A:02=100 .. =10

S 100=9 «100=19.04
ean 52.5

Now, V=
ow M

For firm B : o2= 121 no=11

v=1 2 100=23.16
475

.. Firm B has greater variability, as its coefficient of variation is greater than that of Firm A.

(c) Here,n =586, x,=52.506,=10
n,=648,X,=47.50,=11

L% nX, +N,X, _ 586x52.5+648x47.5 _ 30,765+ 30,780

27 n 4, 586+ 648 1234
61,545
=20% _ 4987 -
o34 249.9

Again, d, =X, —X, =52.5-49.9=2.6; d,=47.5-49.9=-2.4

2 2 2 2
o - noc,” +n,c,” +nd° +n,d,
2 n, +n,

1| 586(10)" +648(11)" +586(2.6)" +648(-2.4)’
- 586 +648

1234

—1/]44703 =10.83 (Calculation by log tabl
1934 10 (Calculation by log table)

Example 57 : In an examination a candidate scores the following percentage of marks :

_ \/{ 58600 + 78408 + 3962 + 3733}

English 2ndlanguage mathematics Science Economics
62 74 58 61 44

Find the candidates weighted mean percentage weighted of 3, 4, 4, 5 and 2 respectively are allotted of
the subject. Find also the coefficient of variation.
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Solution:

Table : Calculation of Coefficient of Variation

Marks f fx d fd fa?
=x-461
62 3 186 1 3 3
74 4 296 13 52 676
58 4 232 -3 -12 36
61 5 305 0 0 0
44 2 88 -17 -34 578
Total 18 1107 9 1293
> fx 1107
Weighted mean percentage = ? = g = 61.5 marks
2 2
St ST 18 (18
—71.58 =8.46
Coeff. of variation = ,::_I?AX]OO = %M 00=13.76%.
Example 58 : The A.M. of the following frequency distribution is 1.46. Find f, and f,,.
No. of accidents : 0 1 2 3 4 5 total
No. of days : 46 f, f, 25 10 5 200
Also find coefficient of variation.
Solution:
Putting these values of f, and f, we find the following distribution :
Table : Calculation of Coefficient of Variation
f d fd fa?
0 46 -2 -92 184
1 76 -1 -76 76
2 38 0 0 0
3 25 1 25 25
4 10 2 20 40
5 5 3 15 45
Total 200 - -108 370
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AM (2)=2+L08=2—0.54=1.46
200

_ [370 (-108Y ;
S=\200 | 200 ) =11-85-(0.54)

—J1.85-0.2916 =/1.5584
=1.248 =1.25 (app.)

1.25
Now coeff. of variation sz]OO =85.62% (app.)

Advantages of Standard Deviation :
1. Standard deviation is based on all the observations and is rigidly defined.
It is amenable to algebraic treatment and possesses many mathematical properties.

It is less affected by fluctuations of sampling than most other measures of dispersion.

A @D

For comparing variability of two or more series, coefficient of variation is considered as most appropriate
and this is based on standard deviation and mean.

Disadvantages of Standard Deviation :
1. Itis not easy to understand and calculate.

2. It gives more weight to the exiremes and less to the items nearer to the mean, since the squares of the
deviations of bigger sizes would be proportionately greater than that which are comparatively small.
The deviations 2 and 6 are in the ratio of 1 : 3 but their squares 4 and 36 would be in the ratio of 1 : 9.

Uses of Standard Deviation :

It is best measure of dispersion, and should be used wherever possible.

5.4 COEFFICIENT QUARTILE & COEFFICIENT VARIATION

Example 59:
Calculate co-efficient of quartile deviation and co-efficient of variation from the following data :
Marks No. of student
Below 20 8
" 40 20
" 60 50
" 80 70
" 100 80
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Solution :
Table : Calculation of Coefficient of Quartile Deviation and Cofficient of Variation
Marks m.p.n No. of m-50 fd fd? cf
students 20
(d)
0-20 10 8 -2 -16 32 8
20-40 30 12 -1 -12 12 20
40-60 50 30 0 0 0 50
60-80 70 20 +1 +20 20 70
80-100 90 10 +2 +20 40 80
n=80 fd=12 fd? =104
Mean:
X=A+ E xC
N
=50+ 12 x 20
80
=50+3=153

Standard deviation

2 2
_Jloa_ 127 o,
“\80 80

=1.3-(0.15)* x20
=J1.3-0.0225 x 20

=+1.2775 x20=1.13x20=22.6

(¢}
C.V.2= XX]OO

226
~ 53

=42.64%

x 100

.. _ Qs _Qw
Co-efficient of Q.D. Q,1Q

1

Q, = Size of N/4th item
= Size of 80/4 = 20th item
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Q, liesin the class 20 - 40

N

— —cf
Q1:L+4 X i
f
=20+20_8><20
12
=20+ 20 = 40
3N
Q, = Size of e th item
0
= Size of X4 = 60th item

Q, lies in the class 60 - 80

— —cf
C‘)3:L1+ 4f X i

60-50

= 60+ x20
=70
70-40 30
o _ == 027
Co-efficient of Q.D 70440 110

SELF EXAMINATION QUESTIONS
(A) Regarding Range.

1. Daily wages in ¥ of 7 workers are as follows :

R):12,8,9,10,7, 14, 15. Calculate range. [Ans. T 8]
2. Findrange:

Weight (kg) : 40, 51, 47, 39, 60, 48, 64, 61, 57. [Ans. 25 kg]
3. The marks obtained by 6 students are 24, 12, 16, 11, 40, 42. Find range. If now the highest mark is

omitted, find the percentage change in range. [Ans. 31 marks, 6.45]

(B) Regarding MEAN DEVIATION :

4. Find Mean Deviation about mean of the numbers given :

(i) 31,35,29, 63,55, 72, 37. [Ans. 14.9]

(i) 29,35,51,63,78,106, 128 [Ans. 29.143]
5. Find M.D. about median of :

13, 84, 68, 24, 96, 84, 27. [Ans. 32.286]
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6. Find M.D. about A.M. of the table given below :

X

o o AN

—

0

A O M

Find also coefficient of mean dispersion.

7. From the following table find coefficient of mean dispersion about :

) AM. (i) Median.

Marks Frequency
10 8
15 12
20 15
30 10
40 3
50 2

8. From the following frequency distribution find M.D. about median :

C.. f

2-4 3

4-6 4

6-8 2

8-10 1
9.  Find M.D. about A.M. of the table -

Weight (Ib) Students
95-105 20
105-115 26
115-125 38
125-135 16

(C) Regarding STANDARD DEVIATION :

10. Calculate standard deviation of the following numbers :

i) 9.7.511,3
(i) 1,23, 4,5

> 5.64 | FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS

[Ans. 2.3125,0.420]

[Ans. (i) 0.363, (i) 0.34]

[Ans. 1.4]

[Ans. 8.6 1bs]

[Ans. 2.83]
[Ans. 1,414]
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(i) 1,23 4 ...9,10 [Ans. 2.87]

(iv) 4,5, 6,6,7,8 [Ans. 1.29]
(v) 9.7,5,11,1,57,3. [Ans. 3.072]
11. The frequency distribution of heights of 50 persons is shown below :
Height (inches) No. of persons

62 8

64 13

66 17

68 12

Find s.d. and variance. [Ans. 2.02 inch. 4.50 sqg. inch]
12. Find s.d. from the tables :

(i) Age (yrs.) Persons

30 64

40 132

50 153

40 140

70 51 [ANns. 11.64 yrs.]
(ii) Class-limits Frequency

4.5 1

14.5 5

24.5 12

34.5 22

44.5 17

54.5 9

64.5 4 [Ans. 13.25]

13. Compute s.d. from the following tables :

(i) Height (inch) Students
60-62 34
62-64 27
64-66 20
66-68 13
68-70 5
Total 100 [Ans. 2.41 inch]
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(ii) Marks Students
0-10 5
10-20 8
20-30 15
30-40 16
40-50 6 [Ans. 10.77 marks]
14. Find the coefficient of variation of numbers : 1, 2, 3, 4, 5. [Ans. 47.13%]
15. Marks Students
10 8
20 12
30 20
40 10
50 7
40 3
Find coefficient of variation. [Ans. 64.81%]

16. Run-scoresin 10 innings of two cricketers are as follows :

A B
31 19
28 31
47 43
63 53
71 67
39 90
10 10
40 62
96 40
14 80
Find which batsman is more consistent in scoring. [Ans. Batsman B]

17. The A.M.’s of two samples of sizes of 60 are 90are respectively 52 and 48, the s.d. are 9 and 12. Obtain
the mean and s.d. of the sample of size 150 obtained by combining the two samples.

[Ans. 49.6, 11.1]

18. The first of two samples has 100 items with mean 15 and s.d. 3. If the whole group has 250 items with
mean 15.6 and s.d. /13.44, find the s.d. of the second group. [Ans. 4]
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10.

11.

12

13.

14.

15.

16.

17.

18.

OBJECTIVE QUESTIONS :

Find the range of ¢, 18, 17, 15, 14 [Ans. 12]
Find Mean Deviation (M.D.) of 4, 8, 12 (cm) about A.M. [Ans. 2.67 cm]
Find M.D. about median of 4, 8, 10 (kg) [Ans. 2 kg.]
Find S.D. of (i) 2, 5,8 (i) 2, 6 [Ans. (i) /6 (i) 2]
Find variance of 2, 5, 8 [Ans. 6]
Find S.D. from the given data : n =10, x =40, Xx* =250 [Ans. 3]
Ifn=10,xXx =120, £x? = 1690 ; find s.d. [Ans. 5]
If variance = 16, A.M. = 50, find coefficient of variation [Ans. 8%]
Find variance of x, if it's A.M. is 6 and coefficient of variation is 50%. [Ans. 9]
Find mean, if c.v. = 5% and variance = 4 [Ans. 40]

Coefficient of variation of a distribution is 25%, it it means whate
[Ans. s.d. is 25% of A.M.]
If each term of variates is increased by 2, what will be the effect on (i) A.M. (ii) range and (iii) s.d.
[Ans. (i) increased by 2, (ii) & (i) no change]

If each item is doubled what will be effect on

(i) A.M. (i) Range (iii) s.d. [Ans. (i), (i) & (i) doubled]
Two variables x and y are related by y = 4x — 7. If s.d. of xis 2, find s.d. of y [Ans. 8]
Two variates x and y are given by y =2 - 3x, s.d. of xis 2, find s.d. of y [Ans. 6]
Compute s.d. of 6 numbers7,7,7,9,9,9. [Ans. 1]
Compute M.D. of 6 numbers 4, 4, 4, 6,6, 6 [Ans. 1]

Means and S.D. of runs of 10 innings of two players are as follows :
First player : mean = 50, s.d. = 4

Second player, mean =40, s.d. =5

Find who is more consistent in scoring runs?

[Ans. First player]
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19.

20.

21.

22,

23.

24.

~
~

If 2x + 3y, =5forl=1,2, ..., n and mean deviation of x,, x,, ....., x  about their mean is 12, find the
mean deviation of y,, y,, ...., y, about their mean.

ans, 2

[Ans. 3 ]
If the means of two groups of 30 and 50 observation are equal and their standard deviation are 8 and
4 respectively, find the grouped variance. [Ans.
5.83]

5

10

x.. of a variable x, x, =110, and (Xi—5)2=1000: find
i 1

For 10 values x,, X,

variance of x [Ans. 64]

If the relations between two variables x and y be 2x -y + 3=0 and range of x be 10, then find the range
of y. [Ans. 20]

Runs made by two groups G, and G, of cricketers have means 50 and 40 and variance 49 and 36
respectively. Find which group is more constant in scoring runs. [Ans.
G|

If A.M. and coefficient of variation of a variable x are 10 and 50% respectively, find the variance of x.
[Ans. 25]
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Study Note - 6

CORRELATION AND REGRESSION _ﬁ_

This Study Note includes

6.1 Correlation & Co-efficient

6.2 Regression Analysis

6.1 CORRELATION & CO-EFFICIENT

Till the previous chapter we have been mainly concerned with univariate data. In this chapter we study
bivariate and multivariate populations.

According to Ya-lun Chou, “There are two related but distinct aspects of the study of association between
variables. Correlation analysis and regression analysis. Correlation analysis has the objective of determining
the degree or strength of the relationship between variables. Regression analysis attempts to establish the
nature of the relationship between variables — that is, to study the functional relationship between the
variables and thereby provide a mechanism of prediction, or forecasting.”

6.1.1. Meaning

In our daily lives we notice that the bigger the house the higher are its upkeep charges, the higher rate of
interest the greater is the amount of saving, the rise in prices bring about a decrease in demand and the
devaluation of country’s currency makes export cheaper orimport dearer.

The above example clearly shows that there exists some kind of relationship between the two variables.

Croxton and Cowden rightly said, “when relationship between two variables is of quantitative nature the
appropriate statistical tool for measuring and expressing it in formula is known as correlation. Thus correlatfion
is a statistical device which helps in analyzing the relationship and also the covariation of two or more
variables.

According to Simpson and Kafta “correlation analysis deals with the association between two or more
variables.” If two variables vary in such a way that movements in one are accompanied by movementsin
the other, then these quantities are said to be correlated.
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6.1.2. Importance of Correlation

A car owner knows that there is a definite relationship between petrol consumed and distance travelled.
Thus on the basis of this relationship the car owner can predict the value of one on the basis of other.
Similarly if he finds that there is some distortions of relationship, he can set it right.

Correlation helps in the following ways
1. It helps to predict event and the events in which there is fime gap i.e. it helps in planning

2. It helps in controlling events.
6.1.3. Types of Correlation

Correlation can be classified under the following heads-
1. Positive and negative correlation
2. Simple multiple and partial correlation

3. Linear and non-linear correlation

6.1.4. Positive and Negative Correlation

Two variables are said to be positively correlated when both the variables move in the same direction. The
correlation is said to be positive (directly related) when the increase in the value of one variable is
accompanied by an increase in the value of the other variable and vice versa.

Two variables are said to be negatively correlated when both the variables move in the opposite direction.
The correlation is said to be negative (inversely related) when the increase in the value of one variable is
accompanied by a decrease in the value of the other variable and vice versa.

6.1.5. Simple, Multiple and Partial Correlation

Correlation is said to be simple when only two variables are studied.
In multiple correlation three or more variables are studied simultaneously.

In partial correlation though more than two variables are recognised, but only two are considered fo be
influencing each other; and the effect of other influencing variables are kept constant.

6.1.6. Linear and Non-linear Correlation

If the amount of change in one variable tends to bear a constant ratio fo the amount of change in the
other variable, then the correlation is said to be linear.

The correlation is said to be non-linear if the amount of change in one variable does not bear a constant
ratio to the amount of change in the other related variable.
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6.1.7. Measurement of Correlation

The correlation can be measured by any of the following methods-
1. Scatter Diagram
2. Karl Pearson’s coefficient of correlation
3. Rank correlation coefficient

6.1.8. Scatter Diagram Method

The scatter diagram represents graphically the relation between two variables Xand Y. For each pair of
Xand Y, one dot is put and we get as many points on the graph as the number of observations. Degree of
correlation between the variables can be estimated by examining the shape of the plotted dofs.

Following are some scattered diagrams showing varied degrees of correlation.

Y &'
0 X 0 X
Perfect positive correlation; r =1 Perfect negative correlation; r = -1
Y4 Y4
® [ J
L]
° .0 .. .0. .. N
o ° ° ° ° .° o
o ® e ° * L° ..
P .. M [ .. .. .
oo % ° °* .° e,
L] .. ° ° .0 °
¢ e
0 — X 0 — X
Low degree of positive correlation; r> 1 Low degree of negative correlation; r< 1

FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS | 6.3 <



Correlation and Regression

Y4
® o

oo ©°

'0...0.

° L] X J

0.‘..

» X

0

No correlation; r— 0

Advantages

(1) Itis very easy to draw a scatter diagram
(2) Itis easily understood and interpreted

(3) Extreme items does not unduly affect the result as such points remain isolated in the diagram

Disadvantages
(1) It does not give precise degree of correlation

(2) It is not amenable to further mathematical treatment

6.1.9. Karl Pearson’s Coefficient of Correlation

The measure of degree of relationship between two variables is called the correlation coefficient. It is
denoted by symbol r. The assumptions that constitute a bivariate linear correlation population model, for
which correlation is to be calculated, includes the following-(ya-lun chou)

1. Both X and Y are random variables. Either variable can be designated as the independent variable,
and the other variable is the dependent variable.

2. The bivariate population is normal. A bivariate normal population is, among other things, one in
which both X and Y are normally distributed.

3. The relationship between X and Y is, in a sense, linear. This assumption implies that all the means of Y's
associated with X values, fall on a straight line, which is the regression line of Y on X. And all the means
of X's associated with Y values, fall on a straight line, which is the regression line of X on Y. Furthermore,
the populationregression lines in the two equations are the same if and only if the relationship between
Y and X is perfect- thatisr =+ 1. Otherwise, with Y dependent, intercepts and slopes will differ from the
regression equation with X dependent.

This method is most widely used in practice. It is denoted by symbol V. The formula for computing coefficient
of correlation can take various alternative forms depending upon the choice of the user.
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METHOD | — WHEN DEVIATIONS ARE TAKEN FROM ACTUAL ARITHMETIC MEAN
(A) WHEN STANDARD DEVIATIONS ARE GIVEN IN THE QUESTION.

Xy

= N(O'Xay)

Where x = Deviations taken from actual mean of X series
Y = Deviations taken from actual mean of Y series

N = Number of items

c_= Standard deviation of X series

o = Standard deviation of Y series

(B) WHEN STANDARD DEVIATIONS ARE NOT GIVEN IN THE QUESTION

DY,
VX Xy?

Where Xxy = Sum of product of deviations of X and Y series from actual mean

¥x2 = Sum of squares of deviation of X series from its mean

Yy? = Sum of squares of deviation of Y series from its mean

Example : 1
Find correlation between marks obtained by 10 students in mathematics and statistics
X 2 4 6 6 8 9 10 4 4
Y 12 12 16 15 18 19 19 14 15 10
Solution :
Calculation of coefficient of correlation
X Y X y X? y? Xy
2 12 -4 -3 16 9 12
4 12 2 -3 4 9 6
6 16 0 1 0 1 0
6 15 0 0 0 0 0
8 18 2 3 4 9 6
9 19 3 4 9 16 12
10 19 4 4 16 16 16
4 14 2 -1 4 1 2
7 15 1 0 1 0 0
4 10 2 -5 4 25 10
32X =60 Y =150 3x=0 Sy=0 3x2=58 Sy?=86 3Xxy = 64
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Calculation by Method 1(a)

= 64
10x2.408 x2.932

64
70.602

r=0.906

(Note : The above method should be used when specifically asked for, or if standard deviations are already
given in the question, otherwise the following method should be used as it is less cumbersome)

Calculation by Method 1(b)

N
O
0.0}
oo

r=0.906
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METHOD Il WHEN DEVIATIONS ARE TAKEN FROM ASSUMED MEAN

This method is generally used when actual mean of X series or of Y series or both are in decimals, in which
case using method | becomes tedious; in such a case deviations are taken from assumed mean to simplify
the calculations.

(a)( )

2
o2 ) o)’ 2 (o)
N
Where
d = Deviations taken from assumed mean of X series = (X -A)
d = Deviations taken from assumed mean of Y series = (X -A)
3d_=Sum of deviations of X series from its assumed mean
Ed)_ = Sum of deviations of Y series from its assumed mean
3d?=Sum of squares of deviations of X series from its assumed mean
Ed)? =Sum of squares of deviations of Y series from its assumed mean
ded)_ = Sum of the product of deviations of X and Y series from an assumed mean
N = number of observations

r = Correlation coefficient

Example 2 :

Calculate coefficient of correlation from following data

X 0 15 15 14 10 12 10 8 16 15
Y 20 15 12 10 8 5 6 15 12 18
Solution :

Table : Calculation of coefficient of correlation

X Y d =x-A, d =y-A d? d? dd,
0 20 10 5 100 25 -50
15 15 5 0 25 0 0
15 12 5 3 25 9 15
14 10 4 5 16 25 20
10 8 0 7 0 4 0
12 5 2 -10 4 100 20
10 6 0 9 0 8l 0
8 15 2 0 4 0 0
16 12 6 3 36 9 18
15 18 5 3 25 9 15
TX=115 TY=12] ¥d,=15 d, = -29 T =235 Yo =307 |td,d=-108
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Since mean of Xand Y are in decimalsi.e. 11.5 and 12.1 respectively hence we would solve by method I

(o) d
2 2
ad d
dg_( Nx) d%—( Ny)

Taking A_as 10 and A)_ as 15

_108_(15>]<(—)29)
= 2 2
sts (19) J307 (=29)
0 10
e —64.5
\212.5%x222.9
. —645 645
(4736625 217.63
=-0.296
Example 3:
Find correlation between age of husband and age of wife.
Age of Husband (X) 46 54 56 56 58 60 62
Age of Wife (Y) 36 40 44 54 42 58 54
Solution :
Table : Calculation of correlation coefficient
X Y d =xA, d, =y-A d? dz dd,
46 36 -10 9 100 81 90
54 40 2 -5 4 25 10
56 44 0 -1 0 1 0
56 54 0 9 0 81 0
58 42 2 3 4 9 -6
60 58 4 13 16 169 52
62 54 6 9 36 81 54
3X=392 3Y=328 2d =0 2d =13 2d2=160 42 =447 %d d =200

Since mean of Y is in decimals i.e. 46.85, we would solve it by short cut method

g2 dx)QJ 2| o)
XN
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Taking A,as 10and A as 15

N=7
200_(Ox]3j
7

\/160—(0)2\/447—(]3)2

10 10
200

N160 xv422.8

200
\67648

200
260.09
r=0.768

r=

6.1.9 Rank Correlation

Rank method for the computation of the coefficient of correlation is based on the rank or the order & not
the magnitude of the variable. Accordingly it is more suitable when the variables can be arranged for e.g.
in case of intelligence or beauty or any other qualitative phenomenon. The ranks may range from 1 to n.
Edward spearman has provided the following formula —

6 D?
=] -———
N(N° =1
Where N = Number of pairs of variable X & Y
D = Rank difference
Example 4 :
From the data given belows calculate the rank correlation between x & Y
X 78 89 97 69 59 79 68 57
Y 125 137 156 112 107 136 123 108
Solution :
Table : Computation of Rank Correlation
X Y R, R, Rank difference D?
D=R,-R,
78 125 4 4 0 0
89 137 2 2 0 0
97 156 1 1 0 0
69 112 5 6 =1 1
59 107 7 8 —1 1
79 136 3 3 0 0
68 123 6 5 1 1
57 108 8 7 1 1
> D=0 D=4
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. 62D
Rank correlation NINE 1)
.. 6x4 _]_i
8(64-1) 63
=0.95

This shows there is very high positive correlation between X & Y.

Example 5 : Calculate Rank Correlation from the following data.

Marks in statistics 10 4 2 5
Marks in Maths 10 6 2 5 9
Solution : Table : Calculation of Rank correlation
X Y Rank R, D?
10 10 1 1 0 0
4 6 4 3 9
2 2 7.5 0.5 1
5 5 55 55 0
5 2 55 7.5 -2
6 5 55 -1.5 2.25
9 9
8 8
ZD2 =16.25
> p? +i(m3 -m )+i(m3 -m )+
]2 1 1 ]2 2 2

R=1-6

Here m, m, ... denote the number of times ranks are tied in both the variables, the subscripts & denote the

NINZ — 1)

first tie, second fie,...., in both the variables

16.25+](23—2)+](23—2)}
12 12
=1-6 =
8(8°-1)
[ 6,6
) _]6'25+12+12}_] ([1625+05+05]
B 8(63) B 504

_1-6x17.25_1-103.5

504
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=1-0.205

=0.795
Example 6 : Find the coefficient of correlation between price and sales from the following data :
Prices (X) 103 98 85 92 90 88 90 94 85
Sales (Y) 500 610 700 630 670 800 570 700 680
Solution : Let the value of assumed mean for X(A,) be 90
Let the value of assumed mean for Y(A ) be 700
Table : Calculation of correlation coefficient
X Y g, =% _]Ax d, = Y ] ?Y o dd,
= X-90/1 =Y-700/10 d?y
103 500 13 -20 169 400 -260
98 610 8 9 64 81 -72
85 700 5 0 25 0 0
92 630 -7 49 -14
90 670 3 9 0
88 800 2 10 100 -20
90 570 -13 169 0
94 700 0 16 0 0
95 680 2 25 4 -10
d =25 d=-4 d?=307 d’=812 d.d,=-376

Note : Asris a pure number, change of scale does not affect its value. Hence the values are divided by 10in
column 4 to make the calculations simple. The following formula can be applied to all the problems.

zdxdy -

r=

(Xd)(Xd,)

szz_(zsxww_(zsyf J307_(2]5C’))2J812_

-376+110

—266

\307-62.5/812-193.6  \[244.5 \/618.4

—266

T 13.64%x24.88

266
©389.12

r=0.684
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Example 7 :

Find the coefficient of correlation from the following data and interpret your result

Prices (X) 300 350 400 450 500 550 600 650 700
Sales (Y) 800 900 1000 1100 1200 1300 1400 1500 1600
Solution:
Table : Calculation of correlation coefficient
X Y =% Y =% X2 % Xy
300 800 -4 -4 16 16 16
350 900 3 3
400 1000 2 2 4 4 4
450 1100 -1 -1 1 1 1
500 1200 0 0 0 0 0
550 1300 1 1 1 1 1
600 1400 2 2 4 4 4
650 1500 3 3
700 1600 4 4 16 16 16
D X=4500 > Y=10800 D X=0 Dy=0 DIXP=60 | D X*=60 xy =60

Note that asris a pure number, change of scale does not affect its value. Hence the values are divided by

50 in column 3 and are divided by 100 in column 4 to make the calculations simple.

_ X

Xe =200 _ 5
N 9

_ Y

g_2.7 _10800
N 9

V60 x &

6

r=

Xy
[ X2 y?
60
0
0

=0

Since r = +1, there is perfect positive correlation between X and Y.
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Example 8 :

The following data gives the distribution of the total population and those who are totally or partially blind
among them. Find out Karl Pearson’s coefficient of correlation.

Age (in Years) No. of persons (in’000) Blind
15 80 12
16 100 30
17 120 48
18 150 90
19 200 150
20 250 200
Solution:

As we have to find out the correlation between the age of persons and the number of persons who are
blinds, we find out percentage of blinds (i.e. blinds per 100 persons of population).

Taking age as X and blinds per 100 persons as Y

Table : Calculation of correlation coefficient

X Y x=X-17.5 y=Y-50 Xy X2 Y

15 15 2.5 -35 87.5 6.25 1225
16 30 -1.5 -20 30 2.25 400
17 40 0.5 -10 5 0.25 100
18 60 0.5 10 5 0.25 100
19 75 1.5 25 37.5 2.25 625
20 80 2.5 30 75 6.25 900

> X=105 >.Y=300 X=0 Dy=0 | > Xy=24 > X*=17.5 | > y*=3350

There is very high positive correlation between the age of a person & blindne s.
Example 9 :
Calculate the Karl Pearson’s coefficient of correlation from the information given below-

. Covariance between two variables X and Y =-15
. Coefficient of variation of X = 25%
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e Meanof X=20
e Varianceof Y=16
Solution:
Cov. (X,Y) =-15
Gx

CV. = x100
X mean

=% x100=25
20

o, =5

X

(03) =16 (given)

o, =4
- cov.(X,Y)
0,0,
_-1s
5x4
=-0.75
Example 10:

From the following data, compute coefficient of correlation (r) between X and Y:

X series Y series
Arithmetic Mean 25 18
Square of Deviations from A.M. 136 138
Summation of products of deviations of X and Y series from
theirrespective means 122
Number of pairs of values 15

Solution :

S

szzzyz
122

J136x138

122
136.9

=0.891

> 6.14 | FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS



Example 11:

Calculate Karl Pearson’s coefficient of correlation between variables X and Y using the following data:

25 40 30 25 10 5 10 15 30 20
10 25 40 15 20 40 28 22 15 5
Solution : Table : Calculation of coefficient of correlation
X Y x=X-21 y=Y-22 X2 Y2 Xy
25 10 4 -12 16 144 -48
40 25 19 3 361 9 57
30 40 9 18 81 324 162
25 15 4 -7 16 49 -28
10 20 -1 2 121 4 22
5 40 -16 18 256 324 -288
10 28 -1 6 121 36 -66
15 22 -6 0 36 0 0
30 15 9 -7 81 49 -63
20 5 -1 -17 1 289 17
D> X=210 >Y=220 D X=0 Dy=0 > x?=1090 | > x*=1228 | > xy=-235
g_2X_210
N 10
=2]
_ Y
oY 220
N 10
=22
3 -235
\J1090x1228
235
1156.94
=-0.203

(*Hint - First calculate mean of X series and Y series. If they are in integer then use Method I. If they are in

points then use short cut method ie. Method )
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Example 12:

From the following data, calculate Karl Pearson’s coefficient of correlation

Height of fathers 66 68 69 72 65 59 62 67 61 71
(ininches)
Height of sons 65 64 67 69 64 40 59 68 40 64
(ininches)

Solution : Table Calculation of coefficient of correlation between height of fathers and height of sons

X Y X y X2 y? Xy
1 66 65 0 1 0 1 0
2 68 64 2 0 4 0 0
3 69 67 3 3 9 9 9
4 72 69 6 5 36 25 30
5 65 64 -1 0 1 0 0
6 59 60 -7 -4 49 16 28
7 62 59 -4 -5 16 25 20
8 67 68 1 4 1 16 4
9 61 60 -5 -4 25 16 20
10 71 64 5 0 25 0 0
D X=660 | D Y=640 > x*=166 > y?=108 | Y xy=111
_ Zx
X==—
N
=@=66inches
10
_ ZY
Y=£=—
N
=@=64inches
10
2 Xy
r=——==——
}ZXZZYZ
111
m—
J166x108
=0.829
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Example 13:

Calculate Karl Pearson’s coefficient of correlation from the following information and comment on the

result:

Standard deviation of X series

Standard deviation of Y series

Arithmetic mean of X series

Arithmetic mean of Y series

Summation of product of deviations from
actual arithmetic means of two series
Number of observations

Solution :

2%

No,o,

r=

where

r = coefficient of correlation

2xy = Summation of product of deviations from
actual arithmetic means of two series

o, = Standard deviation of X series

6, = Standard deviation of Y series

24 24

r= = =0.01
20x10x12 2400

10
12
25
35

24
20

Example 14:
Calculate the coefficient of correlation by Pearson’s method between the density of population and the
death rate.
Areain Sq. Km Population in ‘000 No. of deaths

A 300 40 600

B 360 180 2880

C 200 80 1120

D 120 84 1680

E 240 144 2448

F 160 48 624
Solution :
Using formula

population No.of dealth

Density (X) = and death rate(Y)=

population
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Table : Calculation of Density (X) and Death Rate (Y)

Areain Sq. Km Population in ‘000 No. of deaths X Y
A 300 60 600 200 10
B 360 180 2880 500 16
C 200 80 1120 400 14
D 120 84 1680 700 20
E 240 144 2448 600 17
F 160 48 624 300 13
Table : Calculation of coefficient of correlation
X Y X' =X-450 | x=x'/50 | y=Y-15 X2 Y Xy
A 200 10 -250 -5 -5 25 25 25
B 500 16 50 1 1 1 1 1
C 400 14 -50 -1 -1 1 1 1
D 700 20 250 25 25 25
E 600 17 150 9 6
F 300 13 -150 3 2
D> x=2700 | DY =90 x=0 | Yy=0 | Y x*=70 y? =60 | D xy =64
g=2X
N
2700 450
)
— Y
yo2' 90y
N 6
2Xy
r= —=—=——
IZXZ zy2
. 64 64 64
\J70x 60 V4200 64.80
=0.987
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SELF EXAMINATION QUESTIONS (Theory)
Problem 1.  Define correlation explain various types of correlation with suitable example.
Problem 2.  State any two of the properties of Pearson’s coefficient of correlation.

Problem 3.  What is rank correlation explain with the help of an example.

UNSOLVED PROBLEMS (PRACTICAL)

Problem 4. Find correlation coefficient between the variable X and Y

X 80 86 34 56 76 89 65 45 54 15
Y 25 35 40 54 44 25 21 28 20 28
[Ans.r=-0.047]

Problem 5.  Find correlation between age of husband and wife

Age of husband 80 45 55 56 58 60 65 68 70
Age of wife 82 56 50 48 40 62 64 65 70
(Ans.r=0.862)

Problem 6. The total of the multiplication of deviation of X and Y = 3044

No. of pairs of the observations is 10

Total of deviation of X = (-)170

Total of deviations of Y = (-)20

Total of squares of deviations of X = 8281

Total of squares of deviations of Y = 2264

Find out the coefficient of correlation when the arbitrary means of X and Y are 82 and 68 respectively.

(Ans..r=0.781, hint: arbitrary mean are not required for the solution)

Problem 7. Calculate coefficient of correlation from the following data and comment on the result.

Experience X 16 12 18 4 3 10 5 12
Performance Y 23 22 24 17 19 20 18 21
(Ans.0.951)

Problem 8. Calculate rank correlation coefficient between two seris X and Y, given below —

X 70 65 71 62 58 69 78 64
Y 91 76 65 83 90 64 55 48
(Ans. -0.309)

Problem 9.  Calculate rank correlation coefficient from the data given below —

X 75 88 95 70 60 80 81 50
Y 120 134 150 115 110 140 142 100
(Ans. 0.929)
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IMPORTANT FORMULAE
KARL PEARSON'’S COEFFICIENT OF CORRELATION
A. WHEN DERIVATIONS ARE TAKEN FROM ACTUAL MEAN

2N

No o,

2y
DRSONE

B. WHEN DEVIATIONS ARE TAKEN FROM ASSUMED MEAN

S, -(E%)(E)

szi—(zgx)zJZdj_(st)z

RANK CORRELATION

63 D?

NN )

r=

r=

r=

1 1
[ZD2 +E(m‘3 —m1)+E(m§ —m2)+..}

NIN? —1)

6.2 REGRESSION ANALYSIS

6.2.1. INTRODUCTION

In the last chapter we studied the concept of statistical relationship between two variables such as -
amount of fertilizer used and yield of a crop; price of a product and its supply, level of sales and amount of
advertisement and so on.

The relationship between such variables do indicate the degree and direction of their association, but they
do not answer the question that whether there is any functional (or algebraic) relationship between two
variables? If yes, can it be used to estimate the most likely value of one variable, given the value of other
variable?

R=1-6=

“In regression analysis we shall develop an estimating equationi.e., a mathematical formula that relates
the known variables to the unknown variable. (Then, after we have learned the pattern of this relationship,
we can apply correlation analysis fo determine the degree to which the variables are related. Correlation
analysis, then, fells us how well the estimating equation actually describes the relationship). The variable
which is used to predict the unknown variables is called the ‘independent’ or ‘explaining’ variable, and
the variable whose value is o be predicted is called the ‘dependent’ or ‘explained’ variable.” Ya-lun
Chou

6.2.2. DISTINCTION BETWEEN CORRELATION AND REGRESSION

By correlation we mean the degree of association or relationship between two or more variables. Correlation
does not predict anything about the cause & effect relationship. Even a high degree of correlation does
not imply necessarily that a cause & effect relationship exists between the two variables.
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Whereas in case of regression analysis, there is a functional relationship between Y and X such that for each
value of Y there is only one value of X. One of the variables is identified as a dependent variable the other(s)
as independent valuable(s). The expression is derived for the purpose of predicting values of a dependent
variable on the basis of independent valuable(s).

6.2.3. REGRESSION LINES

A regression line is the line which shows the best mean values of one variable correspond-ing to mean
values of the other. With two series X and Y, there are two arithmetic regression lines, one showing the best
mean values of X corresponding fo mean Y's and the other showing the best mean values of Y corresponding
tfo mean X's. In the context of scatter diagram, the regression line is the straight line that best fits the scatter
diagram. The most commonly used criteria is that it is the straight line that minimise the sum of the squared
deviations between the predicted and observed values of the dependent variable. In the case of two
variables X and Y, there will be two regression lines as the regression of X on Y and regression of Y on X.

6.2.4. REGRESSION EQUATIONS

There are different methods of deriving regression equations
(1) By taking actual values of X and Y

(2) By taking deviations from actual mean

(3) By taking deviations from assume mean

6.2.5. METHOD | WHEN ACTUAL VALUES ARE TAKEN
The regression equation of Y on X is expressed as follows:
Y. =a+bX

Where a and b can be found out by solving the following two normal equations simultaneously:

D Y=Na+b) X
D XY=ad X+b ) X?

The regression equation of X on Y is expressed as follows:
X.=a+DbY

Where a and b can be found out by solving the following two normal equations simultaneously:

D> X=Na+b)Y
D XY=ad Y+b> Y?

Example 15 : From the following table find :

(1) Regression Equation of X on Y.

(2) Regression Equation of Y on X.

10 12 18 22 25
15 18 21 26 32 8
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Solution : Table : Calculation of Regression Equations

X y X2 Y2 XY
10 15 100 225 150
12 18 144 324 216
18 21 324 44] 378
22 26 484 676 572
25 32 625 1024 800
9 8 81 64 72
YX=96 YY=120 Y X2=1758 YY2=2754 YXY=2188

Regression equation of X on Y is given by :
X=a+bY

Where a & b can be found out by solving the following 2 equations simultaneously —

YX=Na+bXY
YXY=akY +bYY?

Substituting the values obtained from the table above, we get

96=6a+120b (1)
2188=120a+2754b  ....(2)
Multiply equation 1 by 20 & subtract equation 2 from it.
1920 = 1200 +2400b
2188 = -1200-2754b
-268 = 0 -354Db
b= —268
- 354
b= 076

Put this value of b in eq ........ (1)
96 =6a+120x0.76
96=6a+91.2

6a=96-91.2

_48_
6

a 0.8

Put the value a & b in the regression equation of X on Y
X=a+by
X=0.8+0.76Y
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Regression equation of Yon X is given by
Y=a+bX
Where constants a and b can be found out by solving the following 2 normal equations simultaneously—
YY =Na+b}¥X
Y XY = ayX+bY X2
Substituting the value obtained from the above table, we get
120 = 6a + 96b (1)
2188 =96a+1758b ....(2)
Multiply e.g. 1 by 16 & subtract equation 2 from it
1920 =960 + 1536
2188 =96a + 1758

-268 =0 +-222b
268
b= E=1.21
Put the value of b in equation 1
120 = 6a+ 96x1.21
120=6a+116.16
6a =120-116.16
6a =3.84
3.84
a= T=0'64
Put the value of a and 6 in the regression equation of Y on X
Y=a+DbX
Y =0.64+1.21X

There is an alternative method of finding the regression equations. Instead of the normal equations, deviations
from the respective arithmetic mean or assumed mean are considered :

6.2.6. METHOD Il WHEN DEVIATIONS ARE TAKEN FROM ACTUAL MEAN

Regression equation of X and Y is given by
X=X= by, (Y-Y)
where X , ¥ are actual mean of X & Y series respectively

XY

Xy = Y2

b

Y XY = Sum of product of deviations taken from actual mean of X & Y.

Y Y2 = Sum of sequare of deviations from actual mean of Y.
Regression equation of Y and X is given by
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Y-Y=b,(X-X)

XY

Where Dy =7

Y XY = Sum of product of deviations taken from actual mean of X & Y

Y X2 = Sum of square of deviations from actual mean of X.

Example 16 : From the data of the previous example find the two regression equation by taking deviations
from actual mean.

Soluation :
Table : Calculation Regression Equations
X Y X=X =x Y-Y=Y X2 Y2 XY
10 15 -6 -5 36 25 30
12 18 -4 2 16 4
18 21 2 1 4 1
22 26 6 6 36 36 36
25 32 9 12 81 144 108
9 8 -7 -12 49 144 84
YX =96 YY =120 0 0 YX2=1222 YY2=354 Y XY =268
x=26_14
6
v-120 _o9
6

Regression equation of xon'Y

X-X=b,,(Y-Y)
XY
Where Dy Ty
268
=—=0.76
X 354

putting the value of b, in the above equation & also put X=16&Y=20

X-16  =0.76(Y- 20)
X-16 =0.76Y-152
X =0.76Y-152+16
X =0.76Y +0.8
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Regression equation of Y on X

Y-Y =D, (x-X)
XY
Where Py =7
X
268
=——=1.21
Oy 222

Putting the value of b,, in above equation & also put Y =20 & X =16
Y-20 =121(X-16)

Y-20 =1.21X-1.21X16

Y-20 =1.21X-19.36

Y =1.21X-19.36+ 20

Y =1.21X+0.64

6.2.7. METHOD IIl WHEN DEVIATIONS ARE TAKEN FROM ASSUMED MEAN

In case the actual mean of the respective series are not an integer but are in decimals, it becomes
cumbersome to calculate deviations from actual mean as all the values so calculated would also be in

points. In such a case deviations are taken from assumed mean to simplify the calculations.

Regression equation of X on Y is given by

X=X= by, (Y-Y)
dd,- d, d
Where b, =—— —
2 ( dY)
dy N

Regression equation of Y on Xis given as

Y-Y=Dby(X-X)
dd, - d d
Where b,, =—— -
d2 ( dx)
X N
Example 17:

Calculate 2 regression equations from the following table—

10 12 15 19

15

12 15 25 35

14
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Solution : Table : Calculation Regression Equations

X Y d, d, d? dj dd,
10 12 -5 -13 25 169 65
12 15 3 -10 9 100 30
15 25 0 0 0 0
19 35 10 16 100 40
15 14 -1 0 121 0
X =71 YY=101 Yd=-4 | Xd=24 | ¥d2=50 | Xd?=490 ¥d,d,=135
x="1_142
5
v=10_002
5

Since X& Y are not an integer we would solve it by taking assume mean of 15 from X series, and 25 from Y
series

REGRESSION EQUATION OF X ON Y

X=X=b,,(Y-Y)
dd, - d, d
bXY= XY X . Y

N

By putting the values from the above table we get
_ 135 —(—4)x(-24)

Do, =
« (-24)’

490 —

_ 135-96
490~ 7%
5
39 39

=290_1152 3748 04

X=X=b,,(Y-Y)

X — 142 =0.104 (Y-20.2)

X— 142 = 0.104Y-2.10
X=0.104Y-2.10 + 14.2
X=0.104Y + 12.1

Regression equation of Yand X
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Y=Y =b,(x-X)

dd,- d, d,

XY

Where b,, = s
d2 ( dx)
X N
_135—(-4)(-24)
Y- N2
—4
so- 74
5
135-96
50 - 16
5
- =i=0.83
50-3.2 46.8
Y-Y=b,(X-X)

Y-202 =0.83(X-142)
Y-202 =0.83X-0.83X 14.2
Y=0.83X-11.78 + 20.2

Y =0.83X +8.42
6.2.8. REGRESSION COEFFICIENTS

The regression coefficient gives the value by which one variable increases for a unitincrease in other variable,
b,, and b, are two coefficient of regression.

Regression coefficient of x ony orb, can be calculated by any of the following ways—

(1) when standard deviation are given

b, =r—
XY GY

(2) when deviations are taken from actual mean

XY

bXY = Y2

(3) when deviations are taken from assumed mean
dde B d>< dY

2
o | SY)

bXY =
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Regression coefficient of y on x or b can be calculated by any of the following ways (Note that X & Y has
been interchanged in the above formulas)—

(1) when standard deviations are given-

oY
r

o, =%’
YX GX

(2) when deviations are taken from actual mean

6.4.8.1. FEATURES OF REGRESSION COEFFICIENTS
(i)  Both of regression coefficients should have same signi e., either positive or negative.

(2) Coefficient of correlation could be found out if regression coefficients are known; by
the formula

r=\/bXYX oy

(3) Correlation coefficient would have the same sign as that of regression coefficients. ie., either positive
or negative.

(4) Since -1<r< 1 this implies both the regression coefficient cannot be greater than one.

For example if b, =2 and b, = 1.5 then value of r =,/2x1.5 = J3 =1.732. which is not possible.

Example 18 : Given:

N=5 X=20 Y=10

Y. (X-20)2=100 Y.(Y-10)2=60
Y.(X-20) (Y- 10) =40

Find two regression equations.

Solution :
N=5

X =20
y =10

E(X-20)2=E(X- X J2= £X2 =100

Y(Y-10)2=X(Y-Y)?=XY2=60
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Y (X -20)(Y-10) = xy = 40

Regression Equation of X and Y
X-X =b,(Y-Y)

XY 40
Where byy = TV T 0 0.667

X-20=0.667(Y-10)
X-20=0.667Y - 6.67
X =20+ 0.667Y - 6.67
X =0.667Y + 13.33

Regression Equation of Y and X
Y-Y =b,(X-X)

XY 40

— = = 204
X2 100

Where Py =

Y-10 =0.4 (X - 20)
Y-10=0.4X-8
Y=10+0.4X-8

Y =0.4X +2

r= \/bXYbe
= ,/0.4x0.667
= +/0.2668

=0.517

Example 19:

Following are the marks in Maths and English

Maths
Mean 40
Standard Deviation 10

Coefficient of correlation
(1) Find two regression equation

(2) Find the most likely marks in Maths if marks in English are 40.
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Solution : Let the marks in Maths be denoted by X and the marks in English by Y.

We have: X = 40

Y =50
c,=10
c, =16
r=0.5

Regression Equation of Y on X

Vo =2t (X=X

Oy

Regression Equation of X on Y

X—-X=r2x (y-Y)
(e}

Y

Regression Equation of Y on X

Y-¥ =12 (x-X)
(0}

X

16
Y-50=0.5 75 (X-40)

Y-50 =0.8 (X - 40)
Y -50=0.8X - 32
Y -50=0.8X - 32
Y =18+ 0.8X

Regression Equation of X on Y

10
X-40=0.5 7 (Y- 50)

X-40=0.3125 (Y -50)

X =40+0.3125Y -15.625

X =24.375+0.3125Y

To find likely marks in Maths if marks in English are 40, put Y = 40 in regression equation of X on Y.
X =0.3125 (40) +24.375

=12.5+24.375

=36.875
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Example 20:

The data about the sales and advertisement expenditure of firm are given below:

Sales Advertisement

(X in crores) Expenditure (X in crores)
Mean 40 6
Standard deviation 10 1.5
Coefficient of Correlation 0.9

(i)  Estimate the likely sales for a proposed advertisement expenditure of ¥ 10 crores.
(i)  What should be the advertisement expenditure if the firm proposes a sales target of T 60 crores?
Solution :

Let the sales be denoted by X and advertisement expenditure by Y.
We have X =40

Y =6
c,=10
o, = 1.5
r=0.9

Regression Equation of Y on X

Y-¥ =12 (x-X)
GX
(i)  To estimate the likely sales for a proposed advertisement expenditure of ¥ 10 crores, we have to find
regression equation of X on Y.

Regression Equation of X on Y

0
1.5
X-40 =6(Y-4)

X-40 =6Y-36

X =40+ 6Y - 36

X=6Y+4

Putting Y = 10 in above equation
X=6X10+4=64

Hence, estimated sales =3 64 crores.

X-40 =09 — (Y-

(i) To estimate the advertisement expenditure if the firm proposed as sales target of ¥ 60 crores, we find
regression equation of Y on X.
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Regression Equation of Y on X :

Y-o¥=r2 (x-X)

GX
Y 6—09E X -40
A 10 ( - )

Y -6=0.135(X-40)

Y-6=0.135X-5.4

Y=6+0.135X-54

Y =0.6+0.135X

Put X = 60 in regression equation of Y on X.
Y =0.6+0.135 (60)

Y=0.6+8.10

Y =8.7 crore

Example 21 : Given:

Covariance between Xand Y = 16

Variance of X =25

Variance of Y =16

()  Calculate coefficient of correlation between X and Y

(i) If arithmetic means of X and Y are 20 and 30 respectively, find regression equation of Y on X.
(i) Estimate Y when X = 30

Solution :

XY
Given covariance between X and Y = ZT =16

Variance of X = 6,7 =25

6= J35 =5
Variance of Y= 6,2 =16
0 = 6 = 4
XY 16

r=——m-:
N o,xo,

Applying formula

16

=——=0.8
5x4

(i) given

20

I
Il

30

Y
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Regression Equation of Y on X

Y-Y =12 (x-X)

GX
4
Y-30=08 % (X-20)

Y -30=0.64 (X-20)
Y-30=0.64X-12.8
Y =0.64X+17.2
(i) Estimate Y when X =30
Put X = 30 in regression equation of Y on X.
Y =0.64(30) +17.2
Y=172+19.2
Y=364

Example 22:

The line of regression of marks in stafistics (X) on marks in accountancy (Y) for a class of 50 students is

9
3Y -5X + 180 = 0. Average marks in accountancy is 44 and variance of marks in stafistics is % h of variance

of marks in accountancy. Find:
()  Average marks in statistics

(i) Coefficient of correlation between X and Y

Solution:

()  Regression equation X on Y is
3Y-5X+180=0

5x=3Y +180

X—§Y+@ =0.6Y + 36
-5 5 7

b —E—Oé
=% =0.

XY

given Y = 44, X can be obtained by putting Y = 44 in Regression Equation of X on Y
X=0.6Y + 36

X =0.6(44) + 36

X =26.4+36

X=624

X = 62.4 marks

Average marks in statistics are 62.4
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9
(i) given variance of marks in statistics (X) is % h of variance of marks in accountancy (Y)

ie., o’ = % c,’

ox 9
o 16

S |2
(&)

16

Example 23 :

Following data relates to marks in accounts and statistics in B. Com. (Hons.) | Year Examination of a particular
year in University of Delhi.

Accounts Statistics
Mean 30 35
Standard deviation 10 7
Coefficient of correlation 0.8

Find two regression equations and calculate the expected marks in accounts if marks secured by a student
in statistics are 40

Solution :
Let the marks in accounts be denoted by X and the marks in statistics by Y.

we have
X =30
Y =35
c,=10
c, =7
r=0.8
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Regression Equation of Y on X

Y-¥ =12 (X=X

Oy

7
Y-35 =08 15 (X-30)

Y -35=0.56 (X- 30)

Y-35=0.56X-16.8
Y =0.56X-16.8+35
Y =0.56X +18.2

Regression Equation of X on Y

X-X=r2x (y-V)

GY
X—30 = o.sg (Y - 35)

X-30=1.14(Y-35)

X-30=1.14Y-39.9

X=1.14Y-39.9+30

X=1.14Y-9.9

To find likely marks in accounts if marks in stafistics are 40, put Y = 40 in regression equation of X on Y.
X=1.14(40) -9.9

X=456-9.9

=357

Marks in accounts = 35.7

Example 24 :

By using the following data, find out the two lines of regression and from them compute the Karl Pearson’s
coefficient of correlation.

Y X =250, YY =300, ¥XY = 7900, ¥ X? = 6500, Y.Y2= 10000, N =10
Solution : Regression line of X on Y is :

X-X =b,(Y-Y)

Where,

UNoXY- XY o
MTUONDY2Zo( YR N

_ Y
and Y=——
N
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%=20_95 ang 7 =0 _39
10 10
_10(7900) - (250)(300)
X 10(10000) - (300)?

~. Regression line of Xon Y is
X-25 =0.4(Y-30)

X =04Y-12+25
X=04Y+13

~. Regression line of Y on Xiis

Y-Y =b,(X-X)

CNOXY— XY
TN XE—( XP

b

~10(7900) - (250) (300)
~10(6500) - (250)

~. Regression line of Y on Xis
Y-30=1.6(X-25)

Y =106 X-40+ 30

Y=106 X-10

Now r = Jb,,x by,
=,0.4x1.6

=0.8

(Since both b,, and b,, are positive)

Example 25 :

Calculate

()  Tworegression coefficients

(i) Coefficient of correlation

(i) Two regression equation from the following information:
N =10 Y X =350 YY =310
Y (X-35)2=162 Y(Y-31)2=222
Y (X-35)(Y-31)=92
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Solution :
(1) ¥X=350N=10

X
2 _ 30 _ 45
N 10

- Y
v _310_3]

X=

N 10

Therefore X - 35 and Y - 31 and deviations taken from actual mean

X-35=X

Y-31=Y

Then ¥X?2=162, YY2=222

YXY =92

Two regression coefficients are

o, =Y _92
oy 222

=0.41

XY 92
b: = —
x X2 162

(2) r=Jo, xb,
=/0.41x0.57

=0.48

~. Coefficient of correlation is 0.48

=0.567=0.57

(3) Regression equation of Xon'Y
X—=X=Dby(Y-Y)
X-35 =0.41 (Y-31)
X=0.41Y-12.71+ 35
X=0.41Y +22.29
Regression equation of Y on X.
Y-Y=Db,(X-X)
Y-31=0.57 (X-35)
Y =0.57X-19.95+ 31
Y=0.57X+11.05
Example 26 :
You are given the following information regarding a distribution—
N=5 X=10,Y =20, L(X-4)2=100
Y(Y-10)2=160, Y.(X-4) (Y-10) =80

Find two regression coefficients
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Solution :
Given

A= Assume mean of X series = 4
A, = Assume mean of Y series =10
N=5

x =10
y =20
Y.d, = sum of deviations taken from assumed mean of x series = Y.(X - 4) = ¢

Y.d, = sum of deviations taken from assumed mean of y series = (Y - 10) = ¢

S =100, xd? = 160 %d,d, =80

dX

we know §=AX+

d
5

X

10 = 4+

d
10-4=—A
5

d, =6x5

dY
20=10+
5

dY
20-10=
5

5x10= d

Y

d, = 50

_ 30x50
-5

2
160 — @
5

80
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1500

8- 80-300
140 2500 ~160-500
5
_ 220 447
~340
d d
dX dY X Y
b — N
YX 2
d2 _( dx)
x N
go_ 30x50
S N
30)°
100- (30
~220 —220  -220
= =275
100700 ~700-180 80
5
Example 27 :

Given that XX =120, XY = 432, Y. XY = 4992, ¥X?= 1392, Y.Y? = 18252 N = 12 Find:

(1)  The two regression equations
(2) Theregression coefficients
(3) Coefficient of correlation

Solution :

g _2X _120

N 12

G2y _432 _
N 12

XY
XY -

b, = N
XY YZ_( Y)z

N

120x 432
12
(4327
12

4992 -

18252 -
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499 51840
\ap5y 186624
12

4992 -4320 672

= = =0.249
18252 -15552 2700

XY
N

YX - ( X)z
N

XY -

120x 432
12
1207
12

4992 -

1392 -

__ &2 672672,
]392_14]4200 1392-1200 192

Therefore, the two regresion coefficients are :
b,, =0.249, b, =3.5

r=\o, xb, =+0.249x3.5

=+0.8715 =0.933

Regression equation of X on Y is
X=X=by(Y-Y)

X-10=0.249 (Y - 34)

X =0.249Y -8.964 + 10

X =0.249Y + 1.036

Regression equation of Y on X is
(Y-Y)=Db, (X=X
Y-36=3.5(X-10)

Y =3.5X-35+36

Y=3.5X+1

> 6.40 | FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS



SELF EXAMINATION QUESTION

Problem 1.  For a given set of data, the following result are available-

X=53,Y=28,b,, =—1.5b,, =-0.2

Find

(1)  The two regression equations

(2) The coefficient of correlation

(3) The most likely value of Y when X = 60

(4)  The most likely value of X when Y =20

[Ans. : Reg. equation of Xon Y : X = 58.6 - 0.2Y, equation of Yon X : Y =107.5 1.5-X,r=-0.548; 17.5; 54.6]

Problem 2. From the following data find:

(a) two regression equations

(b) the coefficient of correlation between the marks in economics and statistics
(c) the most likely marks in stastistics when marks in economics are 30

Marks in Economics 25 28 35 32 31 36 29 38 34 32
Marks in statistic 43 46 49 4] 36 32 31 30 33 39

[Ans. : X =0.23Y + 40.74, Y = 0.66X + 59.12; r = -0.389, marks in stats: 39.3]
Problem 3.  Using the following data obtain two regression equations:
X 16 21 26 23 28 24 17 22 21
Y 33 38 50 39 52 47 35 43 4]
[Ans. : X =-1.39+0.557Y, Y = 6.624+1.608X]

Problem 4. The following data about the sale and advertisement expenditure of a firm are given below:

Sales Expenditure
(X crores) (X crores)
Mean 40 6
S.D. 10 1.5

Coefficient of correlation r = 0.9

(1) Find the likely sales for a proposed expenditure of ¥ 10 crores.

(2) What should be the advertisement expenditure if the firm proposes a sales target of T 60 crores.
[Ans.: X 64 crores, % 8.7 crores]

Problem 5. Find the mean of X and Y variables and the coefficient of correlation between them from the
following regression equations:

2Y-X=150,3Y-2X=10
[Ans. 130, 90.r = 0.86]
Problem 6. The equations of regression lines between two variables are expressed as 2X - 3Y = 0 and
4Y -5X-8=0.Find X and Y, the regression coefficients and the correlation coefficient between X and Y.

[Ans. (i) X =-3.42, Y=-228,b, =067, b, =08,r=0.73]

Problem 7. Given the mean of X and Y are 35 and 67. Their standard deviations are 2.5 and 3.5 respectively
and the coefficient of correlation between them is 0.8.
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(i)  write down the two regression lines

(i) obtain the best estimate of X, when Y = 70.
[Ans. (i) X=26.81 +0.57Y,Y =-5.8 + 1.12X, 66.71]
IMPORTANT FORMULA
REGRESSION EQUATIONS
A. WHEN ACTUAL VALUES ARE TAKEN
The regresssion equation of Y on X is expressed as follows:
Y.=a+DbX
Yy =Na + b}YX
YXY =aYX + byX?
The regression equation of X on Y is expressed as follows:
X.=a+DbY
YX=Na+bYY
YXY=aXY +bYY?
B. WHEN DEVIATIONS ARE TAKEN FROM ACTUAL MEAN
Regresssion equation of an X is given by
X=X=Dby(Y-Y)
b, = i{
Regression equation of an X is given by

Y-Y=Dby,(X-X)

Xy
Where Py =7

C. WHEN DEVIATIONS ARE TAKEN FROM ASSUMED MEAN

Regression equation of X on Y is given by

X—=X=by(Y-Y)
dX dY dX dY
bXY = 2
Where 9 ( dy)
YN

Regression equation of Y on X is given by

Y-Y=Db,(X-X)
d, d d d
Where by, = At X 5 !
d2_( dx)
X N
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Study Note - 7
INDEX NUMBERS _ﬁ—

This Study Note includes

7.1 Uses of Index Numbers

7.2 Problems involved in consiruction of Index Numbers
7.3 Methods of construction of Index Numbers

7.4 Quantity Index Numbers

7.5 Value Index Number

7.6 Consumer Price Index

7.7 Adggregate Expenditure Method

7.8 Test of Adequacy of the Index Number Formulae

7.9 Chain Index Numbers

7.10 Steps in Construction of Chain Index

INTRODUCTION

An index number is a ‘relative number’ which expresses the relationship between two variables or two
groups of variables where one of the group is used as base

“An index number is a statistical measure designed to show changes invariable or a group of related
variables with respect to fime, geographic location or other characteristics.” - Spiegel

“Index Numbers are devices for measuring difference in the magnitude of a group of related variables” -
Croxton and Cowden

“An index number is a statistical measure of fluctuation in a variable arranged in the form of a series and a
base period for making comparisons” - L.J. Kaplass

Index number is a statistical device designed to measure changes or differences in magnitudes in a variable
or group of related variables with respect to fime, geographic location or other characteristics such as
income, profession efc.

When the variation in the level of a single item is being studied, the index number is termed . as univariate
index. But when the changes in average level of the number of items are being studied then collectively
this index number is tfermed as composite index number. Most index numbers are composite in nature.

7.1 USES OF INDEX NUMBER

(1) Index Numbers are the economic barometers - According to G. Simpson & F. Kafta, “Index numbers
are one of the most widely used statistical devices..... They are used to take the pulse of the economy
and they have come to be used as indicators of inflationary or deflationary tendencies”

A barometeris aninstrument that is used to measure atmospheric pressure. Index numbers are used to
feel the pressure of the economic and business behaviour, as well as to measure the change in general
economic conditions of a country. Index numbers are indispensable tools in planning and control and
both for government organisations and for individual business concerns.

(2) Index number helps in formulation of policy decisions - Index number relating to output (industrial
production, agricultural production),volume of imports and export, volume of trade, foreign exchange
reserve and otfher financial matters are indispensable for any government organisation as well as
private business concerns in efficient planning and formulating policy decisions.

(3) Index numbers reveal trends and tendencies - Index numbers reflect the pattern of change in the level
of a phenomenon. For example, by examining the index number for imports and export for the last 10
years, we can draw the trend of the phenomenon under study and can also draw conclusions.
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(4) Index numbers help to measures the Purchasing Power of money - Once the price index is computed,
then the earnings of a group of people or class is adjusted with a price index that provides an overall
view of the purchasing power for the group.

(5) Consumer price indices are used for deflating - The price index number is useful in deflating the nationall
income to remove the effect of inflation over a long term, so that we may understand whether there
is any change in the real income to the people or not.

7.2 PROBLEMS INVOLVED IN CONSTRUCTION OF INDEX NUMBERS

There are several problems that a statistician encounter in process of construction of Index Numbers. These
are as follows—

(1) A clear definition of the purpose for which the index is constructed should be made. Before collection
of data for construction of index numbers, it is of utmost importance to know what is the purpose for
construction of index numbers. For example if we wish to measure tfrend in price changes with a view
point of finding the consumption pattern of a household; in such a case we should take retail prices
and not wholesale prices of items into consideration.

(2) Selection of number of items. Those items which are relevant for a partiality type of changes are to be
selected, for example in computing the cost of living index Number of a middle class family gold will
not be a relevant item, where as family clothing should be included.

(3) Base period - Base period is areference period whose level of prices (in case of Price Index) represents
the base from which changes in prices are measured. For example when we compare the prices of
wheat in the year 2008 with that of 2000, the year 2000 is the base year.

The choice of base period is very crifical in construction of Index Numbers and it is based on the
following two considerations- (a) base year should be a normal period i.e. period with relative stability
and should not be affected by extraordinary events like war, famine etc. (b) It should not be in too
distant past.

The choice is also to be made about the kind of base to be used i.e. whether fixed base should be
used or chain base should be used.

(4) Selection of weights - Weights imply the relative importance of the different variables. It is very essential
to adopt a suitable method of weighting to avoid arbitrary & haphazard weights. For instance, in
computing cost of living index, wheat or rice should be given more importance as compared to
sugar or salt.

(5) Adoption of suitable formula for construction of index number- As there are number of formulas to
calculate index number ; most appropriate & proper one should be used & selected depending upon
the circumstances.

7.3 METHOD OF CONSTRUCTION OF INDEX NUMBERS

Index numbers may be constructed by any of the following methods—
(1)  Unweighted Index :

(a) Simple Aggregative Index

(b) Simple Average of Relatives
(2) Weighted Indices:

(o) Weighted Aggregative. Index

(b) Weighted Average of Relatives
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[ 1
Unweighted Weighted
| |
| | | |
Simple Simple average Weighted Weighted
aggregate of price relative aggregate average of

price relatives
7.3.1 UNWEIGHTED INDEX : SIMPLE AVERAGE OF PRICE RELATIVE METHOD

Under this method the price of each commodity in the current yearis taken as a percentage of the price of
corresponding item of the base year and the index is obtained by averaging these percentage figures.
Arithmetic mean or geometric mean may be used to average these percentages.

When arithmetic mean is used for averaging the relatives, the formula for computing the indexis :

P 100

P
Por = :

N

Where p, = price of current year
p, = price of base year
N = Total Number of items

When geometric mean is used for averaging the relatives, the formula for computing the index is :

log % % 100
P = Anfilo 0
01 g N
Example 1:

From the following data construct an index for 2012 taking 2011 as base by Price Relative method using
(a) Arithmetic Mean
(b) Geometric Mean

for averaging relatives:

Commodities Pricein 2011 Price in 2012
A 8 12
B 6 8
C 5 6
D 48 52
E 15 18
F 9 27
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Solution :

Index Number using Arithmetic Mean of Price Relative

Table : Calculation of Price Relatives of Arithmetic Mean

PO] -

Commodities Pricesin 2011 Pricesin 2012 Price Relatives
_P
PO P’ P= po x 100

A 8 12 150
B 6 8 133.33
C 5 6 120
D 48 52 108.3
E 15 18 120
F 9 27 300

YP=931.63

_Ip _ 931.63

N

=155.27%

To determine the value of a and b, the following two normal equations are to be solved simultaneously:

Table : Calculation of Price Relatives of Geometric Mean

Py

Commodities P, P, P= 5 x 100 log P
0
A 8 12 150 2.1761
B 6 8 133.33 2.1249
C 5 6 120 2.0792
D 48 52 108.3 2.0346
E 15 18 120 2.0792
F 9 27 300 2.4771
Ylog P =12.9711
B . 12.9711
P, = Antilog Z
= Antilog2.1618
= 1451%

Note : The difference in the answer is due to the method of averaging used.

Unweighted Indices

(a) Simple Aggregate Method - This is the simplest method of construction index numbers. It consists of
expressing the aggreate price of all commodities in the current year as a per cent of the aggregate
price in the base year. Symbolically:

P =P 100

Po
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Where

Ip,= total of prices of all commodities of base year

rp, = total of prices of all commodities of current year

p,, = Index Number of current year

Examples : 2

From the following data construct a price Index for year 2012 taking year 2009 as base

Commodities Prices in 2009 Pricesin 2012
Potato (per Kg) 12 20
Wheat (per Kg) 20 25
Bread 10 13
Chese (per 100 gms) 8 10
Solution:
Table : Construction of Price Index
Commodities P, P,
Potato (per Kg) 12 20
Wheat (per Kg) 20 25
Bread 10 13
Chese (per 100 gms) 8 10
Xp, =950 Ip, =68
P = ZPy x 100
p,
= % x 100
P, =136

01
This means that as compared to 2009, in 2012 there is a net increase in the prices of the given commodities
to the extent of 36%.
This method has following limitations —

(1) The index is affected by the units in which the prices are quoted (such as litres, kilogram etfc.). In the
preceding example, if the prices of chese is faken in per kg (instead of as per 100 gms) e.g. T80 in 2009
and ¥ 100 in 2012 the index so computed would differ as follows :
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Table : Construction of Price Index

Commodities P, P,
Potato (per Kg) 12 20
Wheat (per Kg) 20 25
Bread 10 13
Cheese (perKg) 80 100
Ip, =122 Ip, =158
)Y
P, = =21 %100
Xp,
= 158 x 100
122
P, =129

The netincrease in price now is only 29%.

(2) The relative importance of various commodities is not taken intfo account in as it is unweighted. Thus
according fo this method equal weights (importance) would be attached to wheat and salt in
computing a cost of living index.

(3) This method is influenced by the magnitude of prices i.e. the higher the price of the commodity, the
greateris the influence on the Index number. Such price quotations become the concealed weights
which have no logical significance.

7.3.2 Weighted Aggregate Method

In this method, appropriate weights are assigned to various commodities to reflect their relative importance
in group. For the construction of price index number, quantity, weights are used i.e. amount of quantity
consumed, purchased or marketed.

By using different systems of weighting we get a number of formulae which are as follows—
Laspeyres’ Price Index

In this method the base year quantities are taken as weights. Symbolically—

rp
= ZPfo 00
P

The main advantage of this method is that it uses only base year quantity ; therefore there is no need to
keep record of quantity consumed in each year.
Disadvantage

It is a common knowledge that the consumption of commodity decreases with relative large increase in
price and vice versa. Since in this method base year quantity is taken as weights, it does not take into
account the change in consumption due to increase or decrease in prices and hence may give a biased
result.

Paasche’s Method

In this method current year quantities are taken as weights. Symbolically—
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Dorbish and Bowley’s Method

This method is the simple arithmetic mean of the Laspeyres’ and Paasche’s indices. This index takes into
account the influence of quantity weights of both base period and current period. The formulais as follows:

PG, + EPG,

Py = —ZquO;erqu x 100

01

Fisher ‘Ideal’ Method

This method is the geometric mean of Laspeyres’ and Paasche’s indices. The formula is as follows—

P = P:prIo prwqw % 100
PG, ZPQ,

01

Advantages
Because of the following advantages this method is seldom referred as ideal method—

(1) The formula takes into account both base year and current year quantities as weights, and hence
avoids bias associated with the Laspeyres’ and Paasche’s indices.

(2) The formulais based on geometric mean which is considered to be the best average for constructing
index numbers.

(3) This method safisfies unit test, time reversal test and factor reversal test.
Disadvantage

(1) This method is more time consuming than other methods.

(2) It also does not satisfy circular test.

Marshall-Edgeworth Method

In this method arithmetic mean of base year and current year quantities are taken as weights symbolically—

zp, 192 +2q2
POI = T x 100
Z 1 2
Po 5
Kelly’s Method

In this method fixed weights are taken as weights. This method is sometimes referred to as aggregative
index with fixed weights method. Fixed weights are quantities which may be for some particular period (not
necessarily of base year or the current year) and this is kept constant all the time. The formula is as follows—

P, ==P9 100
Y ole]
Advantage

(1) This index does not require yearly changes in the weights.
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Disadvantage

This method does not take info account the weight of either the base year or the current year.

Example 3 :

Compute the price index as per the following methods :

(1) Laspeyres’
(2) Paasche’s
(3) Fisher

(4) Bowley's
(50 Marshall - Edgeworths

from the following :

Item Py d P, q,

A 10 4 12 6

B 15 6 20 4

C 2 5 5 3

D 4 4 4 4

Solution:
Table : Calculation of various indices
Py Q p, g, PG P.q; P9, p,q,
A 10 4 12 6 40 40 48 72
B 15 6 20 4 90 40 120 80
C 2 5 5 3 10 6 25 15
D 4 4 4 4 16 16 16 16
Xp,q,=156|Ip,q,=142| £p,q,=209 |Xp,q, =183

(i) Laspeyres’ Index Number

= P 409
01 Zpoqo
=2 100=133.97
156

(i) Paasche’sIndex Number
_pq,
o1 0, q,

183

x 100
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(i)  Bowley's Index Number

p@, , TPA

z T
Py = o P 5 P 100
209 183
+

_156 142 10

2
=].34+1.29X]OO

=%X]OO=]3].5

(iv] Fisher's Index Number

G0 PG 0

IPGo  IP,

L [T
156 142

_ [38247 <100

22152

P =

= 1726 x100=1-31x 100

=131
(v] Marshall-Edgeworth Index Number

=.§Bﬂ9&iﬁhlx]oo
Ip.a,+q,)

01

= M % 100
£PoQ, + ZP,q,

209 +183

= ————x 100
156 + 142

= %x]00=]3].54
298

7.3.3 Weighted Index : Weighted Average of Relative Method

In this method price of each commodity in the current year is taken as a percentage of the price of
corresponding item of the base year. These relatives are multiplied by the given weights and the result is
obtained by averaging the resulting figures. Arithmetic mean or geometric mean is used to average these

figures.
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When Arithmetic Mean is used for averaging weighted relatives the formula is :

ZPV
o =Ty
P
where P = —x100
Po
Vo F P

When Geometric Mean is used for averaging weighted relatives the formula is :

P = antilog Z199PX V), 109
Y
p
where P = —x100
Po
Vo= P
Example 4 :

Compute price index by Weighted Average of Relatives using—
(1)  Arithmetic mean

(2) Geometric mean

[tems Price in 2011 Pricein 2012 Quantity in 2011
A 5 6 2
B 4 5 0.25
C 15 16.5 1
Solution :
Table : Computation of price index using arithmetic mean
P;
Items P, P, B P= By x 100 V=p,q, PV
6
A 5 6 2 g><100=120 10 1200
5
B 4 5 0.25 zx]OO=125 1 125
16.5
C 15 16.5 1 FxlOO=HO 15 1650
V=26 |XIPV=2975
YPV
Chsvy
2975
26
P, =114.42
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Computation of Price Index using geometric mean

[tems P, p, a, P= ;—; x100| v= [N logP V xlog P
A 5 6 2 120 10 2.0792 20.792
B 4 5 0.25 125 1 2.0969 2.0969
C 15 16.5 1 110 15 2.0414 30.621
XV =26 Ylog PV =
53.5099
P, = antilog —Elog\i’xv
_ antilog 53.5099
26
= antilog 2.0581
=1143
Example 5:

The following table gives the prices of some food items in the base year & current year & the quantities sold
in the base year. Calculate the weighted index number by using the Weighted Average of Price Relatives :

[tems Base year quantities Base year Price Current year Price
(units) (in%) (in%)

A 7 18.00 21

B 6 3.00 4

C 16 7.50 9

D 21 2.50 2.25

Solution :
Table : Calculation of Weighted Average of Price Relation
_ Prsioo _
Ifem Baseyear | Baseyear Current P= Pe V=pa, Pv
quantities Price Price
Q Py P;
21
A 7 18 21 Ex100=116.66 18x7=126 14699.16
4
B 6 3 4 3 X 100=133.33 6x3=18 2399.94
9
C 16 7.5 9 ﬁx100=120 16x7.5=120 14400
2.25
D 21 2.5 2.25 -5 X 100=90 | 21X2.5=52.5 4725
YV =316.5 YPV=36224.1
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YPV
Por =
Y

_ 362241 _ 114.45

316.5

7.4 QUANTITY INDEX NUMBERS

Just as the price index number measures the changing prices of the goods so a quantity index number
measures the change in quantity/volume of the goods produced, sold or consumed. The method of
construction of quantity index number are similar to the methods discussed above in the context of price
index. The only difference is that the quantity index formula are obtained from the corresponding price
index formula by an interchange of p by g & g by p.

Thus the following list of formulae can be derived :

Unweighted Index : Simple Aggregative Method

Q, = =3 100
X

o
Unweighted Index : Simple Average of Quantity Relative Method

—  When Arithmetic Mean is used for averaging the relatives

s 9100

g
Qm =OT

—  When Geometric Mean is used for averaging the relatives

slog I %100

Yo

Q,, = antilog N

Weighted Index : Simple Aggregative Method
- Laspeyres’ Method

= Z9Po 100

o1 29, P,
- Paasche’s Method

= 9P 00

0, P,

01
—  Dorbish & Bowley's Method

29, , 2qp,
£90Py 2P,
2

Qy = x 100
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- Fisher ‘ideal’ Method

Q. - JMXMX]OO
. pYeH I Vo o}

- Marshall-Edgeworth Method

xq, PP
Q, = —————x100
xq, P1P:

— Kelly’s Method

= 29 00

o1 g,
Weighted Index : Weighted Average of Relative Method
—  When Arithmetic Mean is used for averaging

rQV

S = v

q
where Q = q—‘x100&v:q0p0

0
—  When Geometric Mean is used for averaging

(logQx V)
AY

7.5 VALUE INDEX NUMBER

The value of a commodity is the product of its price and quantity. Thus the value of index is the sum of the
values of a given period (£p,q,) the base period (Xp,q,) The formulais :

Q,, = antilog

v, = =P 00
Y efiels

Note: The weights are not to be applied in this case as they are interest in the value figures.

7.6 CONSUMER PRICE INDEX

The consumer price index measures the amount of money which consumer of a particular class have to
pay tfo get a basket of goods & services at a particular point of time in comparison to what they paid for
the same in the base period.

Different classes of people consume different types of commodities & even that same type of commodities
are not consumed in the same proportion by different classes of people (for e.g. higher class, middle class,
lower class). The general indices do not highlight the effects of change in prices of a various commodities
consumed by different classes of people on their cost of living.
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The consumer price index is also known as cost of living index or retail price index.
Methods of Constructing Consumer Price Index

The consumer price index can be constructed by any of the following two methods :
(1) Aggregate Expenditure Method or Aggregative Method

(2) Family Budget Method or the Method of Weighted Relatives

7.7 AGGREGATE EXPENDITURE METHOD

This method is similar fo the Laspeyres’ method of constructing a weighted index. In this method the quantities
of various commodities consumed in the base year by a particular class of people are taken as weights.

IPQd,

Consumer Price Index = > x 100

010

Where p, & p, are prices of current year & base year respectively.

g, = quantity consumed in base year.

Family Budget Method

This method is same as the weighted average of price relative method discussed earlier. The formula is as
follows :

Consumer Price Index = ﬁ
Y

p
Where P = p—]X]OO

0

V = Value weights i.e. p,q,.

Uses of Consumer Price Index Number
(1) Itis used to formulate economic policy and also to measure real earning.

(2) Itis used to measure purchasing power of the consumer. The formula is as follows—

1

, ) 100
Purchasing power = = imerPricelndex

(3) Itis used in deflating. The process of deflating can be expressed in the form of formula as—

Money Value
ConsumerPricelndex

Real wage = %100

(4) Itis used in wage negotiations & wage confracts. It also helps to calculate dearness allowance.
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Example 6 :
An enquiry info the budgets of the middle class families in a city in India gave the following information :

Food Rent Clothing Fuel Others
Expenses 35% 15% 20% 10% 20%
Pricein 2011 150 50 100 20 40
Pricein 2012 174 40 125 25 90

What change in the cost of living of 2012 has taken place as compared to 2011

Solution :
Table : Calculation of Cost of living
p
[tems Expenses Price in Price in p= p_] %100 PW
0
(%) W 2011 (p,) | 2012(p))

174 174
—x 100 —x 100 =

Food 35 150 174 150 X 150 X x 35 = 4060
60 60

Rent 15 50 60 %MOO %x100x15—1800

. 125 125 _

Clothing 20 100 125 100 X 100 100 X 100 x 20 = 2500
25 25

Fuel 10 20 25 %MOO %x100x10—1250
920 920

Others 20 40 90 0 % 100 0~ 100 x 20 = 3000

W =100 YPW=12610
P = YPW _ 12,610 1261
W 100

The cost of living in 2012 has increased by 26.1% as compared fo 2011.

7.8 TEST OF ADEQUACY OF THE INDEX NUMBER FORMULAE

So far we have discussed various formulae for construction of weighted & unweighted index numbers.
However the problem still remains of selecting an appropriate method for the construction of an index
number in a given situation. The following tests can be applied to find out the adequacy of an index
number.

(1) Unit Test
(2) Time Reversal Test
(3) FactorReversal Test

(4) Circular Test

FUNDAMENTALS OF BUSINESS MATHEMATICS AND STATISTICS | 7.15 <



Index Numbers

1. Unit Test - This test requires that the index number formulae should be independent of the units in which
prices or quantities of various commodities are quoted. For example in a group of commodities, while
the price of wheat might be in kgs., that of vegetable oil may be quoted in per liter & toilet soap may
be per unit.

Except for the simple (unweighted) aggregative index, all other formulae discussed above satisfy this
test.

2. Time Reversal Test - The time reversal test is used to test whether a given method will work both
backwards & forwards with respect to time. The test is that the formula should give the same rafio
between one point of comparison & another no matter which of the two is taken as base.

The time reversal test may be stated more precisely as follows—

If the time subscripts of a price (or quantity) index number formula be interchanged, the resulting
price (or quantity) formula should be reciprocal of the original formula.

i.e. if p, represents price of year 2011 and p, represents price af year 2012 i.e.

1
Py /P,

1

should be equal to
Po

symbolically, the following relation should be satisfied

Py, X P, = 1, Omitting the factor 100 from both the indices.

Where P, isindex for current year ‘1" based on base year ‘0’

p, is index for year ‘0" based on year ‘1",

The methods which satisfy the following test are:-

(1) Simple aggregate index

(2) Simple geometric mean of price relative

(3) Weighted geometric mean of price relative with fixed weights
(4) Kelly's fixed weight formula

(5) Fisher's ideal formula
(6) Marshall-Edgeworth formula

This test is not satisfied by Laspeyres’ method & the Paasche’s method as can be seen from below—

¥, , ZP,

# 1 (Laspeyres'Method)
PG, ZPQ,
Similarly when Paasche method is used—

24, | 2P |
P, IPds

On other hand applying Fisher's formula

_ \/ Pdy | PG

0.0, ZP.q, (Omitting the factor 100)

01

Ip.g;, _ Ip,g
and = 0« hald o
Pro \/prq] *p,d, (Omitting the factor 100)
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pO'\ X p]o - \/Zﬁ).‘qo % Zp.‘Q] x ZpOQI X Zpoqo = \/i =]
Ipd, PG PA,  Ipds

Hence the test is satisfied.

3.

Factor Reversal Test - An Index number formula satiesfies this test if the product of the Price Index and
the Quantity Index gives the True value ratio, omitting the factor 100 from each index. This test is
safisfied if the change in the price multiplied by the change in quantity is equal fo the change in the
value.

Speaking precisely if p and g factors in a price (or quantity) index formula be interchanged, so that a
quantity (or price) index formula is obtained the product of the two indices should give the true value
rafio.

Symbolically,

_ PG
1p, 9,

Consider the Laspeyres formula of price index

_ Zpd,
EPdo

POW x QOW

=The True Value Ratio =TVR

01

Consider the quantity index by interchange p with g & g with p

_ Zap,
qoPg

01

Q. , 29P. , ZPA,
EPdo  ZGoP,  IPs

Now P, x Q,, =

This fest is not met.
This test is only meft by Fisher's ideal index. No other index number satisfies this test:

Proof :

01

_ [Zea, , Zpa
P, IP,

Changing p to g and g to p, we get

01

_ [Zap, | zap
2qoP,  ZA,P,

POI X Qo] = \/E,@']Q’O X =P, X &Py X £g.p,
P, XPT,  XQ.P, &P,

2
— (ZQ1p1) — EQ]D] T \/| Rf
(qupo)z qupo—rue alue Ratio
Circular Test - Circular test is an extension of time reversal test for more than two periods & is based on

shiftability of the base period. For example, if an index is constructed for the year 2012 with the base of
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2011 & anotherindex for 2011 with the base of 2010. Then it should be possible for us to directly get an
index for the year 2012 with the base of 2010. If the index calculated directly does not give an inconsistent
value, the circular fest is said to be safisfied.

This test is satisfied if—
Py XP,xP,=1.
This test is satisfied only by the following index Nos. formulas—
(1) Simple aggregative index
(2) Simple geometric mean of price relatives
(3) Kelly's fixed base method
When the test is applied to simple aggregative method—

PO] XPWQXPZO:
Ep, o, | 2Py

Hence, the simple aggregative formula satisfies circular test

Similarly when it is applied to fixed weight Kelly’s method

g EP4 | Eed _
Tpa TPaA P

-

This test is not satisfied by Fishers ideal index.

Example 7 :

Compute Fisher's Ideal Index and show that it satisfies fime Reversal Test

2009 2012
[tems Price (%) Value () Price () Value R)
A 10 30 12 48
B 15 40 15 75
C 5 50 8 96
D 2 10 3 15
Solution:

As in this problem value of each item is given we have to find out quantity by dividing the value by the
price. Symbolically :

Value = Price x Quantity

Value
Price

- Quantity =
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Table : Calculation of Fisher's Ideal Index

2009 2012
[tem Price k) | Value X) | Price X) | Value ) a,= q,= p.a, [eXe
P pPa,
P P9 P pP,a — —
0 o010 1 111 po p]
A 10 30 12 48 3 4 40 36
B 15 40 15 75 4 5 75 40
C 5 50 8 96 10 12 40 80
D 2 10 3 15 5 5 10 15
p,d,=150 Ip,q,=234 £p,a,=185| Xp,q,=191
P, = \/ PGy ZPG 100
PG ZPo9,
= /ﬂx&x100= 1.273 x1.265 x 100
150 185
= +/1.6039 x 100

= 1.2691x 100 =126.91
Time reversal test is satisfied when

Py XP =1

PP = |ZPG IPG . |EPG  EP
EPde  ZPd - \ZPG,  EPG,

191 234 185 150
= = X —— X |— X —
150 185 234 191

191 234 185 _ 150
= ,[— X — X — X —
150 185 234 191

= 1=1

Since P, xP,, =1 hence Fisher's ideal index safisfies time Reversal Test.

7.9 CHAIN INDEX NUMBERS

In the fixed base method which is discussed so far the base remains the same & does not change whole
throughout the series. But with the passage of time some items may have been included in the series &
other ones might have been deleted, & hence it becomes difficult o compare the result of present conditions
with those of the old remote period. Hence the fixed base method does not suit when the conditions
change. In such a case the changing base period may be more suitable. Under this method the figures for
each year are first expressed as a percentage of the preceding year (called link relatives) then they are
chained together by successive multiplication to form a chain index.
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7.10. STEPS IN CONSTRUCTION OF CHAIN INDEX

(1) The figures are to be expressed as the percentage of the preceding year to get link
relatives.

price of currentyear

- - x 100
price of previous year

Link Relatives of current year =

(2) Chainindex is obtained by the formula :

Current year link relative x Previous year link relative
100

Chain Index =

Example 8: From the following data find the index numbers by taking (1) 2005 as base (i) by chain base method.

Year 2005 2006 2007 2008 2009 2010 2011 2012
Prices 60 62 65 72 75 80 82 85
Solution
Table : Construction of Index Number taking 2005 as base
Year Price Index No. (2005 =100)
2005 60 100
62
2006 62 — x100=103.33
60
2007 65 65 x 100 =108.33
60
72
2008 72 5x100—120
75
2009 75 5x100—125
80
2010 80 %x100—133
2011 82 82 100 =136.66
20 X = .
2012 85 8 100 = 141.66
20~ = .

This means that from 2005 to 2006 there is an increase of 3.33% (103.33 - 100) from 2005 to 2007 there is an
increase of 8.33% (108.33 - 100) increase from 2005 to 2008 there is an increase of 20% (120 - 100) & so
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Table : Calculation of Chain Base Index

Year Price Linke Relative Chain Indices (2005 =100)

2005 60 100 100
62

2006 62 25 x100=103.33 103.33
65 104.83 x 103.33

2007 65 25 x100=104.83 e =108.32
72 110.76 x 108.32

2008 72 2 x100=110.76 g = 11998
75 104.16 x 119.98

2009 75 2o x100=104.16 g = 12497
80 106.66 x 124.97

2010 80 —% x100=106.66 g =133.29

2011 82 82 100=1025 1025x133.29 _ 434 62
go X 'Y T Ve 100 - 100

2012 85 8 1 100=103.65 103.65 x136.62 _, 11 ¢1
gy X 10U TIPS 100 -l

Note: The results obtained by the fixed base & chain base are almost similar. The difference is only due to
approximation. Infact the chain base index numbers are always equal to fixed base index numbers
if there is only one series.

Example 9 :

From the following data compute chain base index number & fixed base index number.

Group 2008 2009 2010 2011 2012
| 6 9 12 15 18
Il 8 10 12 15 18
Il 12 15 24 30 36
Solution :
Table : Computation of Chain Base Index Number
Calculation of Link Relatives
Group 2008 2009 2010 2011 2012
100 2 100=150 E 100=133.33 i 100 =125 E 100=120
6 X1V g XIPETISSSS I ay XU 15 ¢ VT
10 12 15 18
Il 100 §x100—125 Ex]OO—]QO EX]OO_]% Ex]OO—]QO
Il 100 i 100 =125 % 100 =160 @ 100 =125 % 100=120
12 XU 15 X YT 24 X 0T 30 ¢ YT
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Group 2008 2009 2010 2011 2012
Total of Link Relatives 300 400 413.33 375 360
Average of Link Relatives| 100 133.33 137.77 125 120
Chain Ind 100 100 x 133.33 133.33 x137.77 183.69 x 125 229.69 x 120
anindex 100 100 100 100
=133.33 =183.69 =229.61 =275.53
Table : Computation of Fixed base Index No.
Group 2008 2009 2010 2011 2012
| 100 2x100=150 Ex100=200 Ex100=250 Ex100=300
6 6 6 6
10 12 15 18
| 100 — x100=125 — x100=150 | — x100=187.5 — x 100 =225
8 8 8 8
11T 100 s 100=125 24 100 =200 0 100 =250 36 100 =300
12 YT 12 T 12 YT 12 YT
Total 300 400 550 687.5 825
AV 100 133.33 183.33 229.17 275

Note : The two series of index numbers obtained by fixed base & chain base method are different exceptin
the first two years. This would always be so in case of more than one series.

Example 10:
The price index & quantity index of a commodity were 120 & 110 respectively in 2012 with base 2011. Find its
value index number in 2012 with base 2011.

Solution :

Prsio0=120 B2

Po Po

D w10 =110 b g

qO qO

~.Value index = Pay x 100
Pdo

=12x1.1x100=132
SELF EXAMINATION QUESTION

Problem I. Hence, factor reversal test is safisfied.

Problem 2.  Explain the usefulness of constructing chain indices

Problem 3. Define Index Number. Explain the problems while constructing the Index No.

Problem 4. Discuss the problems faced while constructing an Index No.

Problem 5.  Distfinguish between fixed base Index and chain base Index Number.

Problem 6.  Discuss the importance of cost of living index. What are the problems in construction of cost

of living Index?
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Problem 7.

Distinguish between Laspeyres’ and Paasche Index.

Unsolved Problems (Practical)

Problem I. Calculate Paasche’s Quantity Index and Laspeyre's Price Index for the following data—

Commodities Quantity (Units) Value R)
2008 2012 2008 2012
A 100 150 500 900
B 80 100 320 500
C 40 72 120 360
D 30 33 360 297

(Ans. 131.2, 120.77)

Problem 2. Calculate Fisher’s Ideal Index from the following data and show that it satisfies Time

Reversal Test.

Commodity 2010-2011 2011-2012
Price Quantity Price Quantity
A 10 100 12 96
B 8 96 8 104
C 12 144 5 120
D 20 300 25 250
E 40 64
F 20 24

(Ans. 109.26)

Problem 3. From the fixed base Index Numbers given below find out chain base index number—
Year 2008 2009 2010 2011 2012
Fixed base index numbers 267 275 280 290 320

(Ans. 100, 103, 101, 103, 110.4)

Problem 4. From the chain base index numbers given below prepare fixed base index numbers—
Year 2008 2009 2010 2011 2012
Chainbase Index No. 80 110 120 105 95

(Ans. 80, 88, 105.6, 110.9, 105.33)

Problem 5. Compute Fisher’'s index number from the following data & show that it saftisfies time reversal test

and factor reversed test.

Commodity A B C

Price Quantity Price Quantity Price Quantity
Base year 4 50 3 10 2 5
Current year 10 40 8 8 4 4
(Ans. 250)
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UNWEIGHTED INDEX

A. SIMPLE AVERAGE OF PRICE RELATIVE METHOD

€ When Arithmetic mean is used

Py

)y x 100

p
Por = ON

€ When geometric mean is used

slog P x 100

0

N
B. SIMPLE AGGREGATIVE METHOD

P,y = Anfilog

P, = =P 100
X

Po

WEIGHTED INDEX

A. WEIGHTED AGGREGATIVE METHOD
€ Laspeyres’ Method

= % x 100
0

01

€ Paasche’s Method

Py = 2% 5100

Ipq,
¢ Dorbish and Bowley’s Method

Ipd, + X,
Poy = —Zp°q°;Zp°q‘ X 100

€ Fisher's ‘Ideal’ Method

P, = \/Epgo « 2P q00
7 \Zp@, I

€ Marshall - Edgeworth Method

9,+9,

Xp, 5

P,=———> x100
zp, 91%
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¢ Kelly’s Method

_ Zpg

o x 100
Ipq

B. WEIGHTED AVERAGE OF RELATIVE METHOD

€ When Arithmetic mean is used

YPV
o = Ty
€® When Geometric mean is used
. X(logPxV)
Py = onhlogz—v

QUANTITY INDEX NUMBERS

A. UNWEIGHTED INDEX : SIMPLE AGGREGATIVE METHOD

Q, = =9« 100
Xq

0

B. UNWEIGHTED INDEX : SIMPLE AVERAGE OF QUANTITY RELATIVE METHOD

When Arithmetic mean for averaging is used

s 9100

q
QO] =OT

When Geometric Mean is used for averaging the relatives

slog I %100

q
Qm = lfl

WEIGHTED INDEX

A. SIMPLE AGGREGATIVE METHOD
¢ Laspeyres’ Method

_ Zap

(S}

x 100

OpO
€ Paasche’s Method

_ Zgp,
01 Op]

¢ Dorbish & Bowley’'s Method

29, , 2P,
£9oPy 24P,
2

x 100

Q, = x 100
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€ Fisher's ‘Ideal’ Method

_ Jm_pxm_p 100
Lqopy,  Xg,p,

01

€ Marshall-Edgeworth Method

xq, Pt

Qy = ——————— x 100
xq, PLIP:

¢ Kelly’'s Method
_Xqp

(O}

x 100

oP
B. WEIGHTED AVERAGE OF RELATIVE METHOD
€ When Arithmetic mean is used for averaging
rQV
S = v

9y _
where Q = % 100 &V =q,p,

€ When Geometric mean is used for averaging

. (logQ@xnv)
Q,, = antilog———~
o d PR

VALUE INDEX NUMBER

_ P 00

01 ZDOCIO

CONSUMER PRICE INDEX

¢ Aggregate Expenditure Method

Ipda,
i = 100
Consumer Price Index P,

¢ Family Budget Method

YPV

Consumer Price Index = v

CHAIN INDEX NUMBERS

Current year link relative x Previous year chain index
100

Chain Index =
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Study Note - 8
TIME SERIES ANALYSIS _ﬁ—

This Study Note includes

8.1 Definition

8.2 Components of Time Series

8.3 Models of Time Series Analysis
8.4 Measurement of Secular Trend
8.5 Method of Semi Averages

8.6 Moving Average Method

8.7 Method of Least Squares

Time series is statistical data that are arranged and presented in a chronological orderi.e., over a period of
fime.

8.1 DEFINITION

According fo Spiegel, “A fime series is a set of observations taken at specified fimes, usually at equal
intervals.”

According fo Ya-Lun-Chou, "A time series may be defined as a collection of reading belonging to different
time period of same economic variable or composite of variables.”

8.2 COMPONENTS OF TIME SERIES

There are various forces that affect the values of a phenomenon in a time series; these may be broadly
divided into the following four categories, commonly known as the components of a time series.

(1) Long term movement or Secular Trend
(2) Seasonal variations

(3) Cyclical variations

(4) Random or irregular variations

(1) Secular Trend or Simple trend - The general tendency of a data fo increase or decrease or stagnate
over a long period of time is called secular trend or simple frend.

Most of the time series relating fo Economic, Business and Commerce might show an upward tendency
in case of population, production & sales of products, incomes, prices; or downward tendency might
be noticed in time series relating to share prices, death, birth rate etc. due to global melt down, or
improvement in medical facilities etc. All these indicate trend.

(2) Seasonal variations - Over a span of one year, seasonal variation takes place due to the rhythmic
forces which operate in a regular and periodic manner. These forces have the same or almost similar
pattern year after year.

Seasonal variations could be seen and calculated if the data are recorded quarterly, monthly, weekly,
daily or hourly basis. So if in a time series data only annual figures are given, there will be no seasonal
variations.
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The seasonal variations may be due to various seasons or weather conditions for example sale of cold
drink would go up in summers & go down in winters. These variations may be also due to man-made
conventions & due to habits, customs or traditions. For example sales might go up during Diwali &
Christmas or sales of restaurants & eateries might go down during Navratris.

(3) Cyclical variations - These variations in a time series are due to ups & downs recurring after a period
from time to time. Though they are more or less regular, they may not be uniformly periodic. These are
oscillatory movements which are present in any business activity and is termed as business cycle. It has
got four phases consisting of prosperity (boom), recession, depression and recovery. All these phases
together may last from 7 to 9 years may be less or more.

(4) Random orirregular variations - These fluctuations are a result of unforeseen and unpredictably forces
which operate in absolutely random or erratic manner. They do not have any definite pattern and it
cannot be predicted in advance. These variations are due to floods, wars, famines, earthquakes,
strikes, lockouts, epidemics etc.

8.3 MODELS OF TIME SERIES ANALYSIS

The following are the two models which are generally used for decomposition of time series into its four
components. The objective is to estimate and separate the four types of variations and to bring out the
relative impact of each on the overall behaviour of the time series.

(1) Additive model

(2) Multiplicative model

Additive Model - In additive modelitis assumed that the four components are independent of one another
i.e. the pattern of occurrence and magnitude of movements in any particular component does not affect

and are not affected by the other component. Under this assumption the four components are arithmetically
additive ie. magnitude of time series is the sum of the separate influences of its four components i.e.

Y=T+C+S+]

Where

Y, =Time series

T =Trend variation

C = Cyclical variation

S = Seasonal variation

C = Random or irregular variation
Multiplicative Model - In this model it is assumed that the forces that give rise to four types of variations are
interdependent, so that overall pattern of variations in the time series is a combined result of the interaction

of all the forces operating on the time series. Accordingly, fime series are the product of its four components
ie.

Y, =TxCxSxl

As regards to the choice between the two models, it is generally the multiplication model which is used
more frequently. As the forces responsible for one type of variation are also responsible for other type of
variations, hence it is multiplication model which is more suited in most business & economic fime series
data for the purpose of decomposition.
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8.4 MEASUREMENT OF SECULAR TREND

The following are the methods most commonly used for studying & measuring the frend component in a
fime series—

(1)  Graphic or a Freehand Curve method
(2) Method of Semi Averages

(3) Method of Moving Averages

(4) Method of Least Squares

Graphic or Freehand Curve Method

The data of a given time series is plotted on a graph and all the points are joined together with a straight
line. This curve would be irregular as it includes short run oscillation. These irregularities are smoothened out
by drawing a free hand curve or line along with the curve previously drawn.

This curve would eliminate the short run oscillations & would show the long period general fendency of the
data. While drawing this curve it should be kept in mind that the curve should be smooth and the number
of points above the trend curve should be more or less equal to the number of points below it.

Merits

(1) Itis very simple and easy to construct.
(2) It does not require any mathematical calculations and hence even a layman can understand it.

Disadvantages

(1) This is a subjective concept. Hence different persons may draw free hand lines at different positions
and with different slopes.

(2) If the length of period for which the curve is drawn is very small, it might give fotally erroneous results.

8.5 METHOD OF SEMI AVERAGES

Under this method the whole time series data is classified into two equal parts and the averages for each
half are calculated. If the datais for even number of years, it is easily divided info two. If the data is for odd
number of years, then the middle year of the time series is left and the two halves are constituted with the
period on each side of the middle year.

The arithmetic mean for a half is faken to be representative of the value corresponding fo the mid point of
the fime interval of that half. Thus we get two points. These two points are plotted on a graph and then are
joined by straight line which is our required trend line.

8.6 MOVING AVERAGE METHOD

A moving average is an average (Arithmetic mean) of fixed number of items (known as periods) which
moves through a series by dropping the first item of the previously averaged group and adding the next
itfem in each successive average. The value so computed is considered the tfrend value for the unit of time
falling af the centre of the period used in the calculation of the average.

In case the period is odd- If the period of moving average is odd for instance for computing 3 yearly
moving average, the value of 1st, 2nd & 3rd years are added up and arithmetic mean is found out and the
answer is placed against the 2nd year; then value of 2nd, 3rd & 4th years are added up & arithmetic mean
is derived and this average is placed against 3rd year (ie. the middle of 2nd, 3rd & 4th) and so on.

In case of even number of years - If the period of moving average is even for instance for computing 4
yearly moving average, the value of 1st, 2nd, 3rd & 4th years are added up & arithmetic mean is found out
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and answer is placed against the middle of 2nd & 3rd year. The second average is placed against middle
of 3rd & 4th year. As this would not coincide with a period of a given time series an attempt is made to
synchronise them with the original data by taking a two period average of the moving averages and
placing them in between the corresponding tfime periods. This technique is called centering & the
corresponding moving averages are called moving average centred.

Example 1:

The wages of certain factory workers are given as below. Using 3 yearly moving average indicate the frend
in wages.

Year 2004 2005 2006 2007 2008 2009 2010 2011 2012
Wages 1200 1500 1400 1750 1800 1700 1600 1500 1750
Solution :
Table : Calculation of Trend Values by method of 3 yearly Moving Average
Year Wages 3 yearly moving 3 yearly moving
fotals average i.e. frend
2004 1200 — —
2005 1500 4100 1366.67
2006 1400 4650 1550
2007 1750 4950 1650
2008 1800 5250 1750
2009 1700 5100 1700
2010 1600 4800 1600
2011 1500 4850 1616.67
2012 1750 — —
Example 2:
Calculate 4 yearly moving average of the following data—
Year 2005 2006 2007 2008 2009 2010 2011 2012
Wages 1150 1250 1320 1400 1300 1320 1500 1700
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Solution :

First Method :
Table : Calculation of 4 year Centered Moving Average
Year Wages 4 yearly moving 2 year moving total 4 yearly moving
(1) (2) total (3) of col. 3 (centered) (4) average centred (5)
[col. 4/8]
2005 1150 - - -
2006 1250 - - -
5,120
2007 1320 10,390 1298.75
5,270
2008 1400 10,610 1326.25
5,340
2009 1300 10,860 1,357.50
5,520
2010 1320 11,340 1,417.50
5,820
2011 1500
2012 1700
Second Method :
Table : Calculation of 4 year Centered Moving Average
Year Wages 4 yearly moving | 4 yearly moving | 2 year moving | 4 year centred moving
total (3) average (4) total of col. 4 average (col. 5/2)
(centered) (5)
2005 1150 - - - -
2006 1250 - - - - -
5,120 1,280 - -
2007 1,320 2597.75 1298.75
5,270 1317.5 - -
2008 1,400 2,652.5 1,326.25
5,340 1,335 - -
2009 1,300 2,715 1,357.50
5,520 1,380
2010 1,320 2,835 1,417.50
5,820 1,455 - -
2011 1,500
2012 1,700
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Example 3:
Calculate five yearly moving averages for the following data—
Year 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012
Value 123 140 110 928 104 133 95 105 150 135
Solution :

Table : Computation of Five Yearly Moving Averages

Year Value ('000%) 5 yearly moving 5 yearly moving
fotals ('000%) average (‘000%)

2003 123 — —

2004 140 — —

2005 110 575 115

2006 98 585 117

2007 104 540 108

2008 133 535 107

2009 95 587 117.4

2010 105 618 123.6

2011 150 — —

2012 135 — —

8.7 METHOD OF LEAST SQUARES

The method of least squares as studied in regression analysis can be used to find the tfrend line of best fit to
a time series data.

The regression tfrend line (Y) is defined by the following equation—
Y=a+bX
where Y = predicted value of the dependent variable
a =Y axis intfercept or the height of the line above origin (i.e. when X =0, Y =q)

b = slope of the regression line (it gives the rate of change in Y for a given change in X) (when b is
positive the slope is upwards, when b is negative, the slope is downwards)

X = independent variable (which is time in this case)
To estimate the constants a and b, the following two equations have to be solved simultaneously—
XY =na + b EX
XY = aXX + bXX?

To simplify the calculations, if the mid point of the time series is taken as origin, then the negative values in
the first half of the series balance out the positive values in the second half so that £x = 0. In this case the
above two normal equations will be as follows—

XY =na
XY = bXX?
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In such a case the values of a and b can be calculated as under —

Since XY =naq,

a=—
n

Since IXY =bXX?

XY
0= 5%
Example 4:
Fit a straight line frend to the following data by Least Square Method and estimate the sale for the year
2012:
Year 2005 2006 2007 2008 2009 2010
Sale (in'000s) 70 80 926 100 95 114
Solution :
Table : Calculation of frend line
Year Sales Deviations from Deviations X? XY
Y 2007.5 multiplied by 2 (X)
2005 70 -2.5 -5 25 -350
2006 80 -1.5 -3 9 -240
2007 926 -5 -1 1 -96
2008 100 +.5 +1 1 100
2009 95 +1.5 +3 9 285
2010 114 +2.5 +5 25 570
XY =555 *X2=70 XY =269
N=46

Equation of the straight line trend is Y_ = a + bX

— =925

XY 555
d=——=
N 6
_IXY 269
X* 70

3.843

. Trend equationis Y_=92.5 + 3.843X

For2012, X=9

Y, =92.5+3.843x9 =925+ 34.587
= 126.59 (in ‘0003)

2012
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Example 5:

Fit a straight line trend to the following data and estimate the likely profit for the year 2012. Also calculate

the frend values.

Year 2003 2004 2005 2006 2007 2008 2009
Profit (in lakhs of ) 60 72 75 65 80 85 95
Solution:
Table : Calculation of Trend and Trend Values
Year Profit Deviation X? XY Trend Values
Y from 2006 (Y.=a+DbX)
X [Y.=76+4.85X]

2003 40 3 -180 76+ 4.85(-3) = 61.45

2004 70 2 4 -144 76+ 4.85 (-2) = 66.30

2005 75 -1 1 -75 76+ 4.85(-1)=70.15

2006 65 0 0 0 76 +4.85(0)=76

2007 80 1 1 80 76 +4.85(1) =80.85

2008 85 4 170 76 +4.85(2)=85.70

2009 95 9 285 76 +4.85(3) =90.55

Yy =532 rX2=128 YXY=136
N=7

The equation for straight line trend is Y_= a + bX

Where

¥x=0;

=105.10

IV

N

_EXY
T oex?

532 _
2

_16_ s

28

y_ =76+ 485X
For 2012, x = 6 (2012 - 2006)
y.=76+485(6) =76+29.10

76

The estimated profit for the year 2012 is ¥ 105.10 lakhs.

Example 6 :
Fit a straight line trend to the following data by Least Squares method and estimate exports for the year
2012.
Year 2003 2004 2005 2006 2007 2008 2009
Exports (in fons) 47 50 53 65 62 64 72
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Solve by :

(1) taking 2005 as the year of origin

(2) taking middle year of the time series as origin and also verify the result.

Solution :
Table (1) Trend by taking 2005 as origin
Year Exports Deviation X2 XY
(in tons) (Y) from 2005 X
2003 47 2 4 -94
2004 50 -1 1 -50
2005 53 0 0 0
2006 65 1 1 65
2007 62 2 4 124
2008 64 3 9 192
2009 72 4 16 288
XY =413 X =07 ¥X?=35 YXY =525

Equation of a straight line frend is.

Y. =a+bX

To get the value of a and b, the following two normal equations have to be solved simultaneously—

XY = Na + bxX
XY = gEX + bXX?
413=7a+7b
525 =7a + 356

Subtracting equation (1) from equation (2), we get

112=28b

b=

12
28

putting the value of b in equation 1

413=7a+7x4

70 =413-28
7a =385

_ 385 _
7

a 55

Equation for straight line frend is

Y_= 55+ 4X (origin 2005)
For 2005, X =7

Y. =55+4X7=055+28=83tons
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Table : Finding the frend line by taking middle year (2006) as origin

Year Exports Deviation X2 XY
(in tons) from 2006 (X)

2003 47 -3 -141
2004 50 2 4 -100
2005 53 -1 1 -53
2006 65 0 0 0

2007 62 1 1 62

2008 64 2 4 128
2009 72 3 9 216

413 X =0 X2 =128 IXY=112

The equation of the straight line trend is

Y. =a+bX
XY 413
i =1() :—:—:59
Since XX =0; a N 7
ZXY_E_4
b= yx2" 28

The frend line is Y_= 59 + 4X (origin 2006)
For2012X=6,s50Y,,. =59 +4(6) =59 + 24
Y =83

The expected exports for the year 2012 are 83 tons.

2012

Note : We see that though frend line equations are different depending upon the year of origin, but the
frend values would come out to be the same.

Example 7 :
Fit the Straight Line Trend by method of least squares and estimate the sales for 2012.
Year 2006 2007 2008 2009 2010 2011
Sales 12 13 14 15 22 26
Solution :
Table : Calculation of Trend & Trend Values
Year Sales Deviations from | X =2X’ X2 XY Y_ = a+bx
2008.5 (X')
2006 12 -2.5 -5 25 -60 17+ 1.4(-5)=10
2007 13 -1.5 -3 9 -39 17+ 1.4(-3)=12.8
2008 14 -0.5 -1 1 -14 17 +1.4(-1)=15.6
2009 15 0.5 1 1 15 17+1.4(1)=18.4
2010 22 1.5 3 9 66 17 +1.4(3)=21.2
2011 26 2.5 5 25 130 17 +1.4(5) =24.0
102 XX'=0 *X=0 xX?=70 | XY =98
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The equation of the straight line trend is

Yc=o+bX
Since £x=0,q = 2 =12 _;
nce =0,a-= N = N =
_IXY _98 .,

x? 70

The frend lineis Y_=17 + 1.4X
(i) For2012X=7,s0Y, . =17 +1.4(7)=17+9.8
Y=26.8

[Note : The deviations are taken from the middle year 2008.5 to reduce the calculations & then the resultant
figures are multiplied by 2, to make calculations less cumbersome]

2012

Example 8:

Below are given the figures of sales in thousand quintals of a firm operating in the sugar industry :
Year 2001 2003 2005 2007 2009
Sales in’000 quintals 70 90 100 130 170

(i) Fit straight line frend to these figures using the least squares method
(i) Estimate the sales of the firm for the year 2012

(i) Whatis the annual increase or decrease in the expected sales of the firm?

Solution :

(i) Table : Calculation of Trend & Trend Values
Year Salesin ‘000 Deviations from X2 XY

quintals (Y) 2005 (X)
2001 70 -4 16 -280
2003 90 2 4 -180
2005 100 0 0 0
2007 130 2 4 260
2009 170 4 16 680
YY=560 0 YX?=40 YXY=480

The equation of the straight line trend is

Yc=o+bX
Si X =0; —Z—Y—S—éo—HQ
nce =0,a-= N = 5 =
_ XY _480 .,
¥X? 40

The trend lineis Y_= 112 + 12X
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(i)  For2012X=7,50Y,,,=112+12(7)
Y =196.
(i) The annualincrease in the expected, sales of the firmis 12 (‘000 quintals)
Example 9:
The sales of a commodity (in ‘000 of %) are given below :
Year 2001 2002 2003 2004 2005 2006 2007
Sales (in’000 of %) 82 86 81 86 92 90 99

(il Using the method of least squares, fit a straight line equation to the data
(i)~ Whatis the average annual change in the sales?

(i)  Obtain the trend values for the years 2001-2007 and show that the sum of difference between the
actual and the frend values is equal to zero.

(V)

What are the expected sales for the year 2012 2

Solution:
Table : Calculation of frend values
Year Sales (in '000 Deviations from X2 XY Trend values Y=Y,
of%) (Y) 2002 (X) Y_=88+2.5X
2001 82 -3 -246 88 +2.5(-3) =80.5 1.5
2002 86 2 -172 88 +2.5(-2) =83.0 3.0
2003 81 -1 1 81 88 +2.5(-1) =85.5 -4.5
2004 86 0 0 0 88 +2.5(0) =88.0 2.0
2005 92 1 1 92 88 +2.5(1)=90.5 1.5
2006 90 2 4 180 88 +2.5(2) =93.0 -3.0
2007 99 3 9 297 88 +2.5(3)=95.5 3.5
YY=616 rX=0 rX?=28 XXY=70 XY-Y =0
(i) The equation of the straight line trend is
Y.=a+bX
SincexX=0;a= XY =E=
' rX* 28

The frend line is Y_= 88 + 2.5X

(i)  The average annual change in salesis 2.5 x 1000 =¥ 2,500

(i) - Sum of difference between the actual- (Y) and trend line (Y_) is equal to

(Y -Y_) =0 asshownin last column of the table.
(iv] Expectedsales forthe year2012 —
For2012X=8,s0Y,,, =88+ 2.5(8) =88+ 20
Y=%108
The expected sales for the year 2012is3 1,08,000.

2012
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Example 10:

Fit a straight line trend by the method of least squares taking year 2008 as origin, and estimate the sales for
the year2012 :

Year 2006 2007 2008 2009 2010 2011
Sales (crores) 24 26 28 30 44 52
Solution :

Table : Straight line tfrend by Method of Least Squares

Year Sales (crores) Deviation X2 XY
from 2002 (X)

2006 24 2 4 -48
2007 26 -1 1 26
2008 28 0 0 0

2009 30 1 1 30
2010 44 2 4 88
2011 52 3 9 156

YY=204 XX =3 IX2=19 XY =200

equation of a straight line frend is

Y.=a+bX

To get the value of a and b, the following two normal equations have to be solved simultaneously—
XY = Na + bxX

XY = g¥X + bxX?

204=6a+3b ... (1)

200=3a+ 196 ... (2)

Multiplying equation (2) by 2 and subtracting from equation (2), we get

-196=-35b

196

= =5.46
6 -35

Putting the value of b in equation 1
204 = 6a + 3 X (5.6)

204 =6a +16.8
6a=204-16.8

187.2
=972 319
9= 7%

Equation for straight line frend is
Y_=31.2+ 5.6 X (origin 2008)
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For2012, X=4

Y. =312+56X4=312+224=53.6

Thus, the estimated, sales for the year 2012 is 53.6 crores.
Example 11:

Fit a straight line frend to the following data by least squares method :

2001 2003 20056 2007 2009
18 21 23 27 16

(i) Estimate sales for the year 2012.

(il Whatis the annual increase/decrease in the frend values of sales 2

Solution :
Table : Least Squares Method
Exports Deviation X2 XY
(in tons) from 2005 X
2001 18 -4 16 -72
2003 21 2 4 -42
2005 23 0 0 0
2007 27 2 4 54
2009 16 4 16 64
XY=105 *X=0 ¥X2=40 XY =4

(i) The equation of the straight line trend is

Y.= a+bX
Si ¥X=0; —Z—Y—ﬁ—m
ince =0;a= N5 o
IX? 40

The trend line is Y_= 21 + 0.1X (origin 2005)

For2012X=7,s0Y,,,=21+0.1(7) =21 +0.7

Y= 217

The expected sales for the year2012is321.7 lakh

(il The annual increase in the tfrend values of sales (as given by b) isT 0.1 lakh i.e. ¥ 10,000.

SELF EXAMINATION QUESTIONS

Problem 1: What are the different components of a fime series? Describe briefly each of these
components 2

Problem 2:  Briefly describe various components of time series. Give the additive & multiplicative
models of fime series.

Problem 3: What is ‘secular frend 2 What is the use of studying it ¢ List two methods of measuring
frend.
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Study Note - 9

PROBABILITY _ﬁ—

This Study Note includes

9.1 General Concept

9.2 Some Useful Terms

9.3 Measurement of Probability
9.4 Theorems of Probability

9.5 Bayes’ Theorem
9.6 ODDS

9.1 GENERAL CONCEPT

The concept of probability is difficult to define in precise terms. In ordinary language, the word probable
means likely or chance. The probability theory is an important branch of mathematics. Generally the word,
probability, is used to denote the happening of a certain event, and the likelihood of the.occurrence of
that event, based on past experiences. By looking at the clear sky, one will say that there will not be any
rain today. On the other hand, by looking at the cloudy sky or overcast sky, one will say that there will be
rain today. In the earlier sentence, we aim that there will not be rain and in the latter we expect rain. On
the other hand a mathematician says that the probability of rain is 0 in the first case and that the probability
of rainis 1 in the second case. In between 0 and 1, there are fractions denoting the chance of the event
occurring.

If a coin is tossed, the coin falls dawn. The coin has two sides ; head and tail. On tossing a coin, the coin
may fall down either with the head up or tail up. A coin, on reaching the ground, will not stand on its edge
or rather, we assume ; so the probability of the coin coming down is 1. The probability of the head coming
up is 50% and the tail coming up is 50% ; in other words we can say the probability of the head or the tail

coming up is % % ince ‘head’ and ‘tail’ share equal chances. The probability that it will come down head
or tail is unity.

9.2 SOME USEFUL TERMS

Before discussing the theory of probability, let us have an understanding of the following terms :

9.2.1. Random Experiment or Trial :

If an experiment or trial can be repeated under the same conditions, any number of fimes and it is possible
to count the total number of outcomes, but individual result i.e. individual outcome is not predictable.
Suppose we toss a coin. Itis not possible to predict exactly the outcomes. The outcome may be either head
up or tail up. Thus an action or an operation which can produce any result or outcome is called a random
experiment or a trial.

9.2.2. Event:

Any possible outcome of a random experiment is called an event. Performing an experiment is called trial
and outcomes are termed as events.

An event whose occurrence is inevitable when a certain random experiment is performed, is called a sure
event or certain event. At the same time, an event which can never occur when a certain random experiment
is performed is called an impossible event. The events may be simple or composite. An event is called
simple if it corresponds to a single possible outcome. For example, in rolling a die, the chance of getting 2
is a simple event. Further in tossing a die, chance of getfting event numbers (1, 3, 5) are compound event.
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9.2.3. Sample space

The set or aggregate of all possible outcomes is known as sample space. For example, when we roll a die,
the possible outcomes are 1, 2, 3, 4, 5, and 6 ; one and only one face come upwards. Thus, all the outcomes—
1,2, 3,4, 5and 6 are sample space. And each possible outcome or element in a sample space called
sample point.

9.2.4. Mutually exclusive events or cases :

Two events are said to be mutually exclusive if the occurrence of one of them excludes the possibility of the
occurrence of the otherin a single observation. The occurrence of one event prevents the occurrence of
the other event. As such, mutually exclusive events are those events, the occurrence of which prevents the
possibility of the other to occur. All simple events are mutually exclusive. Thus, if a coin is fossed, either the
head can be up or tail can be up; but both cannot be up at the same fime.

Similarly, in one throw of a die, an even and odd number cannot come up at the same fime. Thus two or
more events are considered mutually exclusive if the events cannot occur together.

9.2.5. Equally likely events :
The outcomes are said to be equally likely when one does not occur more often than the others.

Thatis, two or more events are said to be equally likely if the chance of their happening is equal. Thus, in a
throw of a die the coming up of 1, 2, 3, 4, 5 and é is equally likely. For example, head and tail are equally
likely events in tossing an unbiased coin.

9.2.6. Exhaustive events

The total number of possible outcomes of a random experiment is called exhaustive events. The group of
events is exhaustive, as there is no other possible outcome. Thus tossing a coin, the possible outcome are
head or tail ; exhaustive events are two. Similarly throwing a die, the outcomes are 1, 2, 3, 4, 5 and 6. In
case of two coins, the possible number of outcomes are 4 i.e. (2?),i.e., HH, HT TH and TT. In case of 3 coins,
the possible outcomes are 2°=8 and so on. Thus, in a throw of n” coin, the exhaustive number of case is 2".

9.2.7. Independent Events

A set of eventsis said to be independent, if the occurrence of any one of them does noft, in any way, affect
the Occurrence of any otherin the set. Forinstance, when we toss a coin twice, the result of the second toss
will in no way be affected by the result of the first toss.

9.2.8. Dependent Events

Two events are said to be dependent, if the occurrence or non-occurrence of one eventin any trial affects
the probability of the other subsequent trials. If the occurrence of one event affects the happening of the
other events, then they are said to be dependent events. For example, the probability of drawing a king
from a pack of 52 cards is 4/52, ; the card is not put back ; then the probability of drawing a king again is
3/51.Thus the outcome of the first event affects the outcome of the second event and they are dependent.
But if the card is put back, then the probability of drawing a king is 4/52 and is an independent event.

9.2.9. Simple and Compound Events

When a single event take place, the probability of its happening or not happening is known as simple
event.

When two or more events take place simultaneously, their occurrence is known as compound event
(compound probability) ; for instance, throwing a die.

9.2.10. Complementary Events :

The complement of an events, means non-occurrence of A and is denoted by A . A contains those points
of the sample space which do not belong to A. Forinstance let there be two events A and B. A is called the
complementary event of B and vice verse, if A and B are mutually exclusive and exhaustive.
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9.2.11. Favourable Cases

The number of outcomes which result in the happening of a desired event are called favourable cases to
the event. For example, in drawing a card from a pack of cards, the cases favourable to “getting a
diamond” are 13 and to “getting an ace of spade” is only one. Take another example, in a single throw of
a dice the number of favourable cases of getting an odd number are three -1,3 and 5.

9.3 MEASUREMENT OF PROBABILITY

The origin and development of the theory of probability dates back to the seventeenth century. Ordinarily
speaking the probability of an event denotes the likelihood of its happening. A value of the probability is a
numberranges between 0 and 1. Different schools of thought have defined the term probability differently.
The various schools of thought which have defined probability are discussed briefly.

9.3.1. Classical Approach (Priori Probability)

The classical approach is the oldest method of measuring probabilities and has its origin in gambling
games. According to this approach, the probability is the ratio of favourable events to the total number of
equally likely events. If we toss a coin we are certain that the head or tail will come up. The probability of

the coin coming down is 1, of the head coming up is % and of the tail coming up is % It is customary to

describe the probability of one event as 7" (success) and of the other event as ‘q’ (failure) as there is no third
event.

_____Number of favourable cases
Totalnumber of equally likely cases

If an event can occurin ‘a’ ways and fail fo occur in ‘b’ ways and these are equally to occur, then the

a
probability of the event occurring, 3 is denoted by P. Such probabilities are also known as unitary or

+b

theoretical or mathematical probability. P is the probability of the event happening and g is the probability
of its not happening.

P _ b
" a+b R
Hence P+qg= d + b _a+b_
" (a+b) (a+b) a+b
Therefore
P+g=1.1-p=q, 1-g=p

Probabilities can be expressed either as ratio, fraction or percentage, such as - or 0.5 or 50%
9.3.1.1. Limitations of Classical Approach:

1. This definition is confined to the problems of games of chance only and cannot explain the problem
other than the games of chance.

2. We cannot apply this method, when the total number of cases cannot be calculated.
3.  When the outcomes of a random experiment are not equally likely, this method cannot be applied.

4. Itis difficult o subdivide the possible outcome of experiment into mutually exclusive, exhaustive and
equally likely in most cases.
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Example 1:

What is the chance of getting a king in a draw from a pack of 52 cards?

Solution :
The total number of cases that can happen
=52 (52 cards are there).

Total number of kings are 4 ; hence favourable cases=4 Therefore probability of drawing a king =% %
Example 2:

Two coins are tossed simultaneously. What is the probability of getting a head and a tail 2

Solution :

The possible combinations of the two coins turning up with head (H) or tail (T) are HH, HT, TH, TT. The favourable
ways are two out of these four possible ways and all these are equally likely to happen.

2 1
Hence the probability of getting a head and a tail is 17
Example 3 :

One cardis drawn at random from a well-shuffled pack of 52 cards. What is the probability that it will be (a)
a diamond (b) a queen 2

Solution :

(a) There are 13 diamond cards in a pack of 52 cards. The number of ways in which a card can be drawn
from that pack is 52. The number favourable to the event happening is 13.

Hence probability of drawing a diamond
131
52 4
(b) There are 4 queens in the pack ; and so the number of ways favourable to the event = 4

4 1
The probability = 513

Example 4 :

Two cards are drawn from a pack of cards at random. What is the probability that it will be (a) a diamond
and a heart (b) a king and a queen (c) two kings 2

Solution :

(a) The number of ways of drawing 2 cards from out of 52 cards

g, 222X o4y s
1x2
The number of ways of drawing a diamond and a heart
=13x13
The required probability
_13x13_ 13
S 26x51 102
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(b) The number of ways of drawing a king and a queen =4 x 4
The required probability

_4x4 6
T 26x51 663

) Twoki be d fof 4kingsin ‘Cmd = 1A AXSDX]_ g0
C WO KINgS can pbe drawn out O INgs IN = 4- Q-Q_Q-Q_Zx]xzx]:

The probability of drawing 2 kings

6 _1
26x51 221
Example 5:

A bag contains 7 red, 12 white and 4 green balls. What is the probability that :
(a) 3 balls drawn are all white and
(b) 3 balls drawn are one of each colour ¢
Solution :
(a) Total number of balls
=7+12+4=23
Number of possible ways of drawing 3 out of 12 white
="C,
Total number of possible ways of drawing 3 out of 23 balls
— 23c3

12

0
Therefore, probability of drawing 3 white balls =%—ﬁ= 0.1242
3

(b) Number of possible ways of drawing 1 out of 7 red —’C, Number of possible ways of drawing 1 out of
12 white = 12C, Number of possible ways of drawing 1 out of 4 green - “C,

Therefore the probability of drawing balls of different colours
7Gx PCx*C,  7x12x4
2C, 1771
=0.1897
9.3.2. Relative Frequency Theory of probability :

Classical approach is useful for solving problems involving game of chances—throwing dice, coins, etc.
but if applied to other types of problems it does not provide answers. For instance, if a man jumps from a
height of 300 feet, the probability of his survival will, not be 50%, since survival and death are not equally
alike.

Similarly, the prices of shares of a Joint Stock Company have three alternatives i.e. the prices may remain
constant or prices may go up or prices may go down. Thus, the classical approach fails to answe questions
of these type.

If we toss a coin 20 tfimes, the classical probability suggests that we; should have heads ten times. But in
practice it may not be so. These empirical approach suggests, that if a coin is fossed a large number of
time, say, 1,000 fimes, we can expect 50% heads and 50% tails. Vor Miscs explained, “If the experiment be
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repeated a large number of times under essentially identical conditions, the limiting value of the ratio of
the number of times the event A happens to the total, number of trials.of the experiments as the number of
frials increases indefinitely, is called the probability of the occurrence of A”.

Thus, P(A )= Lan r:_

The happening of an event is determined on the basis of past experience or on the basis of relative frequency
of success in the past. Forinstance, a machine produces 10% unacceptable articles of the total output. On
the basis of such experience or experiments, we may arrive at that (i) the relative frequency obtained on
the basis of past experience can be shown to come very close to the classical probability. For example, as
said earlier, a coinis fossed for 6 times, we may not get exactly 3 heads and 3 tails. But, the coin is tossed for
larger number of times, say 10,000 times, we can expect heads and tails very close to 50% (ii) There are
certain laws, according to which the ‘occurrence’ or ‘non-occurrence of the events take place. Posterior
probabilities, also called Empirical Probabilities are based on experiences of the past and on experiments
conducted. Thus, relative frequency can be termed as a measure of probability and it is calculated on the
basis of empirical or statistical findings. For instance if a machine produces 100 articles in the past, 2 particles
were found to be defective, then the probability of the defective articles is 2/100 or 2%.

9.3.2.1. Limitations of Relative Frequency Theory of Probability:

1. The experimental conditions may not remain essentially homogeneous and identical in a large number
of repetitions of the experiment.

The relative frequency —, may not attain a unique value no matter however large N may be.
Probability P(A) defined can never be obtained in practice. We can only attempt at a close estimate
of P(A) by making N sufficiently large.

Example é:

An urn contains 8 white and 3 red balls. If two balls are drawn at random, find the probability that (a) both
are white, (b) both are red and (c) one is of each colour.

Solution :
Total number of balls in the urn =8 + 3 =11

Two balls can be drawn out of 11 balls in ''C, ways.

e~ _11x10
Exhaustive number of cases = C2 = 2 =55.
sC _8x7 o8
() Two white balls to be drawn out of 8 white, can be done in =2 =75 ~“% ways.

28
The probability that both are white = =§

(b) Two red balls to be drawn out of 3 red balls can be done in °C,=3 ways.

3
Hence, the probability that both are red =%s

(c) The number of favourable cases for drawing one white ball and one red ball is
8C x*C =8x3=124.
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24
Therefore, the probability (one red and one white) =55

Example 7 :

Tickets are numbered from 1 to 100. They are well shuffled and a ticket is drawn at random. What is the
probability that the drawn ficket has :

(a) aneven number,
(b) a number 5 or a multiple of 5,
(c) anumber which is greater than 75,

(d) anumber which is asquare 2

Solution :

(a) The total number of exhaustive, mutually exclusive and equal cases is 100. There are 50 even numbered
fickefts.

Therefore, favourable cases to the event is 50.
Theref th babilit 01
erefore, the proba ||y—]00—2

(b) Suppose A denotes the number of happenings that the drawn ticket has a number 5 or a multiple of
5.These are 20 cases i. e., 5, 10, 15, 20,...100.

20 1
P(A)= =~
Therefore, (A) T00°3

(c) There are 25 cases, which have a number greater than 75. Say A will denote it.
25 1

PA)=—=—

Therefore,  P(A) 100"2

(d) There are 10 favourable cases which give squares between 1 and 100i.e., 1, 4, 9, 16, 25, 36, 49, 64, 81,
100.

10 1
PA)=——=—
Therefore, P(A) 100°10

Example 8 :

Four cards are drawn from a pack of 52 cards without replacement. What is the probability that they are alll
of different suits ¢

Solution :

The required probability would be :

39 26 13 2197

_X_ —_—

51750 49 20,825
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9.4 THEOREMS OF PROBABILITY

We have studied what probability is and how it can be measured. We dealt with simple problems. Now
we shall consider some of the laws of probability fo tackle complex situation. There are two important
theorems, viz., (1) the Addition Theorem and (2) the Multiplication Theorem.

9.4.1. Addition Theorem :

The simplest and most important rule used in the calculation is the addition rules, it states, “If two events
are mutually exclusive, then the probability of the occurrence of either A or B is the sum of the probabilities
of A and B. Thus,

P(A orB)=P(A)+P(B)

Example 9 :

A bag contains 4 white, 3 black and 5 red balls. What is the probability of getting a white or a red ball at
random in a single draw ¢

Solution :
4
The probability of getfting a white ball = I
. . 5
The probability of getting a red ball = D)
Th bability of hit d ‘—+i_i
e probability of a white or a red =2+75=15
or i><]OO—757
12 °

When events are not mutually exclusive

The addition theorem studied above is not applicable when the events are not mutually exclusive. In such
cases where the events are not mutually exclusive, the probability is :

P(A or B) =P(A) + P(B) - P(A and B)

Example 10:

Two students X and Y work independently on a problem. The probability that A will solve it is 3/4 and the
probability that Y will solve it is 2/3. What is the probability that the problem will be solved ¢

Solution :

P(A orB)=P(A)+P(B)-P(A and B)
The probability that X will solve the problem is = 3/4
The probability that Y will solve the problem is—2/3

The events are not mutually exclusive as both of them may solve the problem.

3,2 3.2
4 3 473
Therefore, the probability = 17 ¢ 11
12 12 12
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Alternatively:
The probability that X will solve it and Y fail to solve it = 3/4 x 1/3=3/12

2 3
.. Probability that the problem will be solved =—+]—=—

Alternatively
The probability that X will fail to solve and will Y solve it
=1/4x2/3=2/12

oo . — 3 2 — e
.. Probability that the problem will be solved= 4+ 2" 12 12

Alternatively :

T 1 1
The probability that neither X nor Y will solve it ngzﬁ

Hence, the probability that the problem will be solved

[

1212
9.4.2. Multiplication

When it is desired to estimate the chances of the happening of successive events, the separate probabilities
of these successive events are multiplied. If two events A and B are independent, then the probability that
both will occuris equal to the product of the respective probabilities. We find the probability of the happening
of two or more events in succession.

Symbolically :
P(A and B)=P(A)xP(B)
Example 11:

In two tosses of a fair coin, what are the chances of head in both 2

Solution :

Probability of head in first toss = 1/2

Probability of head in the second toss = 1/2
Probability of head in both tosses = 1/2x1/2 -1/4

Example 12:

The probability that X and Y will be alive ten years hence is 0.5 and 0.8 respectively. What is the probability
that both of them will be alive ten years hence 2

Solution :

Probability of X being alive ten years hence = 0.5

Probability of Y being alive ten years hence = 0.8

Probability of X and Y both being alive ten years hence =.5x.8=0.4
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When events are dependent :

If the events are dependent, the probability is conditional. Two events A and B are dependent ; B occurs
only when A is known to have occurred.

P (B| A) means the probability of B given that A has occurred.

_PAB). . A _P(AB)
PBIA) = P(A) P B P(B)
Example 13 :

A man want to marry a girl having qualities: White complexion the probability of getting such girlis 1 in 20.
Handsome dowry - the probabihty of gefting is 1 in 50. Westernised style - the probability is 1 in 100.

Find out the probability of his getting married to such a girl, who has all the three qualities.

Solution :

1
The probability of a girl with white complexion=% or 0.05. The probability of a girl with handsome dowry

1 1
=5g ©F 0.02. The probabihty of a girl with westernised style =700 " 0.01. Since the events are

independent, the probabihty of simultaneous occurrence of all three qualities =

LXLXL=O.05XO.02X0.0]=0.OOOO]
20 50 100

Example 14 :

A university has to select an examiner from a list of 50 persons, 20 of them women and 30 men, 10 of them
knowing Hindi and 40 not. 15 of them being teachers and the remaining 35 not. What is the probability of
the University selecting a Hindi-knowing women teacher ¢

Solution :

20
Probability of selecting a women )

15
Probability of selecting a teacher =5

1
Probability of selecting a Hindi-knowing candidate )

Since the events are independent the probabihty of the University selecting a Hindi-knowing woman teacher

Example 15:

A ball is drawn at random from a box containing é red balls, 4 white balls and 5 blue balls. Determine the
probability that it is :

(i) Red (i) white, [iii) Blue, (iv) Not Red and (v) Red or White.
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Solution :

_ No.offavourablecases
TotalNo.ofequallylikely cases

6
(i)  Probability of Red =15 or 0.40

4
(i)  Probability of white T or 0.267

5
(i) Probability of Blue=ﬁ A or 0.333

9
(iv) Probability of not Red =15 or 0.60

10
(v) Probability of Red and White =— or 0.667

15
9.5 BAYES' THEOREM

This theorem is associated with the name of Reverend Thomas Bayes. It is also known as the inverse
probability. Probabilities can be revised when new information pertaining to a random experiment is
obtained. One of the important applications of the conditional probability is in the computation of unknown
probabilities, on.the basis of the information supplied by the experiment or past records. That is, the
applications of the results of probability theory involves estimating unknown probabilities and making
decisions on the basis of new sample information. This concept isreferred to as Bayes’ Theorem. Quite often
the businessman has the exira information on a particular event, either through a personal belief or from
the past history of the events. Revision of probability arises from a need to make better use of experimental
information. Probabilities assigned on the basis of personal experience, before observing the outcomes of
the experiment are called prior probabilities. For example, probabilities assigned to past sales records, to
past number of defectives produced by a machine, are examples of prior probabilities. When the probabilities
are revised with the use of Bayes’ rule, they are called posterior probabilities. Bayes’ theorem is useful in
solving practical business problems in the light of additional information. Thus popularity of the theorem
has been mainly because of its usefulness in revising a set of old probability (Prior Probability) in the light of
additional information made available and to derive a set of new probabilily (i.e. Posterior Probability)

Bayes' Theorem : An event A can occurre only if one of the mutually exclusive and exhaustive set of events
B.B, ... B, occurs. Suppse that the unconditional probabilities
P(B,). P(B,). ... P(B)
and the conditional probabilities
P(A/B,). P(A/B,), ....P(A/B)

are known. Then the conditional probability P(B/A) of a specific event B, when Ais stated to have actually
accquared, is given by

P(B.).P(A/B,)

P(B,).P(A/B)

P(Bi /A)=
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This is known as Bayes’ Theorem.
The following example illustrate the application of Baye’s Theorem.
The above calculation can be verified as follows :

If 1,000 scooters were produced by the two plants in a particular week, the number of scooters produced
by Plant | & Plant Il are respectively :

1,000 x 80% = 800 scooters

1,000 x 20% = 200 scooters

The number of standard quality scooters produced by Plant | :

800 x 85/100 = 680 scooters

The number of standard quality scooters produced by Plant Il :

200 x 65/100 = 130 Scoofers.

The probability that a standard quality scooter was produced by Plant | is :

680 680 68

T680+130 810 8l
The probability that a standard quality scooter was produced by Plant Ilis :

__130 130 13
"~ 680+130 810 81

The same process i.e. revision can be repeated if more information is made available. Thus it is a good
theorem in improving the quality of probability in decision making under uncertainty.

Example 16 :

You note that your officer is happy on 60% of your calls, so you assign a probability of his being happy on
your visit as 0.6 or 6/10. You have noticed also that if he is happy, he accedes to your request with a
probability of 0.4 or 4/10 whereas if he is not happy, he acedes to the request with a probability of 0.1 or D

1
or 0 You call one day, and he accedes to your request. What is the probability of his being happy 2
Solution :

Let- H be the Hypothesis that the officer is happy and { the Hypothesis that the officer is not happy
6 = 4
PH=— PH)=—
(H) 0 (H) 0

Let A be the event that he accedes to request

P(A/H)=%, P(A/ﬁ)=%

To find P(H/A), according to Baye's Theorem,

6 4

PH/A) = PHXPOY ___10"10
) Apiicp A 6 A4 4T
P(H) x P(A,) + P(H) xP = 1676770°0
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__ 100 _24_6_
_ﬁ+i_28_7_0.857
100 100

Example 17 :

A company has two plants to manufacture scooters. Plant | manufactures 80% of the scooters and plant I
manufactures 20%. At Plant |, 85 out of 100 scooters are rated standard quality or better. At Plant Il, only 65
out of 100 scooters are rated standard quality or better. What is the probability that the scooter selected at
random came from Plant | if it is known that the scooter is of standard quality ¢

What is the probability that the scooter came from Plant Il if it is known that the scooter is of standard
quality.

Solution :

Let A, be the event of drawing a scooter produced by Plant | and A, be the event of drawing a scooter
produced by Plant II. B be the event of drawing a standard quality scooter produced by either Plant | or
Plant i

Then, from the first information :

80
P(A,)=—==80%=0.80
al 100 %

20
P(A,)=—==20%=0.2
(A 100 %

From the additional information :

85
PBIA)=150

=85%; P(B|A,)=65%
00 20%: PBIA;) =657

The required values are computed in the following table :

Event Prior Conditional Joint Posterior Probability
Probability(2) Probability(3) Probability (4) (Revised)(5) [4 + P(B)]
A 0.80 0.85 0.68 068_¢8
' ' ' ' 0.81 81
0.13 13
A, 0.20 0.65 0.13 W=§
1 P(B) =0.81 1

From the first information we may say that the standard scooteris drawn from Plant | since P(A)=80%
which is greater than P(A,) = 20%,

From the additional information i.e. at Plant I, 85 out of 100 and at Plant Il 65 out of 100 are rated standard
quality, we can give better answer, Thus we may conclude that the standard quality of scooter is more
likely drawn from the output by Plant |.
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Example 18 :

Box | contains three defective and seven non-defective balls, and Box Il contains one defective and nine
non-defective balls. We select a box at random and then draw one ball at random from the box.

(a) Whatis the probability of drawing a non-defective ball 2
(b) Whatis the probability of drawing a defective ball ¢

(c) Whatis the probability that box | was chosen, given a defective ball is drawn 2

Solution :

1
P(B,) or Probability that Box | is chosen = EP{B’) or

1
Probability that Box | is chosen =5

1
P(B,) or Probability that Box Il is chosen =5
P(D) - Probability that a defective Ball is drawn P(ND) = Probability that a non-defective Ball is drawn

Joint Probability

1 3 3 1 1 1
X —=— —X—=—
2 10 20 2 10 20
1.7 7 1.9 9
—X—=— X —=—
2 10 20 2 10 20

(a) P(ND)=P (Box|and non-defective) +P(Box Il non-defective)

16

1.7 1.9
= —X— 4+ —X—
2 10 2 10 20

(b) P(D) =P (Box | and defective) + P (Box Il and defective)

4

1.3 1.1
= —X— 4+ —X— =
2 10 2 10 20

(c) Bayes' Theorem:

PB /D)_P(BwondD)_:S/QO_E
T PD) T 4/20 4

P(B,) and P(B,) are called prior probabilities and P(B,/D) and P(B,/D) are called posterior probabilities. The
above information is summarised in the following table :
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Event Prior Probability | Conditional Probability

Joint Probability

Posterior Probability

1

B, 5 3/10 3/20 3/4
1

B, 5 1/10 1/20 1/4
1 4710 1

9.6 ODDS

We must know the concept of odds. The word odd is frequently used in statistics. Odds relate the chances
in favour of an event to the chances against it. For instance, the odds are 2 : 1 that A will get a job, means
that there are 2 chances that he will get the job and 1 chance against his getting the job. This can also be
converted into probability as getting the job = 2/3. Therefore, if the odds are a : b in favour of an event then
P(A) = a/(a+b). Further, it may be noted that the odds are a : b in favour of an event is the same as to say

that the odds are b : a against the event.

If the probability of an event is p, then the odds in favour of its occurrence are P to (1-p) and the odds

against its occurrence are 1-p fo p.

Example 19 :

Supposeitis 11 to 5 against a person who is now 38 years of age living till he is 73 and 5 to 3 against B who

is 43 Living till he is 78, find the chance that at least one of these persons will be alive 35 years hence.

Solution :

11
The probability that A will die within 35 years 16

5
The probability that B will die within 35 years =3
The probability that both of them will die within 35 years
1585
1678 128

The probability that both of them will not die i.e.

atleast one of them will be alive

55 73

128 128

or £x100=57%
128

Example 20 :

Two cards are drawn at random from a well-shuffled pack of 52 cards. What is the probability that :

(a) both are aces,
(b) both arered,

(c) atleastoneisan ace ¢
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Solution :
(a) Let A indicate the event of drawing 2 aces.

P A _paxp 2 ¢
A A

P(A) : drawing of an ace first

A
P R conditional probability of an ace at the second draw, given that the first was an ace.
Therefore,
pA _4pA_3

A 52 A 5]
A 4 3 3 12 ]

P —_ = X—=—=—
A 52 51 51 2652 221

(b) Let R indicate the event of drawing 2 red cards

PR _pRxP X

R R
_26,25_650 25
52751 2652 102

(c) Let E indicate the event of drawing an ace. Then the probability that at least an ace is drawn is
denoted by P(E). Probability of not drawing an ace :

PE —pExp &
E E

48 47 2256 188

52751 2652 221

Therefor, probability of drawing at least one ace
188 33

221 221

Example 21 :

The odds in favour of a certain event are 2 to 5 and the odds against another event independent of the
former are 5 to 6. Find the chance that one at least of the events will happen.

Solution :

The chance that the 1st event happens and the 2nd one does not happen

2_5 10
= X— =—
7

1

N

The chance that the 1st event does not happen and the 2nd happens.

5630

X— ===
7 177
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The chance that both the events happen

2 6 12
= X— =—
7

1 7

~N

The chance that one af least of the events will happen,

10 .30 1252

7777 77 77
Alternatively :

The first event does not happen

.25
7 7

The second event does not happen
6 5

n
~. The chance that both do not happen

5.5 25

77177

25 %2

7777

The chance that one at least will happen

Example 22 :

What is the chance that a leap year, selected af random will contain 53 Sundays 2

Solution:

As a leap year consist of 366 days it contains 52 complete weeks and two more days.
The two consecutive days make the following combinations :
(a) Monday and Tuesday

(b) Tuesday and Wednesday

(c) Wednesday and Thursday

(d) Thursday and Friday

(e) Friday and Saturday

(f)  Saturday and Sunday, and

(9) Sundayand Monday

If (f) or (g) occur, then the year consists of 53 Sundays.
Therefore the number of favourable cases = 2

Total number of cases =7

2
The probability = 7
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Example 23 :

A problem in statistics is given to three students A, B, C whose chances of solving it are 1/2, 1/3, 1/4
respectively. What is the probability that the problem will be solved 2

Solution:

11
The probability that A fails fo soive the problem =1—§=§

1 2
The probability that B fails o solve the problem =1—§=§

1 3
The probability that C fails to solve the problem =]_Z 7
1

2
The probability that the problem is not solved by A, B and C =§><§><

1
4

Alw

1
Therefore, the probability that the problem is solved =]_Z=

Nlw

Example 24 :
An ordinary die is fossed twice and the difference between the number of spots furned up is noted. Find the
probability of a difference of 3.
Solution :
The sample space consists of 36 values.
The event space has the following é cases : (1, 4), (2, 5), (3, 6), (4, 1), (5, 2). (6, 3)

. . 6
The required probability = 3%
Example 25 :

From a pack of 52 cards, two cards are drawn at random ; find the chance that one is a knave and the
other a queen.

Solution :
Sample space = *C,
Event space =‘C,x “C,

(as there are 4 queens and 4 knaves in the pack)

Required Probabilit ALACT:
eqguire rooapili = ST oA~ T4
4 Y 2C, 663

Example 26 :

A bag contains 7 red balls and 5 white balls. 4 balls are drawn at random. What is the probability that (i) all
of them are red ; (ii) two of them are red and two white 2
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Solution :

() Favourable cases ’C,, Exhaustive cases '°C,

‘C, 105 7

Probability =T=m—£

(i) Favourable cases ="C,x°C,

Exhaustive cases = "?C,

'C,x°C, _12x10_14
2C, | 495 33

Probability =

Example 27 :

A peftrol pump proprietor sells on an average ¥ 80,000 worth of petrol on rainy days and an average of
¥ 95,000 on clear days. Stafistics from the Metereological Department show that the probability is 0.76 for
clear weather and 0.24 for rainy weather on coming Monday. Find the expected value of petrol sale on
coming Monday.

Solution :
X, =%80,000; P, = 0.24
X,=%95000P,=0.76
The required probability =P, X, + P, X,
=0.24 X 80,000 + 0.76 X 95,000
= 19,200 + 72,200 =% 91,400.

The expected value of petrol sale on coming Monday =% 21,400

Example 28 :

A bag contains é white and 9 black balls. Two drawings of 4 balls are made such that (a) the Balls are
replaced before the second trial (b) the balls are not replaced before the second frial. Find the probability
that the first drawing will give 4 white and the second 4 black balls in each case.

Solution :

(a) When the balls are replaced before the second frial the number of ways in which 4 balls may be drawn
is °C,

The number of ways in which 4 white balls may be drawn = ¢C,
The number of ways in which 4 black balls may be drawn =7"C,

Therefore, the probability of drawing 4 white balls af first frial

‘C, 1

“TC, 91
The Second trial of drawing 4 black balls.

_9C4_9x8x7xéx 4 6
- - 4 15x14x13x12 65

]SC

4
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[ 6
Therefore the chance of the Compound event = —aXE—ﬁ

(b)  When the balls are not replaced :

At the first trial, 4 balls may be drawn in '*C, ways and 4 white balls may be drawn in ¢C, ways.

‘C 1
Therefore the chance of 4 white balls af first trial = =— (as above)

4 _
®C, 91
When 4 white balls have been drawn and removed, the bag contains 2 white and 9 black balls.

Therefore at the second trial, 4 balls may be drawn in ’C, ways and 4 black balls maybe drawn in ’C, ways
So, the chance of 4 black balls at the second trial

_9><8><7><6X 4! _21
B 4 11x10x9%x8 55

1 21 3
Therefore the chance of the compound event _EXE =5

Example 29 :

A salesman is known to sell a product in 3 out of 5 attempts while another salesman is 2 out of 5 attempts.
Find the probability that (i) No sale will be effected when they both try to sell the product and (ii) Either of
them will succeed in selling the product.

Solution :
Let the two salesmen be A and B.

P (A) = The probability that the salesman A is able to sell the

product = 5

2
P (B) = The probability that the salesman B is able to sell the product 5

3 2 6
() probability that no sale will be effected = ]—g ]—g =5

(i) probability that either of them will succeed in selling the product
2 3 219
=—t———X—=—
55 5 5 25
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Example 30:

A class consists of 100 students, 25 of them are girls and 75 boys, 20 of them are rich and remaining poor, 40
of them are fair complexioned. What is the probability of selecting a fair complexsioned rich girl @

Solution:

_0
100

Probability of selecting a fair complexioned student =

ol N

20
Probability of selecting a rich student =103

. . 25 1
Probability of selecting a girl =100 2

Since the events are independent, by multiplication rule of probability, the

12

2 1
probability of selecting a fair complexioned rich girl 5><5><4 100

Example 31:

Three groups of workers contain 3 men and one woman, 2 man and 2 women, and 1 man and 3 woman
respectively. One worker is selected at random from each group. What is the probability that the group
selected consists of 1 man and 2 woman 2

Solution :

There are three possibilities :

(il Man is selected from the first group and women from second and third groups; or
(il Manis selected from the second groups and women from first and third groups; or
(i) Man is selected from the third groups and women from first and second groups.

. the probability of selecting a group of one man & two woman

1
4

11
4 4

. .3 .2
_+ pa—
4 4

ENEN

.3
=+
4

Nw
ENGE N

18 6 2 13
=—+—+—= —.
64 64 64 32
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Study Note - 10
THEORETICAL DISTRIBUTION _ﬁ—

This Study Note includes

10.1 Theoretical Distribution
10.2 Binomial Distribution

10.3 Poisson Distribution
10.4 Normal Distribution

10.1 THEORETICAL DISTRIBUTION

Broadly speaking, the frequency distributions are of two types: Observed Frequency Distribution and
Theoretical Frequency Distribution. The distributions, which are based on actual data or experimentation
are called the observed frequency distribution. On the other hand, the distributions based on expectations
on the basis of past experience is known as Theoretical Frequency Distribution or Expected Frequency
Distribution or Probability Distributions. In short, the observed frequency distribution is based on actual
sample studies whereas the theoretical distribution is based on expectations on the basis of previous
experience or theoretical considerations. For example, we toss a coin 200 times. We may get 80 heads and
120 tails ; but our expectationis 100 heads and 100 tails, because the chance is 50% heads and 50% tails. On
the basis of this expectation we can test whether a given coin is unbiased or not. If a coin is tossed 100
times we may get 40 heads and 60 tails. This is our observation. Our expectation is 50% heads and 50% tails.
Now the question is whether this discrepancy is due to sampling fluctuation or is due to the fact that the
coinis biased. The word expected or expectation is used in the sense of an average. When a coin is tossed
for a large number of times, we will on an average get close to 50% heads and 50% tails. The following are
important distributions.

1. Binomial Distribution Discrete Probability Distribution
2. Poisson Distribution Discrete Probability Distribution
3. Normal Distribution Continuous Probability Distribution.

10.2 BINOMIAL DISTRIBUTION

This distribution was discovered by a Swiss mathematician Jame Bernoulli (1654-1705) and is also known as
Bernoulli Distribution. He discovered this theory and published it in the year 1700 dealing with dichotomous
classification of events one possessing and the other not possessing. The probability of occurrence of an
event is p and its non-occurrence is g. The distribution can be used under the following conditions :

1. The number of trials is finite and fixed.

2. In every triqil there are only two possible outcomes success or failure.

3. The frials are independent. The outcome of one trial does not affect the other trial.

4,

p. the probability of success from trial to frial is fixed and g the probability of failure is equal to 1-p. This
is the same in all the frials.

For instance, a card is drawn from a pack of 52 cards. The probability of getting a king is 4/52. Before a
second draw, the card drawn is replaced. But if the card is not replaced, we cannot have binomial
distribution.

Another example, a head or a tail can be had on a toss of coin ; a card drawn may be black orred ; an
item inspected from a batch may be defective or non-defective. In each experiment the outcome can be
classified as success or failure. Success is generally denoted by p and failure is 1 —p=q.
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If a single coin is tossed, the outcomes are two: head or tail Probability of head is 7 and tail is 7. Thus

(a+p) =(3+3) =1.

If two coins are thrown, the outcomes are four :

HH TH HT T
PP ap [ele] qq
p? 2pqg g?

Thus for two coins (p+qg)? =p?+2pg+qg2 This binomial expansion is called binomial distribution.

Thus when coins A and B are tossed, the outcomes are : A and B fall with heads up, A head up and B tails
up., A tail up and B head up and A and B fall with tail up.

Probability of 2 heads =p x p = p?
Probability of 1 head and 1 tail = (pxq) + (gxp) = (pg+pPQq) = 2pPqg
Probability of 2 tails = g x g = g% The sum is p?+ 2pq + g? as the expansion of (p+qg)>.

If three coins are tossed, the following are the outcomes (p+q)’= pP3+3p?q+3g%p+q° (p for head and g for
tail). The outcomes are :

HHH HHT HTH THH HTT THT TTH T
P P’q P’q ap? pg? pg? a’p o}
=p°+3p*q +3g°p + g’ = (p+q)*

1 1
When p = 5 and g = o the probability of outcome
1Y
§+§ =1/8+3/8+3/8+1/8=1.

Thus a simple rule to find out the probabilities of 3H, 2H, TH, OH is as follows:

1
3heads = P =(3) =5
2 1 1 3
2heads = 3p°g=3x(3) (5)25
2 a3
2head = 3pg® =3x(3)(3) =3
3 e
Ohead = 9°=(3) =3
Thus in term of binomial expansion it is
=P +q)

10.2.1. OBTAINING BINOMIAL COEFFICIENT

For n trials the binomial probability distribution consists of (n +1) ferms, the successive binomial coefficient
being "C_,"C,"C, ..."C_,, "C,.

To find the terms of the expansion, we use the expansion of (p+qg)". Since "C_ ="C =1, the first and last
coefficient will always be one. Binomial coefficient will be symmetric form. The values of the binomial
coefficient for different values of n can be obtained easily form Pascal’s friangle given below :
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PASCAL’'S TRIANGLE
(Showing coefficients of terms (p + q)”

Value of n Binomial coefficients Sum (2)
1 1 1 2
2 1 2 1 4
3 1 N3 3T 8
4 1 N 1 16
5 1 5 10 10 5 1 32
6 1 6 15 20 15 6 1 64
7 1 7 21 35 35 21 7 128
8 1 8 28 56 70 56 28 8 1 256
9 ] 9 W36 84 126 126 ~g4 36,7 512
10 1 10 45 "N120-7 210 252 210 20 45 10 1,024

It can be easily seen that taking the first and last terms as 1, each term in the above can be obtained by
addingthe two-terms on either side of it in the preceding line i.e. the line above it. For instance, in line four,
6 is obtained by adding 3 and 3 in the third line; in line ten, 120 is obtained by adding 36 and 84 and in the

same line 120 is obtained by adding 84 and 36
Probability for Number of Heads (Successes)

and so on.

Number of successes (x) Probability (p)
0 ncopoqn =q"
'| nclpqn—1
2 nc2p2qn—2
3 "C,p*qm?
r "C prgk
n ncnpnqo =p"

Example 1:

A coin is tossed six times. What is the probability of obtaining (a) 4 heads, (b) 5 heads, (c) 6 heads and

(d)getting 4 or more heads :
Solution :
(a) Probability of 4 heads

Ny
:6(:4pACI2 :]5X[§] [E] =0.234

(b) Probability of 5 heads

(1
= 6C5p5q = 6)( E] [E] = 0094
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(c) Probability of 6 heads
.l 0
—] =0.016

.l 6

E] 2

(d) Probability of getting 4 or more heads
=0.234 +0.094 + 0.016 = 0.344

= 6C6p6q0 =1x

Alternatively

Probability of getting atf least 4 heads (means we may get 4 heads or 5 heads or 6 heads)
p(x=4) =P(4)+P(5)+P(¢)

R R
el e el

6
_ [%] (C, +C, + °C,)

- ‘C,

1

= Lx 22 =0.344
64

Example 2 :

The average percentage of failure in a certain examination is 40. What is the probability that out of a group
of 6 candidates, at least 4 passed in the examination 2

Solution :

All the trials are independent. The number of pass in the examination may be minimum 4 or 5 or all of them
may pass.

P=1-q

9% 300 ¥

p=1-0.4=0.60
The probability of passing 4 or more candidates
ie. P(x>4) =P(x=4)+P (x=5)+P (x=46)
= P(4) + P(5) + P(6)
=¢C,(0.6)#(0.4)2+¢C,(0.6)°(.4) +C,(0.6)¢
= (15x0.1296 x0.16) + (6 x0.07776 x 0.4) + (0.046656)
=0.311040 + 0.186624 + 0.046656
=0.544320
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Example 3 :

Four coins are tossed simultaneously. What is the probability of gefting (a) 2 heads and 2 tails (6) atf least
two heads (c) at least one head.

Solution :

. .lx.|4—><
PMZQH&]

(a) Putting x =2

P(2)

It

Ny
O

N
—_—
N | —
—
—_—
N | —
e

(b) Atleast 2 heads mean minimum 2 or 3 or 4 heads. Therefore, the probability :

P(>2) =P,+P,+P,

1 1 "
clz) vely) +ely

_3 1, 1N

T8 4 16 16
(c)P=1-P (no head)
4

I L N

2 16 16

10.2.2. PROPERTIES OF BINOMIAL DISTRIBUTION
Binomial distribution has two parameters —n and p (or g)

1.

2. Mean=np

3. Variance =npqg

4. Standard Deviation = \/npg

5. Binomial distribution is symmetrical if p =g =0.5
Example 4 :

Five coins are tossed 3,200 times, find the frequencies of the distribution of heads and tails and tabulate the
results.

Solution :
p=05andg=0.5
Applying binomial distribution, the probability of getting X beads is given by:
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s 1 X 1 5—x s 1 5
=< olfg] =<l

5
1
Number of heads (X) f(x) = 3,200 x °C, [E]

5
0 (0) = 3,200 °C, [%] ~100

5
: 1) = 3,200 % °C, % — 500

) f2) = 3,200 °C, % 1000
.| 5
3 f3) = 3,200% °C, 1| =100
.I 5
4 f(4) = 3,200 °C, [EJ — 500
.I 5
5 f(5) = 3,200 °C, [5] —~100
Total 3,200

Example 5 :

A box contains 100 transistors, 20 out of which are defective, 10 are selected for inspection. Indicate what
is the probability that

(i) all 10 are defective,
(i) all 10 are good,
(i) atleast one is defective , and

(iv) atthe most 3 are defective 2

Solution:

Let ‘X’ represent the number of defective fransistors selected. Then the possible values of ‘X' are 1, 2, 3, ...,
10.

Now
p = p( fransistor is defective)

20 1,1 4

~700 57 5 5

Using formula for binomial distribution, the probability of X defective transistors is
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P(X)="C,(1/5)(4/5)"
(i)  Probability that all 10 are defective is

1
p(10)=C,,(I/5)*°(4/5)°= 50

(i) Probability that all 10 are good

1

= 1- P (all are defective) = 17570

(i) Probability that at least one is defective is given by the sum of probabilities,
viz. p(1) + p(2) + p(3)+........... +p(10)
or 1-p(0)=1-°C (1/5)°(4/5)"°=1-(4/5)"°
(iv) Probability of at the most three defective items is
pP(X<3) =p(X=0)+p(X=1)+ (X=2)+p(X=23)
=p(0)*+p(1)+pP(2)+p(3)
=9C,(1/5)°(4/5)"°+1C (1/5)'(4/5)7+°C,(1/5)%(4/5)* + °C,(1/5)°(4/5)’
=1(.107)+10(.026)+45(.0067)+120(.0016)
=0.107 + 0.26 + 0.30 + 0.192 = 0.859

Example 6 :

The incidence of occupational disease in an industry is such that the workmen have a 20% chance of
suffering from it. What is the probability that out of six workmen, 4 or more will contact the disease 2

Solution :
Let X represent the number of workers suffering from the disease. Then the possible values of X are 0, 1, 2, ... 6.

p = p ( worker suffer from a disease)
= 20/100=1/5
g =1-(1/5)=4/5,n=6

Using the formula for binomial distribution, we have
P (X) =°C,(1/5)(4/5)*
the probability that 4 or more workers contact the disease is
P(X>4) =p(4) +p(5) + p(¢)
=°C,(1/5)*(4/5)?+¢C,(1/5)° (4/5)+°C,(1/5)¢

B 15><]6Jr b6x4 n 1 265
T 15625 15625 15625 15625

=0.016
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Example 7 :

The probability that an evening college student will graduate is 0.4. Determine the probability that out of
5 students (a) none, (b) one, and (c) atleast one will graduate.

Solution :
R 1 N )
n=5p=04 10 ;g=0.6 10
4 r 6 n-r
P :SC r n—rZSC T -~

4 0 6 5
(a) The probability of zero success = 5Co[m] [ﬁ}

=0.078
y s [4) [6)
(o) The probability of one success = “C,x 0 x 0
=5x 4 x(6)*
=0.259

(c) The probability of atleast one success.
= 1-probability of no success
=1-0.078
=0.922
Example 8 :
12 coins are tossed. What are the probabilities in a single tossing getting :
(1) 9 or more heads,
(2) lessthan 3 heads,
(3) atleast 8 heads
If the 12 coins are tossed 4096 times, or
(4) how many occasions would you expect these to be :
(a) less than 3 heads,
(b) atleast 2 heads,
(c) exactly 6 heads.
Solution :
(1)  The probability of getting 9 or more heads is :
P(9) + P(10) + P(11) + P(12)

33
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P(10)

. 1 1 1
e =" 3

P(12)

1
S
0
o
—_—
N | —
)
—_—
N | —
N

I

S

0

N

—_—
N | —
N——————
N

P(>9)=‘2C9[]] >

:zé%@xnwé+m+n

= 299 or7.3%
4096

(2) The probability of getting less than 3 heads:
P(>3) =P(0) +P(1) +P(2)
.l 12
L, [_]

1?2 1
12CO [5] + ]2C] [E]

12

2
] b 12 12 12
=15 (°Cy+"C + °C,)
= L(l +12+66)
4096
79
4096
(3) Probability of atleast 8 heads :
17 495
ili = ""C,|=| =——=0.1208
Probability of 8 heads 8 [2] 2096
299
ili =——=0.073
Probability of 8 heads 1096

Probability of atleast 8 heads =0.1208 + 0.073 = 0.1938
(4) (a) Probability of less than 3 heads out of 4096 times

79
4096
" 4096

=79 Times
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[-P(0)+P(l)

-|_12C l]2+12c 112
°(2 "2

(b) probability of atleast 2 heads

13 4083
4096 4096

.. The number of occasions of getting at least 2 heads in

4096 % 2983 _ 4083 times
4096

4096 tosses
(c) Probability of 6 heads:

12

1

v ="
924
4096

The number of occasions of getting exactly 6 heads =

4096 22
4096

= 924 times

Example 9 :
The mean, of a binomial distribution is 20 and standard deviation is 4. Find out n, p and qg.

Solution:
Mean =20 (np)
Standard Deviation = 4
Jnpg =4
npg =16
= _npq:ﬁ or0.8
np 20
p =1-08=.2
20
= — = ]OO
" =02

Example 10:
Obtain the binomial distribution for which mean is 10 and the variance is 5.
Solution :

The mean of binomial distribution m =np =10

The variance=npg =5
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_nPg_ 5 45
9 T 10

p =1-qg ie.,1-0=0.5
np =10ie.,nx0.5=10
10
=—=20
" =05

Therefore the required binomial distribution is

20
T 1
(p+qg)"=(0.5+0.5)%or §+§]

Example 11:
Obtain the binomial distribution for which the mean is 20 and the variance is 15.
Solution :
The variance=npg =15
Mean =np =20

_hpg _15_3
9T hp 20 4

_q1.3_1
=TTy
np =20
i.e ﬂxl =20
i
h _£_20><4:80
1/ 4 1

The binomial distribution is :

80

1
(o+aq) = [z+z

Fitting of Binomial Distribution

The probability of 0, 1, 2, 3 success would be obtained by the expansion of (g+ p)". Suppose this experiment
is repeated for N times, then the frequency of r success is;

N x P(r) =N x"C g™ p’
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Puttingr =0, 1, 2....n, we can get the expected or theoretical frequencies of the binomial distribution as
follows :

Number of Success(r) Expected or theoretical frequency
NP(r)
0 NG’
1 N"C, g"'p
2 N nC2 qn—2 p2
r N nCr qu pr
n N p"

Example 12:

8 coins are tossed at a time, 256 times.. Find the expected frequencies of success (getting a. head) and
tabulate the result obtained.

Solution :

o1
2 2
The probability of success r times in n -trials is given by "C p"q™"

(Or) o] " - nCrprqnfr

<l3f3

1
9l

Frequencies of 0, 1, 2, .... 8 successes are :

Success Expected Frequency
256 L>< 8C
0 256 0 1
256/ 1 °C
1 256 ! 8
1 s
2 256 CTTRe C, 28
1 s
1 s
4 256 CTTRe C, 70
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1
5 256 2—56X 8C5 56
T s
256 L>< 8C
256 L>< 8C
8 256 ° ]

10.3 POISSON DISTRIBUTION

Poisson distribution was derived in 1837 by a French mathematician Simeon D Poisson (1731-1840). In binomial
distribution, the values of p and g and n are given. There is a certainty of the total number of events; in
other words, we know the number of times an event does occur and also the times an event does not
occur, in binomial distribution. But there are cases where p is very small and n is very large, then calculation
involved will be long. Such cases will arise in connection with rare events, for example.

1. Persons killed in road accidents.

2.  The number of defective arficles produced by a quality machine,
3.  The number of mistakes committed by a good typist, per page.

4.  The number of persons dying due to rare disease or snake bite etc.
5. The number of accidental deaths by falling from frees or roofs etc.

In all these cases we know the number of times an event happened but not how many times it does not
occur. Events of these types are further illustrated below :

1. Itis possible to count the number of people who died accidently by falling from trees or roofs, but we
do not know how many people did not die by these accidents.

2. Itis possible to know or to count the number of earth quakes that occurred in an area during a
particular period of fime, but it is, more or less, impossible to fell as to how many times the earth
quakes did not occur.

3. Itis possible to count the number of goals scored in a foot-ball match but cannot know the number
of goals that could have been but not scored.

4. Itis possible to count the lightning flash by a thunderstorm but it is impossible to count as to how many
times, the lightning did noft flash efc.

Thus n, the fotal of trials in regard to a given event is not known, the binomial distribution is inapplicable,
Poisson distribution is made use of in such cases where p is very Small. We mean that the chance of
occurrence of that eventis very small. The occurrence of such events is not haphazard. Their behaviour can
also be explained by mathematical law. Poisson distribution may be obtained as a limiting case of binomial
distribution. When p becomes very small and n is large, Poisson distribution may be obtained as a limiting
case of binomial probability distribution, under the following conditions :

1. p,successes, approacheszero (p — 0)
2. np=misfinite.

The poisson distribution is a discrete probability distribution. This distribution is useful in such cases where the
value of p is very small and the value of n is very large. Poisson distribution is a limited form of binomial
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distribution as n moves towards infinity and p moves towards zero and np or mean remains constant. That
is, a poisson distribution may be expected in cases where the chance of any individual event being a
success is small.

The Poisson distribution of the probabilities of Occurrence of various rare events (successes) 0, 1, 2, .... given
below:

Number of success Probabilities p (X)
0 e™m
1 me™
) m’e™"
2!
m3€—m
3
3!
m'e™"
r
rl
mne—m
n
n!

e =2.71828
m = average number of occerence of given distribution

The Poisson distribution is a discrete distribution with a parameter m. The various constants are :

1. Mean =m-=p
2. Stanlald Deviation =Jm
3. Variance =m
Example 13:

A book contains 100 misprints distributed randomly throughout its 100 pages. What is the probability that a
page observed af random contains atleast two misprints. Assume Poisson Distribution.

Solution:
_ Total Number of misprints _ 100
M = "Total number of page 100
Probability that a page contain at least two misprints
P(r>2) =1-[p(0)+p (1)]
me™™
pl) =—4
e o1 1
= =e —_=
PO =5 e 27183
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11 11
p(1) =]i:]i:e*]:l 1

I 1l e 27188
] ]
_ _ 736
POI+P(1) = 57783 " 27183
1= [p(0)+p(1)]
=1-0.736=0.264

Example 14 :
If the mean of a Poisson distribution’s 4, find (1) S.D. (4) m, (5) m,

Solution :
m=4
1. SD.=Jm=+4=2
2. Hy=mM=4
3. f, =mM+3m’> =4+48 =52
Example 15:

Find the probability that at most 5 defective bolts will be found in a box of 200 bolts, if it is known that 2%
of such bolts are expected to be defective. (e4=0.0183)

Solution: m X P

x .02

N S
o

- >

P(o) o P P PPyt
42 43 4* 45
]+4+2—!+§+T!+a]

= e 4(1+4+8+10.67+8.53)
]

1
__|__
e e

-e

1—

+1——1—] +—]
2718 2178

1-0.736 =0.264

Example 16 :

One fifth per cent of the blades produced by a blade manufacturing factory turn out to be defective. The
blades are supplied in packets of 10. Use poisson distribution to calculate the approximate number of
packets containing no defective, one defective and two defective blades respectively in a consignment
of 100,000 packets.

(Given %= .9802)

Solution :

1
Here p= 0" n=10

m= np :K]OX]O:OOQ
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Using the formula for Poisson distribution, the probability of x defective blades is

0.02 002 X
Pl = #

The frequencies of 0, 1, 2, 3 defective blades given by

e °”(0.20)"

f(x) =1,00,000X ——————

Number of packets with no defective blade
=1,00,000 x 2= 1,00,000 x 0.9802
=98,020

Number of packets with one defective blades
e % (.02)"
() [

1,00,000 x e x 0.02
= 98,020 x .02

2
=98,020 x 100

=1960.4
=1960
Number of packets with two defective blades is

=1,00,000 x e002x %
=98020 x .0002
=19.6040
= 20

Example 17:

It is known from past experience that in a certain plant there are on the average 4 industrial accidents per
month. Find the probability that in a given year there will be less than 4 aecident. Assume Poisson distribution.

Solution :
m =4
e—mmr e—4 4r

P = T

The required probability that there will be less than 4 accidents is given as :

p(x<4) =p(x=0)+p(x=T)+p(x=2)+p(x=3)
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T+4+—+—

_e*
- 21 3l

42 43]

= e (1+4+8+10.67)

= #2367
=0.01832 x 23.67
=0.4336

Example 18 :
Comment on the following :

For a Poisson Distribution, Mean = 8 and variance = 7

Solution :
The given statement is wrong, because for a. Poisson Distribution

mean and variance are equal.

10.3.1. Fitting a Poisson Distribution

When we want to fit a Poisson Distribution to a given frequency distribution, first we have to find out the
arithmetic mean of the given datai.e., X=m When m is known the other values can be found out easily. This
is clear from the following illustration :

N(P,) = Ne™

N(P) =N(Po)x?

N(P) =N(P)x
m

N(P) =N(P,)x

N(P,) =N(P,)x % and so on

Example 19 :

100 Car Radios are inspected as they come off the production line and number of defects persetisrecorded
below :

No. of Defects 0 1 2 3 4
No. of sets 79 18 2 1 0

Fit a Poisson Distribution to the above data and calculate the frequencies of O, 1, 2, 3, .and 4 defects.
(e7°25=0.779)
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Solution:
Fitting Poisson Distribution
No. of Defective No. of Sets
0 79
1 18 18
2 2
3 1
4 0
N =100 >Yfix=25
X = ]%50 ~0.25
e * =0.779 (Given)
NP(0)=Ne™™ =100x0.779 =77.90
NPy = NPy x T = 77.90.25 = 19.48
NPy = NRy x 7 =19.48 xo'—225 —2.44
NP, = NP, % —2.44x O'—325 ~0.20
NPy = NPy x 7 = o.QOXO'T25 ~0.01
Example 20 :
Fit a Poisson Distribution to the following data and calculate the theoretical frequencies :
X: 0 1 2 3 4
f: 123 59 14 3 1
Solution :
X 0 1 2 3 4
f 123 59 14 3 1 > f=200
fx 0 59 28 9 41 Xfx=100
Mean = @
200
=0.5
NP, —=Ne™
=200 xe™

=200 x.6065=121.3
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Calculation of expected trequencies

Frequency (NP(x))
0 NP(0) =0 121
m
1 NF’(O)XT:]Q].3><.5=6O.65 61
m 60.65x.5
m 15.16x.5
NP, x —=——"""—"-=2.53
3 (2)><3 3 3
m 2.53x.5
4 NPy 3 = =227 = .29 0
Total 200

10.4 NORMAL DISTRIBUTION

The Binomial distribution and Poisson distribution discussed above are discrete probability distributions. The
normal distribution is highly useful in the field of statistics and is an important continuous probability
distribution. The graph of this distribution is called normal curve, a bell-shaped curve extending in both the
directions, arriving nearer and nearer to the horizontal axis but never touches it.

The normal distribution was first discovered by the English mathematician De-Moivre (1667-1754) in 1673 to
solve the problems in game of chances. Later, it was applied in natural and social science by the French
mathematician La Place (1749-1827). Normal distribution is also known as Gaussian distribution (Gaussian
Law of Error).

In binomial distribution, which is a discrete distribution as the expression of N(p + g)" gives the expected
frequencies of 0, 1, 2, 3..N successes. As n gefs very large, the problem of computing the frequencies
becomes difficult and tedious. This difficult situation is handled by the application of normal curve. This
curve not only eliminates tedious computations but also gives close approximation to binomial distribution.

The following illustrations will clear the point.

Example 21 :
We know that when an unbiased coin is tossed 10 times, the probability of getting x heads is:

P =—"(of(q)°
(n—x)Ix!

xcanbeO, 1,2, 3...10
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No. of heads (x) Probability p(x)
0 1/1024 =0.0097
10/1024 =0.0098
45/1024=0.0439
120/1024=0.1172
210/1024=0.2051
252/1024 =0.2461
210/1024=0.2051
120/1024=0.1171
45/1020 =0.0439
10/1024=0.0098
1/1024=0.0097

NV 00 N O 0 hWwN—

S

P(x) ="C p*g™
Wen may now draw a histogram of the probability distribution, using class frequencies — 1 to -4 ,3to 13,

14 fo 27 ... 9+ to 105.

A N\

_ —

It may be noted that the above figure is symmetrical and bell shaped. It is symmetrical due to the fact, p
= g, when p is not equal to g, the distribution tends to the form of the normal curve, when n becomes
large.

A normal distribution is determined by the parameters-mean and standard deviation. For different values
of mean and standard deviation, we get different normal distributions. The area under the normal curve is
always taken as unity so as to represent total probability. The area is of great importance in a variety of
problems because such an arearepresents frequency.
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